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California Grade Seven Mathematics Standards 


The following table lists all the California Mathematics Content Standards for Grade 7 with cross references to where each 
Standard is covered in this Textbook. Each Lesson begins by quoting the relevant Standard in full, together with a clear and 
understandable objective. This will enable you to measure your progression against the California Grade 7 Standards as you 
work your way through the Program. 


California 
Standard 
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Students know the properties of, and compute with, rational numbers expressed in a variety of forms: 


Read, write, and compare rational numbers in scientific notation (positive and negative powers of 10), 
compare rational numbers in general. 


W Add, subtract, multiply, and divide rational numbers (integers, fractions, and terminating decimals) and 
take positive rational numbers to whole-number powers. 


Convert fractions to decimals and percents and use these representations in estimations, computations, 
and applications. 


W Differentiate between rational and irrational numbers. 


Ww Know that every rational number is either a terminating or a repeating decimal and be able to convert 
terminating decimals into reduced fractions. 


Calculate the percentage of increases and decreases of a quantity. 


+ Solve problems that involve discounts, markups, commissions, and profit and compute simple and 
compound interest. 


Students use exponents, powers, and roots and use exponents in working with fractions: 


Understand negative whole-number exponents. Multiply and divide expressions involving exponents 
with a common base. 


& Add and subtract fractions by using factoring to find common denominators. 
¥ Multiply, divide, and simplify rational numbers by using exponent rules. 


Use the inverse relationship between raising to a power and extracting the root of aperfect square 
integer; for an integer that is not square, determine without a calculator the two integers between which 
its square root lies and explain why. 


W Understand the meaning of the absolute value of a number; interpret the absolute value as the distance 
of the number from zero on a number line; and determine the absolute value of real numbers. 


Algebra and Functions 


Students express quantitative relationships by using algebraic terminology, expressions, equations, 
inequalities, and graphs: 


Use variables and appropriate operations to write an expression, an equation, an inequality, or a system 
of equations or inequalities that represents a verbal description (e.g., three less than a number, half as 
large as area A). 


Use the correct order of operations to evaluate algebraic expressions such as 3(2x + 5)?. 


¥%% Simplify numerical expressions by applying properties of rational numbers (e.g., identity, inverse, 
distributive, associative, commutative) and justify the process used. 


Use algebraic terminology (e.g., variable, equation, term, coefficient, inequality, expression, constant) 
correctly. 


Represent quantitative relationships graphically and interpret the meaning of a specific part of a graph 
in the situation represented by the graph. 


Students interpret and evaluate expressions involving integer powers and simple roots: 


Interpret positive whole-number powers as repeated multiplication and negative whole-number powers 
as repeated division or multiplication by the multiplicative inverse. Simplify and evaluate expressions 
that include exponents. 


Multiply and divide monomials; extend the process of taking powers and extracting roots to monomials 
when the latter results in a monomial with an integer exponent. 


Chapter 
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California Grade Seven Mathematics Standards 


3.0 Students graph and interpret linear and some nonlinear functions: 4,5,7 
3.1 Graph functions of the form y = nx? and y = nx° and use in solving problems. 5 
3.2 Plot the values from the volumes of three-dimensional shapes for various values of the edge lengths it 


(e.g., cubes with varying edge lengths or a triangle prism with a fixed height and an equilateral triangle 
base of varying lengths). 


3.3 ¥ Graph linear functions, noting that the vertical change (change in y-value) per unit of horizontal change 4 
(change in x-value) is always the same and know that the ratio (“rise over run”) is called the slope of a 
graph. 

3.4 W Plot the values of quantities whose ratios are always the same (e.g., cost to the number of anitem, feet 4 


to inches, circumference to diameter of a circle). Fit a line to the plot and understand that the slope of 
the line equals the ratio of the quantities. 


4.0 W Students solve simple linear equations and inequalities over the rational numbers: 1,4 
4.1 W Solve two-step linear equations and inequalities in one variable over the rational numbers, interpret the 1,4 
solution or solutions in the context from which they arose, and verify the reasonableness of the results. 
4.2 W Solve multistep problems involving rate, average speed, distance, and time or a direct variation. 4 
California 
Standard Measurement and Geometry , 
1.0 Students choose appropriate units of measure and use ratios to convert within and between 3,4,7 
measurement systems to solve problems: 
all Compare weights, capacities, geometric measures, times, and temperatures within and between 4 
measurement systems (e.g., miles per hour and feet per second, cubic inches to cubic centimeters). 
12 Construct and read drawings and models made to scale. 3,7 
le) YW Use measures expressed as rates (e.g., speed, density) and measures expressed as products (e.g., 4 


person-days) to solve problems; check the units of the solutions; and use dimensional analysis to check 
the reasonableness of the answer. 


2.0 Students compute the perimeter, area, and volume of common geometric objects and use the results to 3,7 
find measures of less common objects. They know how perimeter, area, and volume are affected by 
changes of scale: 


2a Use formulas routinely for finding the perimeter and area of basic two-dimensional figures and the 3,7 
surface area and volume of basic three-dimensional figures, including rectangles, parallelograms, 
trapezoids, squares, triangles, circles, prisms, and cylinders. 


Pa Estimate and compute the area of more complex or irregular two- and three-dimensional figures by 3,7 
breaking the figures down into more basic geometric objects. 


2.3 Compute the length of the perimeter, the surface area of the faces, and the volume of a three- 7 
dimensional object built from rectangular solids. Understand that when the lengths of all dimensions are 
multiplied by a scale factor, the surface area is multiplied by the square of the scale factor and the 
volume is multiplied by the cube of the scale factor. 


2.4 Relate the changes in measurement with a change of scale to the units used (e.g., square inches, cubic 7 
feet) and to conversions between units (1 square foot = 144 square inches or [1 ft.2] = [144 in.7]; 1 cubic 
inch is approximately 16.38 cubic centimeters or [1 in.°] = [16.38 cm*}). 


3.0 Students know the Pythagorean theorem and deepen their understanding of plane and solid geometric 3,7 
shapes by constructing figures that meet given conditions and by identifying attributes of figures: 


Sal Identify and construct basic elements of geometric figures (e.g., altitudes, midpoints, diagonals, angle 3 
bisectors, and perpendicular bisectors; central angles, radii, diameters, and chords of circles) by using a 
compass and straightedge. 


ore Understand and use coordinate graphs to plot simple figures, determine lengths and areas related to 3 
them, and determine their image under translations and reflections. 


viii 


California Grade Seven Mathematics Standards 


So Ww Know and understand the Pythagorean theorem and its converse and use it to find the length of the 
missing side of a right triangle and the lengths of other line segments and, in some situations, 
empirically verify the Pythagorean theorem by direct measurement. 


3.4 W Demonstrate an understanding of conditions that indicate two geometrical figures are congruent and 
what congruence means about the relationships between the sides and angles of the two figures. 

3.5 Construct two-dimensional patterns for three-dimensional models, such as cylinders, prisms, and cones. 

3.6 * Identify elements of three-dimensional geometric objects (e.g., diagonals of rectangular solids) and describe 


how two or more objects are related in space (e.g., skew lines, the possible ways three planes might intersect). 


California 
Standard Statistics, Data Analysis, and Probability 


1.0 Students collect, organize, and represent data sets that have one or more variables and identify 
relationships among variables within a data set by hand and through the use of an electronic 
spreadsheet software program: 


lel Know various forms of display for data sets, including a stem-and-leaf plot or box-and-whisker plot; use 
the forms to display a single set of data or to compare two sets of data. 


2 Represent two numerical variables on a scatterplot and informally describe how the data points are 
distributed and any apparent relationship that exists between the two variables (e.g., between time spent 
on homework and grade level). 


1.3 ¥ Understand the meaning of, and be able to compute, the minimum, the lower quartile, the median, the 
upper quartile, and the maximum of a data set. 


California 


Standard Mathematical Reasoning 

1.0 Students make decisions about how to approach problems: 

ell Analyze problems by identifying relationships, distinguishing relevant from irrelevant information, 
identifying missing information, sequencing and prioritizing information, and observing patterns. 

We Formulate and justify mathematical conjectures based on a general description of the mathematical 
question or problem posed. 

lcs) Determine when and how to break a problem into simpler parts. 

2.0 Students use strategies, skills, and concepts in finding solutions: 

eal Use estimation to verify the reasonableness of calculated results. 

2.2 Apply strategies and results from simpler problems to more complex problems. 

23 Estimate unknown quantities graphically and solve for them by using logical reasoning and arithmetic 
and algebraic techniques. 

2.4 Make and test conjectures by using both inductive and deductive reasoning. 

2rks) Use a variety of methods, such as words, numbers, symbols, charts, graphs, tables, diagrams, and 
models, to explain mathematical reasoning. 

2.6 Express the solution clearly and logically by using the appropriate mathematical notation and terms and 
clear language; support solutions with evidence in both verbal and symbolic work. 

Pell Indicate the relative advantages of exact and approximate solutions to problems and give answers toa 
specified degree of accuracy. 

2.8 Make precise calculations and check the validity of the results from the context of the problem. 

3.0 Students determine a solution is complete and move beyond a particular problem by generalizing to 
other situations: 

3.1 Evaluate the reasonableness of the solution in the context of the original situation. 

Or Note the method of deriving the solution and demonstrate a conceptual understanding of the derivation 
by solving similar problems. 

8) Develop generalizations of the results obtained and the strategies used and apply them to new problem situations. 
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The Basics of Algebra 
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Section 1.1 introduction — an exploration into: 


Algebra Tiles 


You can write expressions using algebra tiles. This shows what an expression actually “looks like,” 
and how you can simplity it. You'll be using two types of tile. Their areas represent their values — 


7-tile: \\_] x-te: | ii! 
1 x 
. . Eee 
Here’s the sum 4 + 3 shown using algebra tiles: EEREE-HEG | ial 


4 + 3 = ie 


The example below shows how you can simplify algebra expressions by rearranging the tiles. 
Show 3 + x + 1 + 2x using algebra tiles. Rearrange the tiles to simplify the expression. 


LI | 
[1+ + + —) +O 
a | 


rae La oy = 3x +4 simplified expression 


Solution 


VA Exercises 


1. Use algebra tiles to model the following addition problems: 
a. 2 bia) Cox ex 


. Write the algebra expressions that are modeled by these tiles. 


a. —- »,. ii” .§ Ui 
Say aC 
[| aa 
a a 


3. Rearrange these tiles to make a simplified expression: tt 


LI 
+M+[ j+ 


. Write an algebraic expression to represent the tiles 
in Exercise 3. Rewrite this as a simplified expression. 


. Write expressions to represent the 


perimeter and area of these rectangles. a. b. | 


Round Up 


When youre simplifying expressions, you have to organize them so the bits that are the sarne 
are all grouped together. You can then combine these — so 2x + 3x = 5x, and 1 +2 = 3. 
What you cant do is combine difterent things together. For example, you could never add 4x and 7. 


pe Section 1.1 Exploration — Algebra Tiles 


California Standards: 


Algebra and Functions 1.1 


Use variables and 
appropriate operations to 
write an expression, an 
equation, an inequality, or a 
system of equations or 
inequalities that represents a 
verbal description (e.g., 3 less 
than a number, half as large 
as area A). 


Algebra and Functions 1.4 


Use algebraic terminology 
(e.g., variable, equation, 
term, coefficient, inequality, 
expression, constant) 
correctly. 


What it means for you: 
You'll learn how to use a letter 
or symbol to stand in for an 
unknown number, and how it 
can be exchanged for the real 
number when you know it. 


Key words: 


* variable 
* expression 
* evaluate 


Don't forget: 

xy means “x multiplied by y.” 
It’s just the same as writing 
Xe ay Olen): 


Section 1.1 


Variables and Expressions 


When you write out a problem in math you often need to include 
unknown numbers. You have to use a letter or symbol to stand in for 
an unknown number until you figure out what ft is — you did this 
before in earlier grades. That's what a variable does. And that’s what 
this Lesson is about. 


A Variable Represents an Unknown Number 


In algebra you'll often have to work with numbers whose values you don’t 
know. When you write out math problems, you can use a letter or a symbol 
to stand in for the number. The letter or symbol is called a variable. 


Coefficient 
oetticien iitaes) 4 MEE Constant 


Variable A 


The number that the variable is being multiplied by is called the 
coefficient — like the 2 above. 


Any number not joined to a variable is called a constant — like the 4 
above. It’s called that because its value doesn’t change, even if the value 
of the variable changes. 


A term is a group of numbers and variables. One or more terms added 
together make an expression. For example, in the expression above, 2k is 
one term and 4 is another term. In the expression 3 + 4x — Swyz, the terms 
are 3, 4x, and —Swyz. 


An Expression is a Mathematical Phrase 


Expressions are mathematical phrases that may contain numbers, 
operations, and variables. The operations act like a set of instructions 
that tell you what to do with the numbers and variables. For example, 
2k + 4 tells you to double k, then add four to it. 


There are two types of expressions — numeric and variable. 


¢ Numeric expressions have numbers in them, and often operations — 
but they don’t include any variables: 


=> 5+13 
—> 2°5-6 
> 8+7+6 


e Variable expressions have variables in them, and may also include 
numbers and operations: 


= 5h 
=> 7x-2 
— 2k+4 


Section 1.1 — Variables and Expressions — 


&% Guided Practice 


Say whether the expressions in Exercises 1—8 are numeric or variable. 


ly 2. 4(x —y) 
3. 10-7 4.67 
5. Oxy 6. 4(3 + 7) 
7. 9(5 —y) Se 


Expressions Can Be Described in Words 5 


To show you understand an expression you need to be able to explain what 
it means in words. You can write a word expression to represent the 
numeric or variable expression. 


Write the variable expression x + 5 as a word expression. 


Solution 
In this question x is the variable. The rest of the expression tells you 
that five is being added on to the unknown number x. 


So the expression becomes: 
“x is increased by five” or 
“the sum of x and five” or 
“five more than x.” 


They all mean the same thing. 


When you change a variable expression to a word expression you can say 
the same thing in several different ways. 


Check it out: + Instead of “2 added to x” you could say “x increased by 2,” 
These four groups of phrases “) more than x,” or “the sum of x and 2.” 

are describing the four 

operations you'll need: — “2 subtracted from x” means the same as “2 less than x” or 


addition, subtraction, 
multiplication, and division. 


“x decreased by 2.” 


x “yx multiplied by 2” means the same as “the product of x and 2,” 
“x times 2,” or “twice x.” 


+ And you could say either “x divided by 3” or “one third x.” 


As long as it matches with the operation that you’re describing, you can 
use any of the phrases. 


| Section 1.1 — Variables and Expressions 


Don't forget: 


You need to do the operations 
in the correct order. 

The PEMDAS rule helps you 
remember this — it tells you 
that you need to deal with the 
parentheses first. 

There’s more on the PEMDAS 
rule in Lesson 1.1.3. 


Check it out: 


There is more than one 
possible word expression to 
describe each of these 
mathematical phrases. 

As long as it means the same 
thing, any variation you use is 
fine. 


Don't forget: 


Multiplication and division 
come before addition and 
subtraction in the order of 
operations. That’s why you 
do the multiplication first in 
this example. 


Write the variable expression 4(w — 3) as a word expression. 


Solution 


In this expression w is the variable. The rest of the expression tells you 
that three is subtracted from w, and the result is multiplied by four. 


So the expression becomes: 
“four times the the result of subtracting three from w” or 
“three subtracted from w, multiplied by four.” 


They both mean the same thing. 


(&% Guided Practice 


Write a word expression for each of the variable expressions in 
Exercises 9-14. 


oe) 
10. 66 

11. 124+4 
12. 5(7 + 6) 
13. 6(4¢) 
14. 2c + 4d 


When You Evaluate, You Swap Variables for Numbersus™ 


When youw’re given the actual numbers that the variables are standing in for 
you can substitute them into the expression. When you have substituted 
numbers for all the variables in the expression, you can work out its 
numerical value. This is called evaluating the expression. 


Evaluate the expression 6f+ 4 when f= 7. 
Solution 


6f +4=6°7+4 Substitute 7 in place of 
=42+4 Perform the multiplication first 
= 46 Then do the addition 


Section 1.1 — Variables and Expressions — 


Example ; 4 


Evaluate the expression 1 1(p — g) when p = 7 and q =3. 
Solution 


li@=g) =117 =3) Replace p and gq with 7 and 3 
= 11(4) Do the subtraction 
= 44 Do the multiplication to get the answer 


(% Guided Practice 


Evaluate the expressions in Exercises 15—22, given that 7 = 5 and t = 7. 


15. 6 —4j 16.t+/ 
17 307) 18. 3¢+7/ 
19. jt 20. 27-2) 
21.7 +140 20 


{% Independent Practice 


Write word expressions for the variable expressions in Exercises 1-3. 


1.6y+ 10 

2. 3(p — 6) 

3. 18¢ 
Now try these: 4, Joe and Bonita went fishing. Joe caught / fish and Bonita caught 
Lesson 1.1.1 additional j +4 fish. Write a sentence that describes the amount of fish Bonita 


pce . 
questions — p430 caught compared with Joe. 


Evaluate the expressions in Exercises 5—7, given that x = 3. 
5. 4x 

ol. 

Tex 


8. An orchard uses the expression 0.5w to work out how much money, 
in dollars, it will make, where w = the number of apples sold. 
How much money does the orchard make if 250 apples are sold? 


9. Given that a =—1, b= 3, and c = 2, evaluate the expression 
aap Fe: 


10. A car rental company uses the expression $30 + $0.25m to calculate 
the daily rental price. The variable m represents the number of miles 
driven. What is the price of a day’s rental if a car is driven 100 miles? 


Round Up 


Variables are really useful — you can use them to stand in for any unknown numbers in an expression. 
When you know what the numbers are you can write them in — and then evaluate the expression. In 
Section 1.2 youll see how expressions are the building blocks of equations. 


Section 1.1 — Variables and Expressions 


California Standards: 


Algebra and Functions 1.3 
Simplify numerical 
expressions by applying 
properties of rational 
numbers (e.g., identity, 
inverse, distributive, 
associative, commutative) and 
justify the process used. 


Algebra and Functions 1.4 
Use algebraic terminology 
(e.g., variable, equation, 
term, coefficient, inequality, 
expression, constant) 
correctly. 


What it means for you: 
You'll learn about some math 
techniques that will help you 
to simplify expressions. 


Key words: 

* like terms 

¢ distributive property 
* simplify 


Check it out: 


You can move the terms 
about because of the 
commutative and associative 
properties of addition. 
There’s more about these in 
Lesson 1.1.5. 


Check it out: 

The minus signs in the 
expression stay with the 5 
and the y they were originally 
connected to. 


Remember — you can write 
subtractions as additions: 
x-5+2y+9-y+2x 
=x+(-5)+2y+9+ (-y)+ 2x 


This often makes it easier to 
collect like terms. 


&% Guided Practice 


Simplifying Expressions 


When youre evaluating an expression that’s made up of many terms, 
it helps to simplify tt as much as possible first. The fewer terms you 
have to deal with, the less likely you are to make a mistake. 

This Lesson is about two ways that you can simplify expressions. 


Simplifying an Expression Makes It Easier to Solve 


In math you’ll come across some very long expressions. 
The first step toward solving them is to simplify them. 


The first way to simplify an expression is to collect like terms. 
Like terms are terms that contain exactly the same variables. 


These are like terms 


NS _—sébecaatse they both 


contain the same 


(i) +2) € 6h C4) variable, h. 


You need to bring like terms together to simplify the expression. 
When you do that, the plus or minus sign in front of a term stays with that 
term as it moves. 


These are like terms because 
they contain no variables 
— they're both constants. 


First swap the positions of the “+ 2” term and the 
“+ 6h’ term. 
+ 6 €2- Now all the terms containing the variable h are 
together and all the constants are together. 
“ Then simplify the grouped terms. 
1h —2 You can't simplify this any more because 
there are no longer any like terms. 


Simplify the expression x —-5 + 2y+9-y+2kx. 
Solution 
AS 2p 79H ypr ek. 
=(x+2x)+Qy-—y)+(-5+9) Collect together the like terms 
=3x+y+4 Simplify the parentheses 


Simplify the expressions in Exercises 1—6 by collecting like terms. 
l.a+4+2a 2.57, 7 0 or 
3.6¢—-274%¢—3 4.4x+5-x+4-2x 
5§.7-k+2k+3-k 6.m+4-n+m-—2-n 


Section 1.1 — Variables and Expressions 


Don't forget: 
The formula for the area of a 
rectangle is: 


Area = Length x Width 


Check it out: 


No matter what numbers a, 5, 


and c stand for, the rule will 
always be true. 


In an expression like 2(3m + 4) + m the parentheses stop you from 
collecting like terms. To simplify it any more you first need to remove 
the parentheses. You can use a property of math called the distributive 
property to do this. 


Use the Distributive Property to Remove Parentheses | 


5 
Look at this rectangle. 


cm > 
2 4 
You can find its total area in two different ways. 


¢ You could find the areas of both of the smaller rectangles and add them. 
Total area = (5° 2) + (5° 4) = 10+ 20=30 


¢ Or you could find the total width of the whole rectangle by adding 2 and 
4, and then multiply by the height. Total area = 5(2 + 4) = 5(6) = 30 


Whichever way you work it out you get the same answer, because both 
expressions represent the same area. This is an example of the 
distributive property. 


So: 
To use the distributive 
as. property you multiply 
— = 6° OF SoZ) er I= 30 <— the number outside the 
parentheses by every 
term inside the 


Algebraically the property is written as: parentheses. 


The Distributive Property 
a(b+c)=ab+ac 


The Distributive Property and Variable Expressions 


Think about what would happen 
to the problem above if you didn’t 
know one of the lengths. 


— 


2 x 
Find its total area using the two different methods again. 
e Adding the area of the two small rectangles: 
Total area = (5° 2) +(5°x)=10+5x 
e Adding 2 and x to find the width and multiplying by the height: 
Total area = 5(2 + x) 
Again, you know that the two expressions have the same value because 
they represent the same area. So you can say that: 5(2 +x) = 10+ 5x 


You can use the distributive property to multiply out the parentheses in 
the first expression to get the second equivalent expression. 
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Write the expression 5(y — 3) without using parentheses. 


Solution 
S(y— 3) 
=(5ey)+(5*-3) Multiply both y and —3 by 5 
= 5y-15 Simplify the multiplications 


You don’t know what number y is standing in for, so this is the most that 
you can simplify the expression. 


&% Guided Practice 


Don't forget: Write the expressions in Exercises 7—14 in a new form using the 

If you’re multiplying the distributive property. 

contents of parentheses by a 

negative number, remember 7. 6(w + 5) 8. 4(7 — h) 

to include the negative sign 9, —-2(d +2) 10. —3(f- 3) 

when you multiply each term. 11 16 —x) 12 (3 = m) 

For example: 

Tee NS ecaage a 13. (9 +2) 14. 3(3 +k) + 2(k-0) 
=-6+3=-3 


Vf Independent Practice 


Simplify the expressions in Exercises 1—3 by collecting like terms. 
2p ep 2,3 Fax —5 +X 3.5h+7-h—3+2h 


4. Keon and Amy are collecting leaves for a project. On a walk Keon 
finds k leaves and Amy finds 6. Then Keon finds another 4k leaves, 
and Amy loses 2. Write an expression to describe how many leaves 
they ended up with, then simplify it fully. 


Using the distributive property, write the expressions in Exercises 5—7 in 
a new form. 
5. 8(y + 1) 6. 5(w — 9) 7. h(t — 4) 


8. Damian makes $7 an hour working at the mall. Last week Damian 
worked for 12 hours. This week he will work for x hours. 

a) Write an expression using parentheses to describe how much money 
he will have made altogether? 

b) Given that x = 8, evaluate your expression using the distributive 


Now try these: 


Lesson 1.1.2 additional 
questions — p430 


property. 

Simplify the expressions in Exercises 9—12 as far as possible. 
9, 2(m + 1)+ 173 —m) 10. 3(6+2—-5) 

11. 2(h + 4) —4(h- 1) ee Stat y) 


Round Up 


Collecting like terms and using the distributive property are both really useful ways to simplify an 
expression. Simplifying ft will make It easter to evaluate — and that will make solving equations 


easter later in this Chapter. 
Section 1.1 — Variables and Expressions _ 


California Standards: 


Algebra and Functions 1.2 


Use the correct order of 
operations to evaluate 
algebraic expressions such 
as 3(2x + 5)?. 


What it means for you: 
You'll learn about the special 
order to follow when you’re 
deciding which part of an 
expression to evaluate first. 


Key words: 
* parentheses 
* exponents 
¢ PEMDAS 


Check it out: 


Another way to remember the 
order of operations is using 
the GEMA rule: 

Grouping — any symbol that 
groups things, like 
parentheses, fraction bars, or 
brackets. 

Exponents. 

Multiplication and Division — 
done from left to right. 
Addition and Subtraction — 
done from left to right. 

Use either PEMDAS or 
GEMA — whichever one you 
feel happier with. 


Check it out: 


You'll learn about exponents 
in Section 2.4. 


The Order of Operations 


When you have a calculation with more than one operation in ft, 
you need to Know what order to do the operations in. 


For exarnple, ff you evaluate the expression 2 * 3 + 7 by doing 
“multiply 2 by 3 and add 7,” you'll get a different answer from 
someone who does “add 7 to 3 and multiply the sum by 2.” 
So the order you use really matters. 


Theres a set of rules to follow to make sure that everyone gets the 
same answer. It’s called the order of operations — and you've seen 
it before in grade 6. 


The Order of Operations is a Set of Rules 


An expression can contain lots of operations. When you evaluate it you 
need a set of rules to tell you what order to deal with the different bits in. 


Order of operations — the PEMDAS Rule 


ON First do any operations inside parentheses. 


2, 45h 
x" Y' | Exponents Then evaluate any exponents. 


‘ Multiplication | Next follow any multiplication and 
i or Division division instructions from left to right. 


¥ Addition or Finally follow any addition and subtraction 
~ Subtraction instructions from left to right. 


When an expression contains multiplication and division, or addition and 
subtraction, do first whichever comes first as you read from left to right. 
9+4¢3 > Divide first, then multiply. 9°¢4+3 Multiply first, then divide. 


9+4-3 Add first, then subtract. 9-—4+3 Subtract first, then add. 


Following these rules means that there’s only one correct answer. Use the 
rules each time you do a calculation to make sure you get the right answer. 


What is 8+ 4°4+3? 


Solution 
Follow the order of operations to decide which operation to do first. 


8+4+*4+3 There are no parentheses or exponents 


=2°4+3 Do the division first You do the division first as it 

3 a ‘ comes before the multiplication, 
=8+3 Then the multiplication reading from lePt-to right. 
=i Finally do the addition to get the answer 
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(% Guided Practice 


Evaluate the expressions in Exercises 1-6. 
1.3-2+6-1 2, 6=2 + | 3.4+3-2+7 
4.2+5°10 5.40-10+5°*6 6.54 10= 10 


Always Deal with Parentheses First 


When a calculation contains parentheses, you should deal with any 
operations inside them first. You still need to follow the order of 
operations when you’re dealing with the parts inside the parentheses. 


What is 10+ 2° (10+ 2)? 


Solution 
The order of operations says that you should deal with the operations in 
the parentheses first — that’s the P in PEMDAS. 


IO 2* (10 +2) 


Don't forget: 
Remember to show all your 
work step by step to make it 
clear what you’re doing. 


You do the division 


=10+2°12 Do the addition in parentheses . ; 
irst here because it 

=5-12 Then do the division comes first reading 

= 60 Finally do the multiplication = om left to right. 


(% Guided Practice 


Evaluate the expressions in Exercises 7—14. 


710 (4-3) B(IS= Se O84) 
10 (7-5) 10) 44 3) 
11.10°(2+4)-3 PG Gos) 
13. 6°(8+4)+11 14922 (lo) 


PEMDAS Applies to Algebra Problems Too 


The order of operations still applies when you have calculations in algebra 
that contain a mixture of numbers and variables. 


Simplify the calculation k * (5 + 4) + 16 as far as possible. 


Solution 
ke(5+4)+ 16 
=ke9+ 16 Do the addition within parentheses 
= 9k+16 Then the multiplication 
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&% Guided Practice 


Simplify the expressions in Exercises 15—20 as far as possible. 


15.5+7°x 16.2+a°4-1 
17.3 *(y—2) 18. 106" 2)er 
19. 20+(4°2)+1 20.p+5*(2+m) 


( Independent Practice 


1. Alice and Emilio are evaluating the expression 5 + 6 ¢ 4. 
Their work is shown below. 


Alice Emilio 
5+6°4 5+6°4 
=11¢4 =5+24 
= 44 = 29 
Now try these: Explain who has the right answer. 
Lesson 1.1.3 additional 
questions — p430 The local muffler replacement shop charges $75 for parts and $25 per 


hour for labor. 

2. Write an expression with parentheses to describe the cost, 

in dollars, of a replacement if the job takes 4 hours. 

3. Use your expression to calculate what the cost of the job would be 
if it did take 4 hours. 


Evaluate the expressions in Exercises 4—7. 
4.2+32+8-2¢5 

5.4 73 

6.7+5*(10—-6+3) 

1.3 *(3—3)+(@7 =3) 


8. Paul buys 5 books priced at $10 and 3 priced at $15. He also has a 
coupon for $7 off his purchase. Write an expression with parentheses 
to show the total cost, after using the coupon, and then simplify it to 
show how much he spent. 


9. Insert parentheses into the expression 15 + 3 — 6 « 4 to make it 
equal to 48. 


Simplify the expressions in Exercises 10—12 as far as possible. 
1x2 

ll.y+x°(4+3)-y 

12.6 +(60-— x 3) 


Round Up 


/f you evaluate an expression in a different order trom everyone else, you won't get the right 
answer. That's why it’s so important to follow the order of operations. This will feature in 
almost all the math you do from now on, so you need to know it. Don't worry though — just use 
the word PEMDAS or GEMA to help you remember tt. 
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The Identity and Inverse 
Properties 


California Standards: 
Algebra and Functions 1.3 
Simplify numerical 


When you're simplitying and evaluating expressions you need to be 


expressions by applying able to justify your work. To justify it means to use known math 
properties of rational properties to explain why each step of your calculation is valid. 
numbers (e.g., identity, . , P 2 
inverse, distributive, The math properties describe the ways that numbers and variables in 
associative, commutative) expressions behave — you need to know their names so that you can 


and justify the process 


aeode say which one youre using for each step. 


What it means for you: 


Nouillleatn bow te use tual The Identity Doesn’t Change the Number 
properties to show why the 


steps of your work are 


pecans There are two identity properties — one property for addition and one 


property for multiplication: 


Key words: 


The Additive Identity = 0 


° justify 
pocuy For any number, a, a+0=a. 
° inverse 
* reciprocal 
: Miraeadas Adding 0 to a number doesn’t change it. For example: 
5+0=5 
x+t0=xX 
This is called the identity property of addition, and 0 is called the 
additive identity. 
The Multiplicative Identity = 1 
For any number, a, a* 1 =a. 
Don't forget: 
Writing x is exactly the same Multiplying a number by 1 doesn’t change it. For example: 
as writing 1X or 1°. 1°7=7 
1*x Sx 


This is called the identity property of multiplication, and 1 is called the 
multiplicative identity. 


& Guided Practice 
1. What do you get by multiplying 6 by the multiplicative identity? 
2. What do you get by adding the additive identity to 3y? 


Complete the expressions in Exercises 3-6. 
Ee aa 4._+0=h 


Soi 16 Os I i 
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The Inverse Changes the Number to the Identity 


There are two inverse properties — one for addition and one for 
multiplication. Different numbers have different additive inverses and 


different multiplicative inverses. 


The Additive Inverse Adds to Give 0 


The additive inverse is what you add to a number to get 0. 


Don't forget: The additive inverse of 2is—2 => 2+-2=0 


Remember — adding a 
negative number can be 
rewritten as a subtraction: 


The additive inverse of -3 is3 => -3+3=0 


beds i. 1 
2+-2=2-2=0 The additive inverse of > is —+ => yt-y=0 


The Additive Inverse of a is —a. 


4 


For any number, a, a +-—a=0. 


(% Guided Practice 


Give the additive inverses of the numbers in Exercises 7—12. 


7.6 
9,5 
ie 

7 


8. 19 
10. —165 
12524 

3 


The Multiplicative Inverse Multiplies to Give 1 


The multiplicative inverse is what you multiply a number by to get 1. 
Don't forget: So, a number’s multiplicative inverse is one divided by the number. 


A multiplicative inverse is 
sometimes called a 
reciprocal. 


The multiplicative inverse of 7 is 1 +7 


To check, 2¢ : 
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The multiplicative inverse of 2 is 1 +2 = 


NI NI 


Don't forget: 

Any fraction where the 
numerator is the same as the 
denominator is equal to 1. 
So, 


UZ ep 
12904 as 
Don't forget: 


Any number divided by one is 
equal to itself. So any whole 
number can be written as a 
fraction by putting it over 1. 


4 
So6 = © and 4 =<. 


The Multiplicative Inverse of a is ~ 


1 
For any nonzero number, a, a* . 


&% Guided Practice 


Give the multiplicative inverses of the numbers in Exercises 13-16. 
13,2 14. 10 


15.—4 16.—5 


Fractions Have Multiplicative Inverses Too 


When you multiply two fractions together, you multiply their numerators 
and their denominators separately. 

oe See ee, 

24 294 8 


For example : 


If you multiply a fraction by its multiplicative inverse, the product 
will be 1 — because that’s the definition of a multiplicative inverse. 


For a fraction to equal 1, the numerator and denominator must be the same. 
So when a fraction is multiplied by its inverse, the product of the numerators 
must be the same as the product of the denominators. 

43-4 12, 


For example: 43.43 12 


You can say that for any two non-zero numbers a and 5b, ; *-_= 


Te op 
So, the multiplicative inverse of 5 Is —. 


The multiplicative inverse, or reciprocal, of a fraction is just the fraction 
turned upside down. 


ooh ae ne 1 
Give the multiplicative inverse of ri 


Solution 


4 1 
7:0 4, is the multiplicative inverse of 1 


To check your answer multiply it by ~ : 


ae ere eee 1 
So 4 is the multiplicative inverse of rc 


Section 1.1 — Variables and Expressions 


& Guided Practice 


Give the multiplicative inverses of the fractions in Exercises 17—20. 
2 
7, 5 1s— 


3 
19. =a A), == 


You Can Use Math Properties to Justify Your Work 


To justify your work you need to use known math properties to explain 
why each step of your calculation is valid. 


Check it out: 

To justify a step of your work 
you can write beside it which 
of the known math properties 
you have used. 


Simplify the expression 4(2 — 7x). Justify your work. 
Solution 


C7) 


&% Guided Practice 


Simplify the expressions in Exercises 21—24. Justify your work. 
2W.m*\+6 22.d+0-d+9 
23. (9 + 3f) 24.-5(2-4+ 2a) +10 


Vf Independent Practice 


Complete the expressions in Exercises 1-4. 


1i*_=5 2._+0=-2 

3.25% —25 4.-0.5+__ =-0.5 
Now try these: Give the additive and multiplicative inverses of the numbers in 
Lesson 1.1.4 additional Exercises 5—8. 
questions — p431 EG 6.—7 

Te 3. 2 

iy 3 

Simplify the expressions in Exercises 9-12. Justify your work. 

Qata-a 10. 2+4ed 

11. 5(<+2=n) 12. 2(5x +4 +0)-1(5-5+7) 


Round Up 


The identity property and the inverse property are two math properties you'll need to use in sustifying 
your work. Justifying your work Is explaining how you know that each step is right. In the next Lesson 
youll cover two more properties that can be used in justifying your work. 


Section 1.1 — Variables and Expressions 


California Standards: 


Algebra and Functions 1.3 
Simplify numerical 
expressions by applying 
properties of rational 
numbers (e.g., identity, 
inverse, distributive, 
associative, commutative) 
and justify the process 
used. 


What it means for you: 


You'll learn about some more 
math properties that will help 
you to justify your work. 


Key words: 

* associative property 

* commutative property 
° justify 


The Associative and 
Commutative Properties 


There are two more properties you need to know about to help simplify 
and evaluate expressions. They're the associative and commutative 
properties. They allow you to be a little more flexible about the order 
you do calculations in. 


You used these properties already in earlier grades. It’s important to 
know their names and to practice using them to justify your work. 


The Associative Properties 


If you change the way that you group numbers and variables in a 


multiplication or addition expression, you won’t change the answer. 
7+(44+2)=(7+4)+2=13 The numbers and 
Sa) a al ae eet ee 

These are the associative properties of addition and multiplication. 

In math language they are: 


The Associative Properties 
Addition: (a+ b)+c=at+(bt+c) 
(ab)c = a(bc) 


Multiplication: 


Sometimes changing the grouping in an expression using the associative 
property allows you to simplify it. 


Simplify the expression (A + 12) + 13 using the associative property. 


Solution 
(h-+ 12) 13 
=h+(12 +13) The associative property of addition 
=h+25 Do the addition 


Simplify the expression 15(10y) using the associative property. 
Solution 

15°(10°y) 
=(15¢10)*y The associative property of multiplication 
= 150y Do the multiplication 
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Check it out: 

You can’t use the associative 
or commutative properties on 
a subtraction or a division 
problem. But you could use 
the inverse property to 
change it into an addition or 
multiplication problem first. 
Subtraction is the same as 
adding a negative number, 
and division is the same as 
multiplying by a fraction. 

So. X-y=X+-y 


and vee 
a 


When they’re expressed in 
this way, you can use the 


associative and commutative 
properties. 


& Guided Practice 
Simplify the expressions in Exercises 1-6. Use the associative property. 
1.10+(15+4) 2. 3( 7d) Seon 
4, —3(4f) 5.(y+13)+(20+m) 6.0.5(3p) 


The Commutative Properties ; 


When you’re adding numbers together it doesn’t matter what order you add 
them in — the answer is always the same. 


For example: [10|+/14/=24 and 14|+[10]= 24 


Also, when you’re multiplying numbers it doesn’t matter what order you 
multiply them in — the answer is always the same. 


For example: [4]|x/-[2]= 8x and [2 -[4 ex = 8x 


The numbers and variables move around, but the answer doesn’t change — 
these are the commutative properties. Algebraically they’re written as: 


The Commutative Properties 


a+b=bt+a 
ab=ba 


Addition: 
Multiplication: 


Simplify the expression 18v+9+2v+4. Justify your work. 
Solution 

18v+9+2v+4 
= 18v+2v+9+4 The commutative property of addition 
= (18v+ 2v)+(9+4) The associative property of addition 
= 20v + 13 Do the additions 


Example , 4 


Simplify the expression 4 ¢ 7 * 9 using the commutative property. 


Solution 
4ene9 
=a eH The commutative property of multiplication 
=(4°9)en The associative property of multiplication 


= 36n Do the multiplications 


(&% Guided Practice 


Simplify the expressions in Exercises 7—12. 


hed ep VS eres 220) 
9.3+4¢+7+t 10.3 *-y*4 
11.5+q¢+3+-q 12. 2° f*—3 
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Check it out: 


To justify your work means to 
use a math property to 
explain why each step of your 
calculation is valid. 


Don't forget: 
The math properties that 
you've seen in the last two 
Lessons are: 
¢ the distributive property 
and the 
° associative, 
* commutative, 
e identity, and 
° inverse 
properties of multiplication 
and addition. 


And you’ve also seen how to 
collect like terms. 


Now try these: 


Lesson 1.1.5 additional 
questions — p431 


Round Up 


You Can Use the Properties to Justify Your Work 


You can use all the properties together to justify the work you do when 
solving a math problem. 


Simplify the expression 3(x + 5 + 2x). Justify your work. 


Solution 
Ae 2K) 
= 3x+15+ 6x The distributive property 
=3x+6x+15 The commutative property of addition 
=9x +15 Collect like terms 


Example ! 6 


Simplify the expression (x * y) ¢ Justify your work. 
Solution : 
ey)? > 
=a (y* *) The associative property of multiplication 
=x The multiplicative inverse property 
=x The identity property of multiplication 


(% Guided Practice 


Simplify the expressions in Exercises 13-16. Justify your work. 
13. 2(5h) dye yo 
1553) 16. pe5*+ +2 

P 


(% Independent Practice 


Simplify the expressions below using the associative properties. 
1555-7 Z) 2.06 * (107) 


3. —3(7k) 4. (-22 + q) + (¢ + 30) 
Simplify the expressions below. Use the commutative properties. 
So ye 6.9*y94 


Looe 8.3 *c*4*¢-h 
Simplify the expressions in Exercises 9-12. Justify your work. 
9.-5+m+5 10. (r+ 5) +2 
1 
11. 2(x+5+-x) 12.(5 3) p*24+p-4) 


The associative and commutative properties are two more math properties. They're all important 
tools to use when youre simplifying expressions. By saying which property you are using in each 


step, you can justify your work. 
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Section 1.2 introduction — an exploration into: 


Solving Equations 


You can use algebra tiles to model algebra equations. You can also 
use thern to model how you solve equations to tind the value of x. @ =+7 M=-7 
The tiles on the right will be used to represent algebra equations: 


Co) aa 
Here is the algebra equation 2x + 3 = —5 modeled using algebra tiles: Oo ra 


This vertical line represents “ 
the equals sign. 


To solve an equation, you need to get one green “x” tile by itself on one side of the equation, 
and only red and yellow tiles on the other. This way you’ll know the value of one green “x” tile. 


You'll often need to use the idea of “zero pairs.” A yellow and a red tile together make zero. 
This is called a zero pair. "~~, Gn 14(-1)=0 


Use algebra tiles to model and solve the equation x + 2 =-3. 


Solution 
or 2 a8 


The answer is x =—5. 


=> Zee 


Of Add two red tiles in The zero pairs Ta 


to each side. are removed. 
“Zero pairs 


Use algebra tiles to model and solve the equation 2x = 6. 


Solution 
=6 


2 
| eo => 7 An ! => 
Divide both sides into two : i We . Remove one 


| 
eo equal groups (because {MH group from 
i <. each side. 


The answer is x = 3. 


there are two ‘x’ tiles). 


Ve Exercises 


1. Use algebra tiles to model these equations. 
a.x+3=4 Ihe Coax 0 


2. Use algebra tiles to solve the equations above. 


Round Up 


When you solve an equation, the aim /s always to get the variable on its own, on one side of the 


equation. In this Exploration, the variable was the green tile “x.” To get it on its own, you have to 
do exactly the same to both sides of the equation — or else the equation wont stay balanced. 


yim Section 1.2 Exploration — Solving Equations 


California Standards: 


Algebra and Functions 1.1 


Use variables and 
appropriate operations to 
write an expression, an 
equation, an inequality, or a 
system of equations or 


inequalities that represents a 


verbal description (e.g., 
three less than a number, half 
as large as area A). 


What it means for you: 
You'll learn how to change 
word descriptions into math 
expressions. 


Key words: 
* addition 

* subtraction 
* product 

* quotient 


Don't forget: 


There are lots of different 
phrases that describe the four 
operations. You could come 
across any of them, so you 
need to remember which of 
the operations each phrase 
refers to. For a reminder, see 
Lesson 1.1.1. 


Section 1.2 


Writing Expressions 


You can use both a word expression and a math expression to describe 
the same situation. In Section 1.1 you practiced changing numeric 
and variable expressions into word expressions. This Lesson Is all 
about doing the reverse — changing word expressions into math 
expressions. 


Variable Expressions Describe Word Expressions 


To write an expression to represent a word sentence you need to figure 
out what the word sentence actually means. 


Write a variable expression to describe the sentence 

“A number, x, is increased by five.” 
Solution 
The phrase “‘a number, x” is telling you that x is the variable being used. 
The words “increased by” are telling you that something is being added 
on to the variable x. In this case it is the number five. 


So the sentence “A number, x, is increased by five” translates as x + 5. 


Write a variable expression to describe the sentence 

“Nine is multiplied by a number, k.” 
Solution 
The operation phrase being used is “multiplied by.” The rest of the 
sentence tells you that it is the number nine and the variable / that are 
being multiplied together. 


So “Nine is multiplied by a number, k” translates as 9 ° k or 9k. 


(&% Guided Practice 


Write variable expressions to describe the phrases in Exercises 1—S. 
1. Six more than a number, /. 

2. Seven is decreased by a number, m. 

3. A number, g, divided by 11. 

4. The product of a number, w, and 10. 

5. A number, k, divided into four equal parts. 


Section 1.2 — Equations 


You Need to Sort Out the Important Information 


You'll often need to write a math expression as the first step toward 
solving a word problem. That might include choosing variables as well 
as working out what operations the words are describing. 


Carla and Bob have been making buttons to sell at a fund-raiser. 

Carla made four more than Bob. Write an expression to describe how 
many buttons they made between them. 

Solution 

First you need to work out what the expression you have to write must 
describe. In this case the expression must describe the total number of 
buttons made by Carla and Bob. 


See if there is an unknown number in the question: you don’t know 
how many buttons Bob made. You don’t know how many Carla made 
either, but you can say how many she made compared with Bob, so you 
only need one variable. 


Assign a letter or symbol to the unknown number: let b = the number 
of buttons Bob made. 


Don't forget: 


To simplify this expression 
you can collect like terms, as 
you did in Lesson 1.1.2. 

If you collect the two 5 terms 
together you get 2b. 


Then you need to identify any operation phrases: “more than” is an 
addition phrase. 


Carla made four more buttons than Bob, so she made b + 4 buttons. 
Which means that together they made b + 4 + b buttons. 


This expression can be simplified to 2b + 4. 


Ve Guided Practice 


Write variable expressions to describe the sentences in Exercises 6-9. 
Use x as the variable in each case, and say what it represents. 

6. A rectangle has a length of 2 inches. What is its area? 

7. Jenny has five fewer apples than Jamal. How many apples does 
Jenny have in total? 

8. The student council is selling fruit juice at the prom for $0.75 a 
glass. How much money will they take? 

9. A gym charges $10 per month membership plus $3 per visit. 
What is the cost of using the gym for a month? 


Some Expressions Describe More than One Operation 


You can also translate sentences with multiple operations in the same 
way. You just need to spot all the separate operations and work out what 
order to write them in. 


SS Section 1.2 — Equations 


Example ; 4 


Write a variable expression to describe the phrase “ten decreased by the 
product of a number, y, and two.” 


Solution 
In this question the phrase contains two different operation phrases, so 
you need to work out which operation is carried out first. 


The two operations here are “decreased by,” which is a subtraction 
phrase, and “product,” which is a multiplication phrase. You’re told to 
subtract the product from 10. So you need to work out the product first 
— this is the product of y and 2, which is 2y. 


Now you have to subtract this product, 2y, from 10. 


So the phrase “ten decreased by the product of a number, y, and 2.” 
translates as 10 —2y. 


&% Guided Practice 


Write variable expressions to describe the phrases in Exercises 10-14. 


Don't forget: 10. Five more than twice a number, g. 
You might need to include é ae 
eer in your 11. Sixteen divided by the sum of a number, m, and 7. 


expression to show which 
operation needs to be done 
first. 


12. Twenty decreased by a quarter of a number, /. 
13. The product of 7 and six less than a number, ¢. 


14. The product of a number, &, and the sum of 5 and a number, x. 


Vf Independent Practice 


Write variable expressions to describe the phrases in Exercises 1-5. 
1. The product of six and a number, h. 
2. A number, y, decreased by eleven. 
3. A fifteenth of a number, p. 
Now try these: 4, Nine more than twice a number, w. 


Lesson 1.2.1 additional 5. Sixteen increased by the product of a number, k, and three. 
questions — p431 


6. A pen costs half as much as a ruler. Write an expression to describe 
how much the pen costs, using 7 as the cost of the ruler. 


7. Peter has three fewer cards than Neva. Write an expression to 
describe how many cards they have together, using c as the number of 
cards Neva has. 


Round Up 


Changing word expressions into algebra expressions ts all about spotting the operation phrases and 
working out what order the operations need to be written in. Writing expressions ts the first step 
toward writing equations — a skill that you'll use when solving problems later in this Section. 


Section 1.2 — Equations — 


California Standards: 


Algebra and Functions 1.4 


Use algebraic terminology 
(e.g., variable, equation, 
term, coefficient, inequality, 
expression, constant) 
correctly. 


What it means for you: 
You'll learn what an equation 
is, and how it’s different from 
an expression. 


Key words: 
* equation 

* expression 

¢ formula 


Don't forget: 


The order of operations is 
Parentheses, Exponents, 
Multiplication and Division, 
then Addition and Subtraction 
— PEMDAS. 


_ Section 1.2 — Equations 


Equations 


In Lesson 1.1.2 and Lesson 1.2.1 you learned how to write 
expressions. Writing equations takes writing expressions one step 
further — equations are made up of two expressions joined by an 
equals sign. 


An Equation Has an Equals Sign 


An equation is made up of two expressions joined together by an equals 
sign. The equals sign is really important — it tells you that the 
expressions on each side of the equation have exactly the same value. 


ea bard 


Expression 1... ... is equal to... ... Expression 2. 


Numeric Equations Contain Only Numbers 


Numeric equations contain only numbers and operations. For example, 
3+2=S5and (6° 4)+3 =31—4 are both numeric equations. 


If both sides of the equation do have the same value, then the equation is 
said to be true, or balanced. 


Prove that (10 * 4) +4 =(8 « 11) + 2 isa true equation. 


Solution 

To show that this is a true equation, you need to evaluate both sides. 
Treat them as two expressions, and evaluate them both according to the 
order of operations. 


(10*4)+4=(8°11)+2 First simplify the parentheses 
40+4=88+2 Then complete the work 
44 = 44 
Both sides equal 44, so the equation is true. 


The numbers and operations are different on the left-hand and 
right-hand sides of the equation. But the value of both sides is the same. 


(&% Guided Practice 


Prove that the equations in Exercises 1—6 are true by evaluating 


both sides. 

AES HOG 2.4*5=60+3 
3.44+2°3=3°2+4 A 6=4=2 = 12 =2=2 
5.8+6*3 =2(10+ 3) 6204 


Variable Equations Contain Numbers and Variables 


Variable equations contain variables as well as numbers and operations. 
There may be variables on either or both sides of the equation. 


For example, 2x + 2 = 6 and 3x = 2y are both variable equations. 


The same rules that apply to numeric equations also apply to variable 
equations. The expressions that make up the two sides of the equation still 


Don't forget: have to be equal in value. 


xis a variable — that means The two equations above are both true if x = 2 and y=3. 
that it could stand for any 

number. But this equation is 2x+2=6 3x =2y 

only true when it stands for 2. 2°2+2=6 3°2=2°3 

So x = 2 is called a solution of 6=% 6=% 


the equation. 


Writing Equations Involves Writing Expressions 


To write an equation you write two expressions that have the same value 
and join them with an equals sign. One of the expressions will often just 
be a number. 


Write an equation to describe the sentence “Eight increased by the 
product of a number, 4, and two is equal to twenty-four.” 

Solution 

The phrase “is equal to” represents the equals sign. It also separates 
the two expressions that make up the two sides of the equation. 


One expression is “Eight increased by the product of a number, k, and 
two.” This turns into the expression 8 + 2k. 


The other expression is just a number, 24. 


So the sentence “Eight increased by the product of a number, 4, and two 
is equal to twenty-four” turns into the equation 8 + 2k = 24. 


Section 1.2 — Equations ii 


({% Guided Practice 
Write an equation to describe each of the sentences in Exercises 7-11. 
7. Five less than a sixth of m is equal to 40. 
8. Five more than the product of six and d is equal to ten. 
9. Four increased by the product of three and ¢ is equal to 40. 


10. Nine less than the product of six and r is equal to 11. 


11. Two times y is equal to y divided by four. 


To Write an Equation, Identify the Key Information 


When math problems are described using words, you’ll often be given lots 
of extra information as part of the question. You need to be able to 
extract the important information and use it to set up an equation — just 
like you set up an expression. 


Sarah has been selling lemonade. The lemonade cost her $9 to make, 
and she sold each glass for $0.75. She made $20 profit, which she is 
going to use to buy a necklace. Write an equation to describe this 
information. Use x to represent the number of glasses she sold. 


Check it out: 


It doesn’t matter exactly what 
Sarah is selling here, or what 
she buys with her profit. 

The important thing is how 
the numbers in the situation 
relate to each other — and 
that’s what the equation is 
describing. 


Solution 


Sarah made $20 profit. So the price of one glass ($0.75) multiplied by 
the number of glasses she sold (x), minus the amount the lemonade cost 
her to make ($9), is equal to 20. 


So you can write 0.75x — 9 = 20. 


(% Guided Practice 


Write an equation to describe each of the situations in Exercises 12-15. 


12. Javier spent $20 at the gas station. He bought a drink for $3 and 
spent the rest, $d, on gas. 


13. Jane is wrapping a parcel. She needs 15 feet of string to tie it up. 
A roll of string is p feet long. She uses exactly three rolls. 


14. Sam takes 12 sheets of paper to write an essay on. The essay is 2h 
pages long. He has k spare sheets left to put back. 


15. A telephone company charges $0.05 a minute for local calls and 
$0.10 a minute for long-distance calls. Asuncion makes one local and 
one long-distance call. Each call is y minutes long. Her calls cost a 
total of $4. 


Section 1.2 — Equations 


A Formula is an Equation That States a Rule 


A formula is a specific type of equation that sets out a rule for you. 
It explains how some variables are related to each other. For example: 


Check it out: 


You can use any letters or 
symbols you like for the 
variables. But make sure you 
use the same ones all 
through your work, and 
remember to say what they 
stand for. 


Now try these: 


Lesson 1.2.2 additional 
questions — p432 


Round Up 


Area of a = Product of length 
rectangle. (A) = (+ w) and width. 


Example ; 4 


Write a formula for the perimeter of a square. 
Solution 
To calculate the perimeter of a square you multiply its side length by 4. 


Choose variables to use: 
Let P = perimeter of the square, and let s = side length. 


So the formula becomes P= 4 ¢ s. 


The formula shows the relationship between a square’s side length and 
perimeter. The formula works for any square at all — if you are given 
the value of one of the variables you can always calculate the other. 


(% Guided Practice 


Use the formula to calculate the missing values in Exercises 16-18. 


16. Rectangle area = length ¢ width length = 4 cm, width = 0.5 cm 
17. Speed = distance + time distance = 8 miles, time = 2 h 


18. Length in cm =2.54¢ (length inin.) length in in. = 10 


(% Independent Practice 


1. Which of a) and b) is an expression? Which is an equation? How do 
you know? a) 2w—6=21 b)5c+3 


2. Given that Distance = Speed * Time, calculate the distance traveled 
when a car goes 55 mi/h for 8 hours. 


Write an equation to describe each of the sentences in Exercises 3—S. 
3. Six more than x is equal to four. 


4. The product of h and two is equal to 40 decreased by h. 
5. Ten increased by the result of dividing five by ¢ is equal to nine. 


6. Mike earned $100 working for / hours in a restaurant. He earns 
$10 an hour, and received $30 in tips. Write an equation using this 
information. 


The equals sign in an equation Is very mportant — It tells you that both sides of the equation have 
exactly the same value. In the next Lesson you'll see how to solve an equation that you've written. 


Section 1.2 — Equations 


California Standards: 


Algebra and Functions 4.1 


Solve two-step linear 
equations and inequalities in 
one variable over the 
rational numbers, interpret 
the solution or solutions in the 
context from which they 
arose, and verify the 
reasonableness of the results. 


What it means for you: 
You'll learn how to solve an 
equation to find out the value 
of an unknown variable. 


Key words: 


* solve 
* isolate 
* inverse 


Don't forget: 


This is using the inverse 
properties of addition and 


multiplication. 
a+—a=0 
Gere 
a 


You came across these in 
Lesson 1.1.4. 


Section 1.2 — Equations 


Solving One-Step Equations 


Solving an equation containing a variable means finding the value of 
the variable. It’s all about changing the equation around to get the 
variable on its own. 


Do the Same to Both Sides and Equations Stay True 


The equals sign in an equation tells you that the two sides of the equation 
are of exactly equal value. So if you do the same thing to both sides of 
the equation, like add five or take away three, they will still have the same 
value as each other. 
4+6=9+1 
Add 5 to I both sides. 


4+6+5=9+1+5 
Then I simplify. 


Is =15 


All three are balanced equations. 


You Can Use This to Find the Value of a Variable 


To get a variable in an equation on its own you need to do the inverse 
operation to the operation that has already been performed on it. 


¢ Ifa variable has had a number added to it, subtract the same 
number from both sides. + > — 

¢ Ifa variable has had a number subtracted from it, add the same 
number to both sides. - > + 

¢ Ifa variable has been multiplied by a number, divide both sides by 
the same number. <x — + 

¢ If a variable has been divided by a number, multiply both sides by 
the same number. + —> x 


For example: 


y—-5=33 y has had 5 


subtracted from it, 
s0 add 5 to both 


y+0=38 


You've got the variable alone 
fo one side of the equation, 
y=38 


so now you know its value. 


Reverse Addition by Subtracting 


When a variable has had something added to it, you can undo the addition 
using subtraction. 


Find the value of x when x + 15 = 45. 


Solution 
x+15=45 
x+15—15=45-15 Subtract 15 from both sides 
x = 30 Simplify to find x 


Reverse Subtraction by Adding 


When a variable has had something taken away from it, you can undo the 
subtraction using addition. 


Find the value of k when k— 17 = 10. 
Solution 


k-—17=10 
k—-17+17 =10+17 Add 17 to both sides 
k =27 Simplify to find & 


Find the value of g when -10 = g—9. 
Check it out: = 2 
Here the variable is on the 
right-hand side of the equals 
sign. But that doesn’t matter 
— as long as it’s on its own. 
You've still found its value by 
isolating it. 


Solution 


-10=g-9 
-10+9=g-9+9 Add 9 to both sides 
-l=g Simplify to find g 


(% Guided Practice 


Find the value of the variable in Exercises 1-8. 


1.x-7=14 2.70=1+41 
3. f+ 13=9 4.¢-3=-54 
5.y—14=30 6.22=14+d 
7.4.5=9+y 8.-6=b-4 


Section 1.2 — Equations — 


Reverse Multiplication by Dividing 


When a variable in an equation has been multiplied by a number, you can 
undo the multiplication by dividing both sides of the equation by the 
same number. 


2yv = 18 y has been multiplied 
by 2, so start by 
dividing both sides by 
vs 
2y+2=18+2 


Then simplify. 


Example ; 4 


Find the value of b when 206 = 100. 
Solution 


2065 = 100 
20b + 20 = 100 + 20 Divide both sides by 20 
b=5 Simplify to find 5 


Reverse Division by Multiplying 


Check it out: 


Fractions represent divisions. 


1 
So 1+2 and > Mean 


exactly the same thing. 
You can write either. 


Section 1.2 — Equations 


When a variable in an equation has been divided by a number, you can 
undo the division by multiplying both sides of the equation by the 
same number. 


d 
5 = 50 d has been divided by 2, 
so start by multiplying 
both sides by 2. 
d = e 
em ae 
Then I simplify. 
d= 100 


Find the value of t when t+ 4= 6. 


Solution 


Multiply both sides by 4 
Simplify to find ¢ 


(% Guided Practice 


Find the value of the variables in Exercises 9-16. 


9. 3k=18 10.b5+3=4 
11,4+5=-3 12.-9y =99 
13.q+8=5 14. 10¢=—55 
15¢d252> 4 16. 240 = 8m 


(% Independent Practice 


1. The Sears Tower in Chicago is 1451 feet tall, which is 405 feet taller 
than the Chrysler Building in New York. Use the equation 
C + 405 = 1451 to find the height of the Chrysler Building. 


Find the value of the variable in Exercises 2—7. 


2.4+7=10 3.c+10=-27 
4.s+4=-7 5.70=5+5 
6.h+0= 14 Ise = 1G 


8. The Holland Tunnel in New York is 342 feet longer than the 
8216-foot-long Lincoln Tunnel. Use the equation H — 342 = 8216 to 
find the length of the Holland Tunnel. 


Find the value of the variable in Exercises 9-14. 


9.x-7=13 10. 41 =m—35 
11. p—13 =-82 12. 4-27 =37 
13. 100=g-18 14.-7 =y-2 


15. Marlon buys a sweater for $28 that has $17 off its usual price in a 
sale. Write an equation to describe the cost of the sweater in the sale 
compared with its usual price. Then solve the equation to find the 
usual price of the sweater. 


Now try these: Find the value of the variable in Exercises 16—21. 


Lesson 1.2.3 additional 16. 5c = 80 Le Te: 
questions — p432 18. 22x =-374 19.h+2=4 
20. -3k =—24 21.-27=f=3 


22. The tallest geyser in Yellowstone Park is the Steamboat Geyser. 
Reaching a height of 380 feet, it is twice as high as the Old Faithful 
Geyser. Use the equation 2F = 380 to find the height reached by the 
Old Faithful Geyser. 


Round Up 


Solving an equation tells you the value of the unknown number — the variable. 

To solve an equation all you need to do is the reverse of what's already been done to the variable. 
That way you can (solate the variable. Just remember that you need to do the same thing to both 
sides. That's what keeps the equation balanced. 


Section 1.2 — Equations 


California Standards: 


Algebra and Functions 4.1 


Solve two-step linear 
equations and inequalities in 
one variable over the 
rational numbers, interpret 
the solution or solutions in the 
context from which they 
arose, and verify the 
reasonableness of the results. 


What it means for you: 
You'll learn how to solve an 
equation that involves more 
than one operation to find out 
the value of an unknown 
variable. 


Key words: 


* solve 
* isolate 
¢ inverse 


Don't forget: 


You need to remember to 
think of PEMDAS or GEMA. 
That way you'll know what 
order the operations have 
been done in — and what 


order to go in to reverse them. 


| SS Section 1.2 — Equations 


Solving Two-Step Equations 


When you have an equation with two operations in f(t, you need to do 
two inverse operations to isolate the variable. But other than that, the 
process /s just the same as for solving a one-step equation. 


Two-Step Equations Have Two Operations 


A two-step equation is one that involves two different operations. 


12a = 1) 


first operation N& second operation 


You need to perform two inverse operations to isolate the variable. 


It’s easiest to undo the operations in the opposite order to the way that they 
were done. It’s like taking off your shoes and socks. You normally put on 
your socks first and then your shoes. But when you’re removing them you 
go in the reverse order — you take your shoes off first, and then your socks. 


Here x is first multiplied by seven, and 
then the product has three added to it. det3=17 


So to isolate the variable, first ee PT aS I 3 
subtract three from both sides... a= 14 

Tx+7=14+7 
..and then divide both sides by seven. es =? 


Find the value of d when 4d + 6 = 38. 
Solution 
In the equation 4d + 6 = 38 the variable d has first been multiplied by 4, 


and 6 has then been added to the product. So to isolate the variable you 
must first subtract 6 from both sides, and then divide both sides by 4. 


4d + 6=38 
4d+6-—6=38-—6 Subtract 6 from both sides 
4d = 32 
4d+4=32+4 Divide both sides by 4 
d=8 


Check it out: 


This equation could have 
been written as 
(r+ 4)-—6= 13. But division 


takes priority over subtraction, 


so the parentheses aren't 
needed. 


Find the value of A when 3h — 11 = 25. 


Solution 

In the equation 3h — 11 = 25 the variable h has first been multiplied 
by 3, and 11 has then been subtracted from the product. 

So to isolate the variable you must first add 11 to both sides, and then 
divide them both by 3. 


3h—11=25 
3h—11+11=25+11 Add 11 to both sides 
3h = 36 
3h~+3 = 3673 Divide both sides by 3 
h=12 


(% Guided Practice 


Find the value of the variables in Exercises 1-6. 


120 e— 12 Zoey = 295 
6) OP 1) = Se 4. 7f— 19 = 30 
5. 60 = 8b + 12 6. 34 = 4p — 10 


Follow the Same Procedure with All the Operations - 


You can use this method for any two-step equation. Just perform the 
inverse of the two operations in the opposite order to the order in which 
they were done. 


Sometimes the order in which the operations are performed is less obvious, 
and you’ll need to think more carefully about it. 


Find the value of r when r + 4 — 6 = 13. 


Solution 

In the equation r + 4 — 6 = 13, the variable r has first been divided 
by 4, and 6 has then been subtracted from the quotient. 

So to isolate the variable you must first add 6 to both sides, 

and then multiply both sides by 4. 


Fo 46> 13 
r+4-—6+6=13+6 Add 6 to both sides 
r~+4=19 
r+4*4=19+4 Multiply both sides by 4 
r = 76 


Section 1.2 — Equations — 


Example ; 4 


Find the value of v when (v + 2) + 7=3. 


Check it out: meluuen 
The parentheses are needed 
here because addition doesn’t 
take priority over division. 

If the parentheses were left 
out, this equation would have 
a different solution — 


In the equation (v + 2) + 7 = 3, the variable v and 2 have first been 
added together, and then their sum has been divided by 7. So to isolate 
the variable you must first multiply both sides by 7, and then subtract 2 
from both sides. 


because of the order of (v+2)+7=3 
operations rules. (v+2)+7*°7=3°e7 Multiply both sides by 7 
y+t2=21 
v+2-—2=21-2 Subtract 2 from both sides 
v=19 


(% Guided Practice 


Find the value of the variables in Exercises 7—12. 


T.x+2+8=9 8.d=+7+4=6 
9.k+3-15=30 10.y+4-3=12 
11.9=g+2-6 12. (+20) +5=3 


Vo Independent Practice 


In Exercises 1-4, say which order you should undo the operations in. 


i =3> 7 —=20 

Now try these: 2.21x—-12 =44 

Lesson 1.2.4 additional Jo Il =a = IO=5 

questions — p432 4.14=2.e (2 x) 
Find the value of the variables in Exercises 5—16. 
5. 4h+2=22 6. 2r+11=—-13 
7.10b—-5=55 So — lp 1) 
9.14=2+3c 10S 10 2n—2 
1.m+4+6=11 ae 
13.p+7-4=2 14. f+ 3-17 =-20 
15.10=5+a~10 POs ee 


Round Up 


Solving a two-step equation uses the same techniques as solving a one-step equation. 
The important thing to remember with two-step equations /s to do the inverse operations in the 
reverse of the original order. This sare method applies to every equation, no matter how many 
steps tt has. Later in this Section you'll use this technique to solve real-life problems. 


= Section 1.2 — Equations 


California Standards: 


Algebra and Functions 4.1 


Solve two-step linear 
equations and inequalities in 
one variable over the 
rational numbers, interpret 
the solution or solutions in the 
context from which they 
arose, and verify the 
reasonableness of the 
results. 


What it means for you: 
You'll learn how to deal with 
fractions in equations, and 
how to check that your 
answer is right. 


Key words: 


* fraction 
* isolate 
* check 


Check it out: 


Another way to do this is to 
multiply both sides by the 
reciprocal of the fraction. 
Multiplying a fraction by its 
reciprocal gives a product of 1 
— so it “gets rid of” the 
fraction. 

To find the reciprocal of a 
fraction you invert it. 


So the reciprocal of : is 2. 
2 
mG 
3 a 
3 2 3 
a ae ge 
a=9 


For more on reciprocals see 
Lesson 1.1.4. 


More Two-Step Equations 


When you have a fraction in an equation, you can think of it as being 
two different operations that have been merged together. That means 
/t can be solved in the same way as any other two-step equation. 


Fractions Can Be Rewritten as Two Separate Steps 


Fractions can be thought of as a combination of multiplication and 
division. You might see what is essentially the same expression written in 
several different ways. For example: 


3 3x 
a> SQ ) a 
(3 °x)+4 
7 + 3x Wael 


All five expressions are the same. 


Deal with a Fraction in an Equation as Two Steps 


Because a fraction can be split into two steps, an equation with a fraction 
in it can be solved using the two-step method. 


Using the example above: 


— =6 First split the expression into two separate 
i‘. operations: here xis first multiplied by 3, and 
3x+4=6 then divided by 4. 


3x = 24 <— Then solve as a two-step equation. 


x=8 


Find the value of a when Sa = 6. 


Solution 
2 _— 
34 =6 
2a+3=6 Split the expression into two operations 
2a= 18 Solve as a two-step equation 
a=9 


Section 1.2 — Equations = 


Don't forget: Here is another example — this one has a more complicated numerator. 


The number on top of 
a fraction is called the 


numerator. ; h+2 
Find the value of 4 when [a 3 
2 : 
5 Solution The whole expression h + 2 is being divided by 4 — the 
fraction bar “groups” it. Put it in parentheses here to 
The number on the h+2 P P 
bottom of a fraction is oe: = show that this operation originally took priority. 
called the denominator. ; : : : 
(h+2)+4=3 Split the expression into two operations 
h+2=12 Solve as a two-step equation 
h=10 


(&% Guided Practice 


Find the value of the variables in Exercises 1-6. 


Lea Sityear 
1.5a=2 2.79 =33 
a 4 2 
344 hr i 
_2 2c _ 

5.6= 38 6. 5 


Check Your Answer by Substituting It Back In 


When you’ve worked out the value of a variable you can check your 
answer is right by substituting it into the original equation. 


Once you’ve substituted the value in, evaluate the equation — if the 
equation is still true then your calculated value is a correct solution. 
3x+2=14 
3x+2-2=14-2 


First solve the equation 


Don't forget: 3x = 12 to find the value of x. 
If the equation isn’t true when 3x+3=12+3 

you've substituted in your 

solution, look back through x=4 


your work to find the error. 
Now substitute the 


calculated value 
back into the 


equation. 
3x+2=14, x=4 
3(4)+2=14 
Then evaluate the 
12+2=14 equation using 
As both sides are the same, your calculated 
» 14 =14 value. 


the value of x is correct. 


.— SS Section 1.2 — Equations 


Check it out: 


It might seem like needless 
extra work to check your 
solution, but it’s always worth 
it just to make sure you’ve got 
the right answer. 


Now try these: 


Lesson 1.2.5 additional 
questions — p433 


Round Up 


Check that c = 8 is a solution of the equation 10c + 15 = 95. 


Solution 
10c +15=95 
10(8) + 15 = 95 Substitute 8 into the equation 
80+ 15 =95 


95 =95 


The equation is still true, so c = 8 is a solution of the equation 
10c + 15 = 95. 


(% Guided Practice 


Solve the equations below and check your answers are correct. 


7. 12m+8=56 8.22 + 3h =34 
9.56 =18+ 19y 10. 16 — 4g =-28 
11.3-6x=9 12. 5y—12=28 


Vf Independent Practice 


Find the value of the variables in Exercises 1-6. 


Bae oe 
1. [d=24 2. =k=8 
eRe a 
SPO le 4. 27>, 
S52 a= 
5.22=n* 7 Oe eo 
Solve the equations in Exercises 7-10 and check your solution. 
7.2x+4=16 8. 3r-—6=-12 
9.6=v+4+2 10. == 15 


11. For each of the equations, say whether a) y = 3, or b) y =-3, 
is a correct solution. 
Equation 1: 10 —2y = 16 


Equation 2: _2y =—2 
3} 


For each equation in Exercises 12—14, say whether the solution given 
is a correct one. 

12.x+2+4=9, x=10. 

13. 3x -9=12, x=4. 

14.8 =5x-7, x=3. 


You can think of a fraction as a combination of two operations. So a fraction in an equation can be 
treated as two steps. And don't forget — when you've found a solution, you should always 
substitute it back into the equation to check that it’s right. 


Section 1.2 — Equations 


Applications of Equations 


Equations can be really useful in helping you to understand real-life 
Algebra and Functions 4.1 situations. Writing an equation can help you sort out the information 
Solve two-step linear contained in a word problem and turn tt into a number problem. 


equations and inequalities in 
one variable over the 


rational numbers, interpret Equations Can Describe Real-Life Situations 


the solution or solutions in 
the context from which they An equation can help you to model a real-life situation — to describe it in 


arose, and verify the i le: 
reasonableness of the math terms. For example: 


California Standards: 


fu * You’ve just had your car repaired. The bill was $280. 
Mathematical Reasoning 2.1 * You know the parts cost $120. 
Use estimation to verify the * You know the mechanic charges labor at $40 per hour. 


reasonableness of 
calculated results. 


What it means for you: ib 


You'll see how to use 
equations to help solve = . 
Fool ifemaihproblenie/and Let 4 = number of hours worked by mechanic. — 1. Choose a variable. 
how to check if your answer 40h + 120 = 280 ~——______ 2. write an equation. 
is sensible. 


* You want to know how long the mechanic worked on your car. 


40h = 160 ———K— 2 Solve the equation. 
h=4 
So you know the mechanic must have worked on your car for 4 hours. 
Key words: 
* model You can use an equation to help you describe almost any situation that 


* check involves numbers and unknown numbers. 
* reasonable 


* sensible 


At the school supply store, Mr. Ellis bought a notebook costing $3 and 
six pens. He spent $15 in total. Find the price of one pen, p. 


Solution 

First write out the information you have: 
Total spent = $15 

Cost of notebook = $3 

Cost of six pens = 6p 


You know that six pens and the notebook cost a total of $15. So you 
can write an equation with the cost of each of the items bought on one 
side, and the total spent on the other. 

6p +3 =15 


Check it out: 


When you've solved your 
equation you'll need to decide 
if the solution needs units. 

In this example you’re figuring 
out the price of a pen in 
dollars, so your answer is $2. 


Now you have a two-step equation. You can find the cost of one pen by 
solving it. 


6p +3=15 
You'll see more about how to _ 
find the right units for your 6p= 12 
answer in Lesson 1.2.7. pHs One pen costs $2. 


.— SS Section 1.2 — Equations 


Don't forget: 


You might need to round your 
answer up or down, 
depending on the question. 


In this example, you calculate 
that you can afford 7.5 bags 
— but you can only buy 
whole bags. You can't afford 
to buy 8 bags — so it’s 
sensible to round your answer 
down to 7. 


If instead you were working 
out how many bags you 
needed for a recipe and your 
answer came out as 7.5, then 
you would round it up. 

You would buy 8 bags, 
because you want at least 
AD 

There’s a lot more about 
rounding, and how to round 
reasonably, in Section 8.3. 


&% Guided Practice 


Write an equation to describe each of the situations in Exercises 1-3. 
Then solve it to find the value of the variable. 

1. Emily is seven years older than Ariela. The sum of their ages is 45. 
How old is Ariela? 

2. A sale rack at a store has shirts for $9 each. Raul has $50 and a 
coupon for $4 off any purchase. How many shirts can he buy? 

3. The price for renting bikes is $15 for half a day, then $3 for each 
additional hour. How many hours longer than half a day can you keep 
a bike if you have $24? 


You Need to Check That Your Answer is Reasonable 


When you’ve solved an equation that describes a real-life problem, 
you need to look at your answer carefully and see if it is reasonable. 
Here are two important things to think about: 


1) Does Your Answer Make Sense? 


You must always check that the answer makes sense in the context of the 
question. For example: 
An orchard charges $1.10 for a pound of apples. You have $8.25. 
How many pounds of apples can you buy? 
¢ Set up an equation to describe the problem: 
Number of pounds = 8.25 + 1.10 = 7.5 


— This is a reasonable answer as the orchard will happily sell 
you half a pound of apples. 


But if you change the problem slightly: 
A store charges $1.10 for a bag of apples. You have $8.25. 
How many bags of apples can you buy? 

¢ Number of bags = 8.25 + 1.10 = 7.5. 


— This is no longer a reasonable answer — the store wouldn’t 
sell you half a bag of apples. You could only buy 7 bags. 


2) Is Your Answer About the Right Size? 


The size of your answer has to make sense in relation to the question that 
is being asked. For example: 


— If you’re finding the height of a mountain, and your answer is 5 feet, 
it’s not reasonable. 


— If you’re finding the height of a person, and your answer is 5000 feet, 
that’s not reasonable either. 


If the size of your answer doesn’t seem reasonable then it’s really important 
to go back and check your work to see if you’ve made an error somewhere. 


Section 1.2 — Equations — 


Kea is going to walk 1.5 miles at a steady speed 
of 3 miles per hour. She works out how long it nce = 1S sale 


will take using the work shown. ee 
Is her answer reasonable? | Time = 15 x 3=45 hours | 
re ees 


Solution 

Given that Kea’s walk is only 1.5 miles long and she walks at 3 mi/h, 
4.5 hours is not a reasonable answer — it is much too long. 

(Kea multiplied the distance of the walk by her speed. She should 
divide the distance by the speed instead: Time = 1.5 + 3 = 0.5 hours.) 


&% Guided Practice 


4. Pete is buying trading cards. One card costs 20¢. He says 10 cards 
will cost $20. Is this a sensible answer? Explain why or why not. 


Check it out: 


If Kea walked at 3 miles per 
hour for 1 hour she’d go 

3 miles. So to cover half that 
distance would take her half 
the time — 0.5 hours. 


5. Six friends earn $87 washing cars. How much will each one get if they 
split it evenly? Is your answer reasonable in the context of the question? 


6. A yard has a 150-foot perimeter. Fencing is sold in 40-foot rolls. 
Write an equation to describe the number of rolls, , you need to buy to 
fence the yard. Solve the equation. Is your answer reasonable in the 
context of the question? 


7. Ana is ; as tall as T.J., who is 174 cm tall. Write an equation to 
describe Ana’s height, A. Solve it. Is the size of your answer reasonable? 


Vo Independent Practice 


Write an equation to describe each situation in Exercises 1—2, and solve 

the equation to answer the question. 

1. Don has spent $474 ordering sticks for his hockey team. A stick costs 
Now try these: $50. Shipping costs $24. How many did he buy? 


Lesson 1.2.6 additional 2. Tiana is saving up to buy a fishing rod. The rod costs $99 with tax. 
questions — p433 She already has $27, and can afford to save another $12 each week. 
How long will it take her to save enough for the rod? 


3. Joy went to the fabric store to buy ribbon. She got ffeet, and spent $5. 
The ribbon cost 80¢ a foot. Write an equation to describe how much she 
got. Solve it. Is your answer reasonable in the context of the question? 
4. Mike is asked to multiply 5 by ; . He says the answer is 10. Is this 
reasonable in the context of the question? Explain why or why not. 


5. Two friends run a dog walking service, each walking the same 
number of dogs. Write and solve an equation to show how many dogs, 
d, each friend walks if they walk nine dogs between them. Is your 
answer reasonable? 
Round Up 
Equations can help you to understand situations. They can also help you to describe a real-life math 
problem involving an unknown number and come up with a solution. But don't forget to always 
think carefully about whether the answer /s a reasonable one In relation to the question. 


| —cLSS Section 1.2 — Equations 


California Standards: 


Algebra and Functions 4.1 


Solve two-step linear 
equations and inequalities in 
one variable over the 
rational numbers, interpret 
the solution or solutions in 
the context from which they 
arose, and verify the 
reasonableness of the 
results. 


Mathematical Reasoning 1.1 


Analyze problems by 
identifying relationships, 
distinguishing relevant from 
irrelevant information, 
identifying missing 
information, sequencing 
and prioritizing information, 
and observing patterns. 


What it means for you: 
You'll learn how to spot which 
pieces of information are 
important in answering a 
question, and how to check 
that your answer has the 
correct units. 


Key words: 
* relevant 

° irrelevant 

* unit 


Understanding Problems 


Math problems are full of all kinds of details. The challenge 1s to work 

out which bits of information you need and which bits you dont need. 

To be able to do this you need to understand exactly what the question 
is asking. 


You Can't Solve a Problem with Information Missing 


Sometimes a piece of information needed to solve a real-life problem will 
be missing. You need to be able to read the question through and identify 
exactly what vital piece of information is missing. 


Brian’s mechanic charged $320 to fix his car. The bill for labor was 
$157.50. How many hours did the mechanic work on the car? 

Solution 

The question tells you that Brian’s total bill for labor was $157.50. But to 
use this piece of information to work out how many hours the mechanic 
worked on the car you would also need to know what the mechanic’s 
hourly rate was, as hours worked = bill for labor + hourly rate. 


You can’t solve the problem as the mechanic’s hourly rate is missing. 


(&% Guided Practice 


In Exercises 1-4 say what piece of information is missing that you 
need to solve the problem. 

1. Samantha is 20 inches taller than half Adam’s height. 

How tall is Samantha? 

2. A coffee bar charges $2 for a smoothie. Sol buys a smoothie and a 
juice. How much is his check? 

3. Erin has $36 and is going to save a further $12 a week. How many 
weeks will it take her to save enough for a camera? 

4. A box contains 11 large tins and 17 small tins. A large tin weighs 22 
ounces. What is the weight of the box? 


Some Information in a Question May Not Be Relevant 


You will often come across real-life problems that contain more 
information than you need to find a solution. Information that you don’t 
need to solve a problem is called irrelevant information. 


You need to be able to sort out the information you do need from the 
information you don’t. A good example of this is a question where you 
have to pick out the information that you need from a table. 


Section 1.2 — Equations 


At the hardware store Aura spent $140 on paint. She bought four cans of 
blue paint and spent the rest of the money on green paint. Use the table 
below to calculate how many liters of green paint she bought. 


Color of paint Price of can ($) 
circled data in these cE: 
two rows to answer 


Solution 
To answer the question you need the price of a can of blue paint, and the 
volume and price of a can of green paint. The volume of cans of blue 
paint is irrelevant, as is the information about red and yellow paint. 
¢ First work out how much Aura spent on blue paint. You know that she 
bought four cans of blue paint that cost $20 each. So she spent $80 on 
blue paint. That means she spent $140 — $80 = $60 on green paint. 
¢ Each can of green paint is $30. So she bought $60 + $30 = 2 cans. 
¢ A can of green paint is 1.5 liters. So she bought 1.5 * 2 = 3 liters. 


paint and green paint. 
So you only need the 


& Guided Practice 


Use the table from Example 2 in Exercises 5—7. 

5. Eduardo bought one can of yellow paint and three liters of blue paint. 
How much did he spend? 

6. Lamarr bought 2 cans of green paint and some yellow paint. 

He spent $165. How many liters of yellow paint did he buy? 

7. Amber spent $120. She bought twice as much red paint as blue paint. 
How many cans of red paint did she buy? 


Check it out: 


When you’re writing units, 
remember that km/hour 
means the same as 

(km + hours), and 
person-days means the same 
as (persons x days). 


SS Section 1.2 — Equations 


Answers Should Always Have the Correct Units 


When you work out the answer to a problem, you need to think about the 
right units to use. 


If you apply the same operations to the units as you do to the numbers, 
you'll find out what units your answer should have. 


Laura drives her car 150 km in 2 hours. Use the formula 
speed = distance + time to calculate her average speed. 
Solution 

speed = distance + time 

speed = 150 +2 =75 

Now do the same operations to the units of the numbers: 
km ~ hours = km/hour. 

So the average speed of the car is 75 km/hour. 


You can do this with any calculation to find the correct units for the answer. 
Example ; 4 


The power consumption of a computer is 0.5 kilowatts. 
If the computer is running for 4 hours, how much energy will it use? 
Use the equation: Power Consumption * Time Used = Energy Used. 


Solution 


First do the numerical calculation. 
Power Consumption * Time Used = Energy Used 
0.5°4=2 


Then work out the units. 


Check Wout: kilowatts ¢ hours = kilowatt-hours 


A kilowatt-hour is a measure 
of energy consumption. 


The computer will use 2 kilowatt-hours of energy. 


(% Guided Practice 


Say what units the answers will have in Exercises 8-11. 


Check it out: 8. 40 miles + 2 hours = 20 ? 
You can use the / symbol to 9. 5 newtons * 3 meters = 15 ? 
mean “divided by” when you 10. 6 persons * 4 days = 24? 
are writing units. 11. $25 +5 hours = 5 ? 


Vo Independent Practice 


1. The sale bin at a music store has CDs for $4 each. Eric buys four 
CDs and some posters, and uses a coupon for $2 off his purchase. He 
pays $26. How many posters did he buy? Say what information is 
missing from the question that you would need to solve the problem. 


2. Liz meets Ana to go ice-skating at 7 p.m. Admission is $8 and 
coffee costs $1.50. Liz has $14 and wants to buy some $2 bottles of 
water for her and Ana to drink afterwards. Calculate how many bottles 
of water Liz can buy. What information are you given that isn’t 
relevant ? 


3. Sean has $60 to buy books for math club. A book costs $9.95. 
He orders them on a Monday. Shipping costs $10 an order. How many 


Now try these: books could he buy? What information are you given that isn’t 
Lesson 1.2.7 additional relevant? 
questions — p433 

Say what units the answers will have in Exercises 4—7. 


4. 4 persons ¢ 4 hours = 16? 

5. 100 trees + 10 acres = 10? 

6. 6 meters * 7 meters = 42 ? 

7. 21 meters/second + 7 seconds = 3 ? 


Round Up 


When you're solving a math problem, you need to be able to pick out the important information. 
Then you can use the relevant bits to write an equation and find the solution. Always remember to 
check what units your answer needs to be written in too. 


Section 1.2 — Equations 


California Standards: 


Algebra and Functions 1.4 


Use algebraic terminology 
(e.g., variable, equation, term, 
coefficient, inequality, 
expression, constant) 
correctly. 


Algebra and Functions 1.5 


Represent quantitative 
relationships graphically 
and interpret the meaning of 
a specific part of a graph in 
the situation represented by 
the graph. 


What it means for you: 
You'll learn what an inequality 
is, and how to show one ona 
number line. 


Key words: 
* inequality 

* greater than 
¢ less than 

* equal to 


= Section 1.3 — /nequalities 


Section 1.3 


Inequalities 


Inequalities are a lot like equations. But where an equation has an 
equals sign, an inequality has an inequality symbol. lt tells you that 
the two sides may not be equal or are not equal — that’s why it’s 
difterent from an equation. 


An Inequality Does Not Have to Balance 


In the last Section you saw that an equation is a balanced math sentence. 
The expressions on each side of the equals sign are equal in value. 

An inequality is a math sentence that doesn’t have to be balanced. 

The expression on one side does not have to have the same value as the 
expression on the other. 


x £5, 10> 3y, 4h 2 19, and k <5 are all inequalities. 


Inequalities are made up of two expressions that are separated by one of 
the four inequality symbols: 


The Inequality Symbols 
< means “Less than.” 


means “Greater than.” 


means “Less than or equal to.” 


means “Greater than or equal to.” 


The symbol that you use explains how the two expressions relate to 
each other. 


So 2 < 10 means “two is less than ten” 
and x = 5 means “x is greater than or equal to five.” 


The smaller end of the symbol always points to the smaller number. 
So x <2 and 2 >. are telling you the same thing — that the variable x is a 
number less than 2. 


({% Guided Practice 


Fill in the blanks in the statements in Exercises 1-4. 
IPlta—<bithen bana, 
3. Ifc>dthend__c. 


2. Ifm=n then n__m. 
4.Ifj7<kthen k_/j. 


Plot the Solutions to an Inequality on a NUmber Linea 


An inequality has an infinite number of solutions. When you solve an 
inequality you are describing a group or set of solutions. 


For example, for the inequality x < 9, any number that is less than 9 is a 
solution of the inequality. The solutions are not limited to just whole 
numbers or positive numbers. 


; All the possible solutions of an inequality can be shown on a number line. 
Check it out: 


A number line is a line that 
represents every number, with 
the numbers increasing in 
value along the line from left 
to right. To give the line a 


scale, some numbers are The circle shows the point on 
shown as labeled points 


the number line where the The shading stretches 
spaced out evenly along the solution to the inequality \ [we to infinity in the 
line. starts. direction of the arrow. 
+—-— | This is showing that c can 
4 1 of 7 -% be any number that’s 


greater than 1. 
Here the circle is empty (open), 
because 1is not included in the solution. 


The following number line shows the solution of the inequality c > 1. 
The set of possible solutions for c is all the numbers greater than 1. 


The number line below shows the solution of the inequality y < 2. 
Don't forget: The set of possible solutions for y is 2 and all the numbers less than 2. 


It's important to remember 


that there are an infinite 
amount of decimal numbers 
between each labeled point in 
the solution set. All of these 
are solutions too. 


Don't forget: 


A ray is just a straight line that 
begins at a point and goes on 
forever in one direction. 


The circle shows the 
point on the number line 
where the solution to 


The shading stretche 
Aa (eo minle yale the inequality starts. 
direction of the arrow. 


This is showing that y 
can be any number 2 -1 0 1 2\3 Here the circle is 
that's less than or filled -in (closed), 


equal to 2. because 2 is included 
in the solution. 


To plot an inequality on a number line: 


1) Draw a circle on the number line around the point where the 
set of solutions starts. It should be a closed circle if the point 
is included in the solution set, but an open circle if it isn’t. 


2) Draw a ray along the number line in the direction of the 
numbers in the solution set. Add an arrowhead at the end to 
show its direction (and that it goes on forever). 


Section 1.3 — /nequalities i 


Don't forget: 


If the sign is = or < then you 
should use a closed circle to 
show that the start point is 
included in the solution. 

If the sign is > or < then you 
should use an open circle to 
show that the start point isn’t 
included in the solution. 


Plot the solution to the inequality y > —1 on a number line. 


Solution 
First place a closed circle at —1 on the number line to show that —1 is 
included in the solution set. 


+e} 444+ 


2-10 1 2 3 


y is greater than or equal to —1, so add a ray with an arrowhead pointing 
along the number line to the right of the circle. 


(% Guided Practice 


Plot the inequalities in Exercises 5—8 on the number line. 


a2 6.-l<a 


Ting era ll 8.7<0 


(% Independent Practice 


Now try these: 


Lesson 1.3.1 additional 
questions — p434 


Round Up 


In Exercises 1-4, give a number that is part of the solution set of the 


inequality. 
1.m<-3 2k 12 
3.w2= 9 4.h>-9 


Match the inequalities 5—8 with the number line plots A—D. 


5x>4 A<peehOt 8B 
6.x 22 


, 1 al @ i 2 M@ il 2 3B 4 5 © 
Bees 
pf 
ey 
eh etliee) ed eile (lel 5 da ele el 


9. Explain why the solution of an inequality must be graphed on a 
number line and not listed. 


Plot the inequalities in Exercises 10-11 on number lines. 
10.-l1 <x 


Itx = 05 


An inequality /s like an unbalanced equation — its two expressions can have different values. 
You can show all the possible solutions of an inequality by graphing it on a number line. 
Don't forget the four symbols — youll need them to write and solve inequalities later. 


Section 1.3 — /nequalities 


California Standards: 


Algebra and Functions 1.1 


Use variables and 
appropriate operations to 
write an expression, an 
equation, an inequality, ora 
system of equations or 
inequalities that represents a 
verbal description (e.g., 
three less than a number, half 
as large as area A). 


What it means for you: 
You'll learn how to turn a 
word problem into an 
inequality. 


Key words: 
* inequality 

* under 

* over 

* minimum 

* maximum 


Don't forget: 


The inequality 27 > 4y means 
exactly the same thing as 
4y < 27. 


Don't forget: 


The inequality 16<h+2 
means exactly the same thing 
ash+22>16. 


Writing Inequalities 


In Lesson 1.2.2 you saw how to write an equation from a word 
problem. To write an inequality you use exactly the same process — 
but this time instead of joining the two expressions with an equals 
sign, you use an inequality symbol. 


You Need to Spot Which Symbol is Being Described 


To write an inequality you write two expressions that have (or can have) 
different values and join them with one of the four inequality symbols. 
You need to be able to recognize phrases that describe the four symbols. 

> means “greater than” or “more than” or “over.” 

< means “less than” or “under.” 

2 means “greater than or equal to” or “a minimum of” or “at least.” 

< means “less than or equal to” or “a maximum of” or “no more than.” 


Write an inequality to describe the sentence, 
“Four times a number, y, is less than 27.” 
Solution 


The phrase “is less than” is represented by the less than symbol, <. 
It separates the expressions that make up the two sides of the inequality. 


One expression is “Four times a number, y.” 
This turns into the expression 4y. 


The other expression is a number, 27. 


So the sentence, “Four times a number, y, is less than 27,” turns into the 
inequality 4y < 27. 


Write an inequality to describe the sentence, 
“A number, /, increased by two is at least 16.” 
Solution 


The phrase “at least” is represented by the greater than or equal to 
symbol, 2. 


One expression is “A number, /, increased by two.” This turns into the 
expression h + 2. 


The other expression is a number, 16. 


So the sentence, “A number, /, increased by two is at least 16,” turns into 


the inequality h + 22 16. 
Section 1.3 — /nequalities 


vi 


Guided Practice 


Write an inequality to describe each of the sentences in Exercises 1-5. 
1. A number, x, increased by five is more than 12. 

2. Twice a number, 4, is greater than or equal to two. 

3. Fifteen decreased by a number, g, is no more than six. 


4. A number, p, divided by two, is under four. 


5. Negative two is less than the sum of a number, m, and five. 


Section 1.3 — /nequalities 


Inequalities are Often Used in Real-Life Situations 


You'll come across lots of inequality phrases in real life. 


Maximum ae) 
capacity 10 
people 


“Age” < 8 


“Number of people” < 10 


In math you might be asked to write an inequality to represent the 
information given in a word problem. 

Writing inequalities from word problems is a lot like writing equations from 
word problems. You need to spot key information and use it to write 
expressions — but you also need to work out which inequality symbol to use. 


Your local conservation group runs a junior award program. To get a 
gold award you must complete a minimum of 50 hours’ conservation 
work. You have already done 17 hours. Write an inequality to represent 
the additional amount of work you need to do to gain your gold award. 


Solution 

First define a variable: let the additional amount of hours you need to 
complete = H. 

The amount of hours you need to complete to get your award is 50. 

So one expression is just 50. 


The other expression describes the number of hours you have already 
done plus the additional number you need to spend — the variable H. 
So the expression is 17 + H. 


The phrase “minimum” tells you that the number of hours you complete 
has to be greater than or equal to 50. So the inequality is 17 + H2= 50. 


&% Guided Practice 


Write an inequality to describe each of the situations in Exercises 6-9. 


6. Lauren is three years younger than her friend Gabriela, who is k 
years old. Lauren is under 20. 


Don't forget: 7. Erin has visited b states. Kieran has visited two more states than 
You can write all of these Erin, and figures out that he has visited at least 28. 

i lities in th : ner 

Toni ey Sing fhe 8. The number of boys enrolled at a university is half the number of 
sign you use. girls, g, who are enrolled. The number of boys enrolled is more than 
For example: a> bis the 2000. 


same as b <a. 
9. Pedro has set aside a maximum of $100 in order to buy gifts for his 
family. He wants to spend the same amount, $x, on each of his 3 
family members. 


vo Independent Practice 


Write an inequality to describe each of the sentences in Exercises 1-5. 
1. A number, m, decreased by seven is less than 16. 
2. Nine more than a number, d, is at least 11. 
3. The product of ten and a number, /, is a maximum of six. 
Now try these: 4. Four is more than a number, y, divided by five. 
Heccon a2 additional 5. The sum of a number, f, and six is less than negative one. 


que NOUS ax bees 6. Explain whether the two statements “six more than a number is at 


least four” and “‘six more than a number is more than four” mean the 
same. 


Write an inequality to describe each of the situations in Exercises 7-9. 
7. Alex and Mallory both spent time cleaning the house. Alex spent y 
minutes cleaning. Mallory spent 15 minutes less than Alex, but over 
55 minutes, cleaning. 

8. Rebecca has a maximum of $40 to spend on her cat. She buys a 
collar for $17 and then spends $d on cat food. 

9. Alejandra’s collection of baseball cards is twice the size of Jordan’s. 
Alejandra has collected at least 2000 cards, and Jordan has collected c 
baseball cards. 


For each sentence in Exercises 10-12 say which inequality symbol 
would be used. 

10. Maximum weight on this bridge is six tons. 

11. The play park is for people under ten years old only. 

12. This toy is for children aged three years and up. 


Round Up 


When you turn a word problem into an inequality, the key thing /s to figure out which of the four 
inequality symbols ts being described. Then just write out the two expressions and join them with 
the correct symbol. You'll see how to solve inequalities like the ones you've written in Chapter 4. 


Section 1.3 — /nequalities i 


Two-Step Inequalities 


An inequality with two different operations in ft is called a two-step 
Algebra and Functions 1.1 inequality. To write a two-step inequality, follow the sarne steps that 
Use variables and you learned in the last Lesson. The only difference this time will be 
appropriate operations to that one of your expressions could have two operations in it. 


write an expression, an 
equation, an inequality, ora 


system of equations or = : 

inequalities that represents a Two-Step Inequalities Have Two Operations 

verbal description (e.g., 
three less than a number, half 


as large as area A). 


California Standards: 


A two-step inequality is one that involves two different operations. 


What it means for you: 
You'll learn how to turn a 


word problem into a two-step poe 
inequality. - x ey = 10 


first operation 


inequality symbol 


second operation 


Key words: ; : ; 
. inequality It has the same structure as a two-step equation, but with an inequality 


* under symbol instead of an equals sign. 
* over 
* minimum 


maximum Writing a Two-Step Inequality 


Writing a two-step inequality is like writing a one-step inequality. 

You still need to write out your two expressions and join them with the 
correct inequality symbol — but now one of the expressions will contain 
two operations instead of one. That also means that you need to 
remember to use PEMDAS — the order of operations. 


Write an inequality to describe the sentence, 
“Six more than the product of four and a number, /, is under 42.” 


Solution 
The phrase “is under’ represents the less than symbol. It also separates 
the two expressions that make up the two sides of the inequality. 


One expression is, “Six more than the product of four and a 
number, /.” This tells you to multiply four by / and add six to the 
product. It turns into the expression 4/ + 6. 


Don't forget: 


The four inequality symbols: 
> is greater than. 

<is less than. 

>is greater than or equal to. 
<is less than or equal to. 


The other expression is the number 42. 


So the sentence, “Six more than the product of four and a number, /, is 
under 42,” turns into the inequality 4h + 6 < 42. 


Section 1.3 — /nequalities 


(% Guided Practice 


Write an inequality to describe each of the sentences in Exercises 1-6. 


1. Five increased by the product of ten and a number, m, is 
more than 11. 


2. Two plus the result of dividing a number, k, by six 
is at least five. 


3. One subtracted from the product of a number, y, and nine is less 
than or equal to 33. 


4. Ten subtracted from half of a number, t, is under —1. 
5. A third of a number number, 7, plus nine, is no greater than -4. 


6. Double the sum of a number, x, and two is less than 20. 


An Inequality Can Describe a Word Problem | 


To write a two-step inequality from a word problem, just follow the same 
rules as for a one-step inequality: 


¢ Identify the important information you have been given. 
e Spot which operation phrases are being used. 

¢ Work out what the two expressions are. 

e Join them using the correct inequality symbol. 


Hector needs to save at least $250 to buy a new bicycle. He already has 
$80, and receives $10 each week for mowing the neighbor’s lawn. 
Write an inequality to represent the number of weeks that Hector will 
need to save for. 


Solution 

First define a variable: let the number of weeks Hector needs to save 
for =w. 

Don't forget: 


To make sure your expression 
is right you can check it with a 
simple number using mental 
math. 

For example: after 2 weeks 
Hector will have $80 plus two 
times $10. This is $100. 
Then put w = 2 into your 
expression. 80 + 10(2) = 100. 
So your expression is likely to 
be right. 


The minimum amount of money Hector needs to save is $250. 
So one expression is just 250. 


The other expression describes the amount of money he will have after w 
weeks. This will be the $80 he already has plus the number of weeks 
multiplied by the $10 he earns each week. So the expression is 80 + 10w. 


The phrase “‘at least” is telling you that the amount Hector needs to save 
has to be greater than or equal to 250. So the inequality is 
80 + 10w = 250. 


Section 1.3 — /nequalities 


&% Guided Practice 


Write an inequality to describe each of the following situations. 


7. Mrs. Clark parks by a meter that charges $2 for the first hour and 
$0.50 for each additional hour parked. She spends no more than $10, 
and parks for the first hour and / additional hours. 


8. Luis collects seashells. He has four boxes, each containing s shells. 
He gives 40 shells to Jon, and still has more than 200 shells in his 
collection. 


9. Marcia is buying new shirts that cost $15 each for x people in her 
Little League team. She has a coupon for $12 off her order, and a 
maximum of $150 to spend. 


10. Daniel’s teacher tells him that to be considered low-fat, a meal 
must contain less than three grams of fat. Daniel prepares a low-fat 
breakfast of yogurt topped with pumpkin seeds for a school project. A 
cup of yogurt contains y grams of fat. Daniel uses half a cup, and tops 
it with pumpkin seeds containing a total of 1 gram of fat. 


Vo Independent Practice 


Now try these: 


Lesson 1.3.3 additional 
questions — p434 


Round Up 


Write an inequality to describe each of the sentences in Exercises 1-4. 
1. Twenty more than twice a number, f, is less than 35. 

2. Fifty subtracted from a quarter of a number, n, 

is at least 77. 

3. Eight increased by the product of four and a number, d, is no more 
than 13. 

4. Negative eighteen is more than a number, a, divided by 41, 

minus six. 


5. Vanessa has ordered a meal that costs under $12. She is having a 
baked potato, costing $7, and d salads costing $2 each. Write an 
inequality to describe this information. 


6. Filipa and her four friends are looking for a house to rent for a 
vacation. The price of an airplane ticket is $200, and they will split 
the cost of the house rental, $7. Filipa has budgeted $600 for the 
airplane ticket and house. Write an inequality to determine the 
maximum rental price that the house can be. 


7. Tom and his two friends run a babysitting service that makes $p a 
month income. Each month they spend $20 to advertise, then split the 
remaining money evenly. Tom wants to earn at least $80 a month. 
Write an inequality to describe how much income the service must 
make each month for this to happen. 


Writing a two-step inequality /s just like writing a one-step inequality. You still need to look for the 
key information in the question, (dentify the operation phrases, and spot which inequality symbol is 
needed. But this time one of the expressions might contain two operations. You'll see how to solve 
two-step inequalities in Chapter 4. 


_ Section 1.3 — /nequalities 


Chapter 1 Investigation 


Which Phone Deal is Best? 


You can write expressions to model real-life situations. In this Investigation, you'll write 
expressions to represent different cell phone plans, and by evaluating your expressions 
youll find out which is the best value plan for different users. 


Two phone companies are offering different family plan deals to attract new customers. 


Company A Company B 


$30 a month for 500 minutes $10 a month for 500 minutes 
$0.02 for each additional minute $0.04 for each additional minute 


Part 1: 
Write expressions for Companies A and B that could be used to represent the 
price of one month’s phone bill. 


Which company offers the better plan for a family using 1000 minutes a month? 

Part 2: 

How many minutes does a family have to talk so that Company A offers a better deal than 
Company B? 

Things to think about: 

¢ How can you compare the prices of both companies for different numbers of minutes? 


¢ The basic price for Company B’s plan is $20 more than Company A’s plan. 
Thinking just about cost, why would a family choose Company A’s plan instead of Company B’s? 


Extensions 


1) Write an inequality that could be used to calculate the number of minutes a family could 
talk with Company A if they want to spend under $35 a month. 


2) The Sutro family uses Company A and talks an average of 800 minutes a month. 
How much will they save over a year by switching to Company B? 


Open-ended Extensions 


1) Is it possible for the price of Company A’s plan to be double the price of Company B’s plan? 
Assume calls are charged to the nearest minute. Make an organized list or table to 
compare them. 


2) Company C wants to charge a flat per minute fee and have their price lie between 
Company A’s and Company B’s prices when between 500 and 750 minutes are used. 
What per minute fees could Company C charge to accomplish this goal? 


Round Up 


A number that can change /s called a variable and /s represented with a letter. In the cell phone 
plans, the variable was the number of minutes used. By evaluating expressions with different 
values for the variable, you can tind the prices when different numbers of minutes are used. 


Chapter 1 Investigation — Which Phone Deal is Best? 


Chapter 2 


Rational and 
Irrational Numbers 


section 2.1 Rational NUMDGIS xdascosddestccviswsacesdicssxectsastrecdiasicesteasscts 55 
Section 2.2 ~“ADSOIIS VAIIE udjiusucieriucieatruccseurmcestimuckseusmcniiuasecn 65 
Section 2.3 Operations on Rational Numbers ...............cccccceceeeeeeees 71 
Section 2.4 More Operations on Rational Numbers...................0 93 
Section 2.5 Exploration — Basic POWEIS ............cccccccceceeeceeeeeeeeees 105 

BASIC POW Sito. dcisimiencmsiiieasayssienanyeienimeybinnumenanendmesbeiet 106 
Section 2.6 Exploration — The Side of a Square... 118 

Irrational Numbers and Square Roots ............::0000 120 


Chapter Investigation — Designing a DeCKk ...........::::cccceeeeeeeeeeeeeeeees 130 


California Standards: 


Number Sense 1.3 


Convert fractions to 
decimals and percents and 
use these representations in 
estimations, computations, 
and applications. 


Number Sense 1.4 


Differentiate between 
rational and irrational 
numbers. 


Number Sense 1.5 


Know that every rational 
number is either a 
terminating or a repeating 
decimal and be able to 
convert terminating decimals 
into reduced fractions. 


What it means for you: 


You'll meet rational numbers 
and see which kinds of 
numbers that you’ve already 
met fall into this category. 


Key words: 

* rational number 
* irrational number 
* fraction 

* decimal 

* terminating 

* repeating 


Don't forget: 


A fraction can be thought of 


as a division. So ‘ says 

the same thing as 5 + 1, and 
when you divide a number by 
1, it doesn’t change. 


Check it out: 


In the next Lesson you'll see 
how to turn terminating 
decimals into fractions. 


Section 2.1 


Rational Numbers 


Pretty much all the numbers you've met so tar are rational — positive 
and negative integers and fractions are all rational, as are most 
decimals. The only decimals that aren't rational are the ones that go 
on and on forever, without having a repeating pattern of digits. 


All Rational Numbers Can Be Written as Fractions 


You get all sorts of numbers in the rational set, for example 1.05, 0.3333..., 


7 and 6 are all rational. Rational numbers have all got one thing in 
common — they can each be written as a simple fraction, with an 


integer on the top and a nonzero integer on the bottom. 


In formal math: 


There are basically three types of rational numbers. 


All Integers are Rational 


The integers are the numbers in the set {..., 4, -3, —-2, -1, 0, 1, 2, 3, 4, ...}. 


Any integer can be written as a fraction over 1. 


So integers are all rational. For example: 7 = “ —18= = 


Show that 5 is a rational number. 


Solution 
5 can be written as > This fits the above definition, so 5 must be rational. 


All Terminating Decimals are Rational 


Numbers like 1.2, 5.689, —3.72, and —0.69245 are known as terminating 
decimals — they all have definite ends. 


All terminating decimals can be converted to fractions of the form =a 


where a and b are both integers. So all terminating decimals are rational. 


For example, 1.2 is equivalent to 2, 0.125 is equivalent to = 


and 0.75 is equivalent to 7 


Section 2.1 — Rational Numbers — 


Check it out: 


In Lesson 2.1.3 you'll see how 
to turn repeating decimals 
into fractions. 


Check it out: 
Irrational numbers are 
covered in more detail in 
Section 2.6. 


Check it out: 

b can’t be zero — you 
can’t divide by zero; it’s 
undefined. 


All Repeating Decimals are Rational 


0.09090909... is a repeating decimal. It will go on forever repeating 
the same digits (09) over and over again. 


Repeating decimals can always be converted to the form where a and 


b are both integers — so they are always rational. 


2 


0.0909090909... = | 


Other examples of repeating decimals are: 


0.33333... *) and 0.045045045... (F]. 


The usual way to show that decimals are repeating is to put a small bar 
above them. The bar should cover one complete set of the repeated digits, 


so 0.15 means 0.151515..., but 0.151 means 0.151151151... 


Never-Ending, Nonrepeating Decimals are Irrational 


A number that cannot be written in the form ; where a and b are both 
integers is an irrational number. 


Irrational numbers are always nonrepeating, nonterminating decimals. 
7 is an irrational number: 
m= 3.141592653... <— 


goes on forever, 
never repeats 


(% Guided Practice 


Show that the numbers in Exercises 1-6 are rational. 


1.2 2-5 
3. 0:5 4. 0.25 
Ssh Il GD 


7. Luis does a complicated calculation and his 10-digit calculator 
screen shows the result 1.123456789. Can you say whether the answer 
of Luis’s calculation is rational? 


8. Is 27 rational? 


Fractions Can Be Converted into Decimals by Division 


All integers, terminating decimals, and repeating decimals are rational, so 
they can be written as fractions. The opposite is also true — every fraction 
can be converted into an integer, a terminating decimal, or a repeating decimal. 


: can be read as the instruction “a divided by b.” 


If you divide the integer a by the integer b you’ll end up with an integer, 
a repeating decimal, or a terminating decimal. 


| Section 2.1 — Rational Numbers 


Don't forget: 


When you add Os to the end 
of a number after a decimal 
point, as with the 7 in 
Example 2, the value of the 
number doesn’t change. 

So 7.0000 = 7.0 =7. 


Don't forget: 


The quotient is what you get 
when you divide one number 
by another. 


A Remainder of Zero Means a Terminating Decimal 


When you're dividing the numerator of a fraction by the denominator, you 
might get to a point where you have no remainder left — that means that 
it’s a terminating decimal. 


7. . 
Convert ri into a decimal. 


Solution 
Divide 7 by 8. 
0.875 
8 97.0000 
64) ) 1 
60 
no remainder left, a 
so this is a 40 


eee ay 7 er 
terminating decimal —-> ~ QQ) So, ¢ as a decimal is 0.875. 


(&% Guided Practice 


Convert the fractions given in Exercises 9—12 into decimals without 
using a calculator. 


3 4 SI 
9. = ra ‘lik, = ie 


A Repeated Remainder Means a Repeating Decimal 


If you get a remainder during long division 0.13 
that you’ve had before, then you have a 15 A 


repeating decimal. 

P S repeated 60) 
remainder > 6) 
The repeating digits are only the ones that you worked 
out since the last time you saw the same remainder. repeating 
— In this example you’ve had a remainder of digit ' 


50 before. Since the last time you had this 15 i 
remainder, you’ve found the digit 3. 15 


That means 3 is the repeating part of repeated 50 
the decimal. remainder sa 


So — = 0.1333... with the 3 repeating forever. 


Which you can write as a = 0.13. 


Section 2.1 — Rational Numbers 


Convert = into a decimal. 
Solution 
Divide 5 by 22. 


repeating 

digits fe 
22 oat 000 

44 

60 
repeated -* 
remainder 154 : 7 
60 So, x asa decimal is 0.227. 


&% Guided Practice 


Convert the fractions given in Exercises 13—16 into decimals, without 
using a calculator. 


5 15 
13. 5G 14. a 15. a 16. as 


(% Independent Practice 


1. Read statements a) and b). Only one of them is true. Which one? 
How do you know? 
a) All integers are rational numbers. 
b) All rational numbers are integers. 
Show that the numbers in Exercises 2—7 are rational. 
Now try these: a 3.1 


Lesson 2.1.1 additional 
questions — p435 4.—2 5.0.2 . 
6. 1.25 7.—0.3 


Convert the fractions given in Exercises 8-13 to decimals without using 
a calculator. Say whether they are terminating or repeating decimals. 
8 11 
8. = oes 10. 55 
5 


5 15 
er 12. = 13. 5 


Round Up 
Rational numbers can all be written as fractions, where the top and bottom numbers are integers, and 
the bottom number isn’t zero. You already know how to write integers as fractions, and you'll see how 
to convert terminating decimals and repeating decimals to fractions in the next two Lessons. 


Section 2.1 — Rational Numbers 


California Standards: 


Number Sense 1.5 

Know that every rational 
number is either a terminating 
or a repeating decimal and be 
able to convert terminating 
decimals into reduced 
fractions. 


What it means for you: 
You'll see how to change 
terminating decimals into 
fractions that have the same 
value. 


Key words: 
* fraction 

* decimal 

* terminating 


Don't forget: 


You can ignore any extra Os 
at the end of the decimal, 
because they don’t change its 
value. 


For example: 


27 
0.270000 = 0.27 = {00° 


Converting Terminating 
Decimals to Fractions 


This Lesson is a bit like the opposite of the last Lesson — you'll be 
taking decimals and finding their equivalent fractions. This is how you 
can show that they're definitely rational numbers. 


Decimals Can Be Turned into Fractions 


If you read decimals using the place-value system, then it’s more 
straightforward to convert them into fractions. For example, a number 


like 0.15 is said “‘fifteen-hundredths,” so it turns into the fraction =. 


You need to remember the value of each position after the decimal point: 


decimal point 


0.1234 


tenths _] ju ten-thousandths 


hundredths thousandths 


Then when you are reading a decimal number, look at the position of the 


last digit. For example: 0.1 is one-tenth, which is the fraction =. 0.01 is 


ee . 1 
one-hundredth, which is the fraction 100° 


Convert 0.27 into a fraction. 


Solution 


wie: OF 
0.27 is twenty-seven hundredths, so it is ee 


Convert 0.3497 into a fraction. 


Solution 


0:3497 is 3497 ten-thousandthsse itis ——— 


10,000 * 


Ve Guided Practice 


Convert the decimals in Exercises 1—12 into fractions without using a 


calculator. 

10:1 20,23 a. 0g 4. —0.87 

5: 0:7 6. 0.35 7. 0.174 8. —0.364 
25 ead 10. 0.9827 11. 0.5212 12. -0.4454 


Section 2.1 — Rational Numbers = 


Some Fractions Can Be Made Simpler 2 


When you convert decimals to fractions this way, you’ll often get fractions 


that aren’t in their simplest form. For instance, = could be written more 


1 75 ; 3 
simply as >, and rT could be written more simply as 7. 


Don't forget: 
Dividing the top and bottom of 


a fraction by the same thing If an answer is a fraction, you should usually give it in its simplest form. 
doesn’t change the value of Do : ‘ : 
the fraction. This is how to reduce a fraction to its simplest form: 


1) Find the biggest number that will divide into both the numerator 
and the denominator without leaving any remainder. 
This number is called the greatest common factor, or GCF. 

2) Then divide both the numerator and the denominator by the GCF. 


Convert 0.12 into a fraction. 


Solution 


¢ (0.12 is twelve-hundredths. As a fraction it is = 


¢ The factors of 12 are 1, 2, 3,4, 6, and 12. The biggest of these 
that also divides into 100 leaving no remainder is 4. 
So the greatest common factor of 12 and 100 is 4. 


¢ Divide both the numerator and denominator by 4. 


12-4 3 or ae i 2 
mai oe So 0.12 as a fraction in its simplest form is aa 


If the greatest common factor is 1 then the fraction is already in its 
simplest form. 


Example ; 4 


Convert 0.7 into a fraction. 
Solution 


c. 
° 0.7 is seven-tenths so, it is Th 


* The greatest common factor of 7 and 10 is 1, so this fraction 
is already in its simplest form. 


&% Guided Practice 


Convert the decimals in Exercises 13—20 into fractions and then 
simplify them if possible. 

13. 0.25 14. 0.65 15. —0.02 16. 0.256 
7, O.01WS 18. —0.84 19. 0.267 20. 0.866 


21. Priscilla measures a paper clip. She decides that it is six-eighths of 
an inch long. Otis measures the same paper clip with a different ruler 
and says it is twelve-sixteenths of an inch long. How can their different 
answers be explained? 


Section 2.1 — Rational Numbers 


Don't forget: 


A proper fraction is a fraction 
whose numerator is smaller 
than its denominator. 


sel 9 
For example: 5 and 10° 


An improper fraction is a 
fraction whose numerator is 
equal to or larger than its 
denominator. 


3 27 
For example: 5 and re 


Don't forget: 


A mixed number is a number 
made up of an integer anda 
fraction. For example: 


1 2 4 
15; 23, and 10. 


Now try these: 


Lesson 2.1.2 additional 
questions — p435 


Round Up 


Decimals Greater than 1 Become Improper Fractionsuas 


When you convert a decimal number greater than 1 into a fraction it’s 
probably easier to change it into a mixed number first. 


Then you can change the mixed number into an improper fraction. 


Convert 13.7 into a fraction. 
Solution 
° Convert 0.7 first — this becomes =. 


« Add on the 13. This can be written as 13 =. <A A mixed number. 


* Now turn Bt into an improper fraction. 


13 whole units are equivalent to a = =. So add a to this: 
1310 7 | _ 130 | 4 _ 137 A quicker way of doing this is: 
1 10})' 10 10°10 10 as 


(% Guided Practice 


Convert the decimals in Exercises 22—33 into fractions without using a 


calculator. 

22.4.3 23. —1.03 24. 15.98 25.-1.7 
26.9.7 27.4.5 28. 12.904 29. -13.142 
30. —8.217 31. 0.3627 32. 1.8028 33. 4.1234 


{% Independent Practice 


Convert the decimals given in Exercises 1—20 to fractions in their 
simplest form. 


1. 0.3 2.0.2 3. 0.4 4. 0.30 

5. 0.26 6. 0.18 7. —0.34 8. —1.34 

9. 0.234 10. 2.234 11. 9.140 12.3.655 
13. —0.121 14. —0.655 15,-10; 760 16. 5.001 
17.00.2985 1§. 2.3222 19. —9.3452 20. —0.2400 


The important thing when converting a decimal to a fraction Is to think about the place value of the 
fast digit. Then read the decimal and turn tt into a fraction. If the decimal fs greater than 1, ignore 
the whole number until you get the decimal part figured out. Take your time, do each step caretully, 


and you should be OK. 


Section 2.1 — Rational Numbers 


California Standards: 


Number Sense 1.5 

Know that every rational 
number is either a 
terminating or a repeating 
decimal and be able to 
convert terminating 
decimals into reduced 
fractions. 


What it means for you: 


You'll see how to change 
repeating decimals into 
fractions that have the same 
value. 


Key words: 
¢ fraction 

* decimal 

* repeating 


Don't forget: 

To multiply a decimal by 10, 
move the decimal point one 
place to the right. 

So 0.3333... x 10 = 3.3333... 


Don't forget: 


The greatest common factor 


of 3 and 9 is 3. 
So: 3 3=3 1 
9 9+3 3 


Converting Repeating 
Decimals to Fractions 


You've seen how to convert a terminating decimal into a fraction. 

But repeating decimals are also rational numbers, so they can be 
represented as fractions too, That's what this Lesson /s all about — 
taking a repeating decimal and finding a traction with the sare value. 


Repeating Decimals Can Be “Subtracted Away” 


Look at the decimal 0.33333..., or 0.3. 
If you multiply it by 10, you get 3.33333..., or 3.3. 


In both these numbers, the digits after the decimal point are the same. 
So if you subtract one from the other, the decimal part of the number 
“disappears.” 


Find 3.3 —0.3. 
Solution 


The digits after the decimal point in both these numbers are the same, 
since 0.3 = 0.3333... and 3.3 = 3.3333... 


So when you subtract the numbers, the result has no digits after the 
decimal point. 


5395 .. 33 
_0,3333.. or —03 
3.0000... 3.0 


So 3,3+03=3, 


This idea of getting repeating decimals to “disappear” by subtracting is 
used when you convert a repeating decimal to a fraction. 


If x = 0.3, find: (i) 10x, and (ii) 9x. 

Use your results to write x as a fraction in its simplest form. 
Solution 

(i) 10x = 10 x 0.3 = 3.3. 

(ii) 9x = 10x —x = 3.3—0.3 =3 (from Example 1 above). 


You now know that 9x = 3. 
So you can divide both sides by 9 to find x as a fraction: 


= _ which can be simplified to x = : 


= Section 2.1 — Rational Numbers 


Don't forget: 


This means that 


eee 
0.23 = a5 


Check it out: 


In fact, you multiply by 10”, 
where n is the number of 
repeating digits. 

So where there’s one 
repeating digit, you multiply 
by 10' = 10. 

Where there are two 
repeating digits, you multiply 
by 10? = 10 x 10 = 100, and 
so on. 


You May Need to Multiply by 100 or 1000 or 10;000m 


If two digits are repeated forever, then multiply by 100 before subtracting. 


(% Guided Practice 


In Exercises 1—3, use x = 0.4. 

1. Find 10x. 

2. Use your answer to Exercise 1 to find 9x. 
3. Write x as a fraction in its simplest form. 


In Exercises 4-6, use y = 1.2. 

4. Find 10y. 

5. Use your answer to Exercise 4 to find 9y. 
6. Write y as a fraction in its simplest form. 


Convert the numbers in Exercises 7-9 to fractions. 
Teas 8. 4.1 C25 


Convert 0.23 to a fraction. 

Solution 

Call the number x. 

There are two repeating digits in x, so you need to multiply by 100 
before subtracting. 


100x = 23.23 a 
Now subtract: 100x — x = 23.23 — 0.23 = 23. 


2 
So 99x = 23, which means that « = a . 


If three digits are repeated forever, then multiply by 1000, and so on. 


Example ; 4 


Convert 1.728 to a fraction in its simplest form. 


Solution 

Call the fraction y. 

There are three repeating digits in y, so you need to multiply by 1000 
before subtracting. 


1000y = 1728.728 
Now subtract: 1000y — y = 1728.728 — 1.728 = 1727. 


So 999y = 1727, which means that y = = 


Section 2.1 — Rational Numbers — 


(% Guided Practice 


For Exercises 10-15, write each repeating decimal as a fraction in its 
simplest form. 


10. 0.09 11. 0.18 12. 0.909 
13. 0.123 140-0710 15. 0.1234 


The Numerator and Denominator Must Be Integers 


You won’t always get a whole number as the result of the subtraction. 
If this happens, you may need to multiply the numerator and denominator 
of the fraction to make sure they are both integers. 


Convert 3.43 toa fraction. 

Solution 

Call the number x. 

There is one repeating digit in x, so multiply by 10. 

10x = 34.33 (using 34.33 rather than 34.3 makes the subtraction easier). 


Check it out: 


Make the repeating digits line 
up to make the subtraction 
easier (and remember that 
the decimal points have to 


line up too). _ 
So write 10x as 34.33 rather = = 
hen 343 | Subtract as usual: 10x —x = 34.33 —3.43 =30.9. 
Then the subtraction 30.9 
becomes: 34.33 So 9x = 30.9, which means that x = ——. 
—3.43 
30.9 


But the numerator here isn’t an integer, so multiply the numerator and 
denominator by 10 to get an equivalent fraction of the same value. 


30.9x10 309 . 103 
= a , or more simply, x = —— 
9x10 90 30 


(% Guided Practice 


For Exercises 16—18, write each repeating decimal as a fraction in its 
simplest form. 


16. 1.12 17. 2.334 18. 0.54321 


Which is an easier subtraction 
to do than 34.3-—3.43. 


(% Independent Practice 


Convert the numbers in Exercises 1—9 to fractions. 


Now try these: oe 
J Give your answers in their simplest form. 


Lesson 2.1.3 additional 


questions — p435 i. 0.8, 2. 0.7, 3. Ls 
4. 0.26 5. 4.87 6. 0.246 
7. 0.142857 8. 3.142854 9. 10.01 


Round Up 
This Is a really handy 3-step method — (i) multiply by 10, 100, 1000, or whatever, 
(i) subtract the original number, and (iii) divide to form your fraction. 


Section 2.1 — Rational Numbers 


California Standards: 
Number Sense 2.5 


Understand the meaning of 
the absolute value of a 
number; interpret the 
absolute value as the 
distance of the number 
from zero on a number line; 
and determine the absolute 
value of real numbers. 


What it means for you: 
You'll learn how to find the 
absolute value of a number, 
and use it in calculations. 


Key words: 


* absolute value 
* distance 
* opposite 


Check it out: 


Because you want to know the 
distance from the origin but 
don't care about direction, the 
absolute value of a number is 
always just the number without 
its original sign. 


Check it out: 


A number and its opposite 
(additive inverse) always have 
the same absolute value. 

For example: 


|2|=|-2|=2 


Absolute Value is Distance from Zero 


Section 2.2 
Absolute Value 


Ca 


You can think of the number “—5” as having two parts — a negative 
sign that tells you it’s less than zero, and “5,” which tells you its size, 
or how tar from zero It is. The absolute value of a number fs just its 
size — It’s not aftected by whether it’s greater or less than zero. 


The absolute value of a number is never negative — that’s because the 
absolute value describes how far the number is from zero on the number 
line. It doesn’t matter if the number is to the left or to the right of zero — 
the distance can’t be negative. 


Opposites Have the Same Absolute Value 


Opposites are numbers that are the same distance from 0, but going in 
opposite directions. Opposites have the same absolute value. 


—5 and 5 are opposites: 


Distance of 5 Distance of 5 


6-5 4-32-10 12 3 4 5 6 


So they each have an absolute value of 5. 


A set of bars, | |, are used to represent absolute value. 
So the expression |-10| means “the absolute value of negative ten.” 


What is |3.25|? What is |-3.25]? 


Solution 


3.25 and —3.25 are opposites. They’re the same distance from 0, so they 
have the same absolute value. 


Distance of 3.25 Distance of 3.25 


6-5 4-32-10 12 3 4 5 6 


So, [3.25] = |-3.25] = 3.25 


Section 2.2 — Absolute Value a 


&% Guided Practice 


Find the values of the expressions in Exercises 1-8. 


i | 2. |-9| 3. |16| 4, |-1| 
5 (7 6. |-3.2| fp sl 8. |0| 
In Exercises 9-12, say which is bigger. 

Check it out: 9. |17| or |16| 10. |-2| or |-5| 

Find the value of each 11. |-9| or |8| 12. |-1| or |1| 


absolute value expression, 
then compare them. 


Absolute Value Equations Often Have Two Solutions 


Think about the equation |x| = 2. The absolute value of x is 2, so you know 
that x is 2 units away from 0 on the number line, but you don’t know in 
which direction. x could be 2, but it could also be —2. 


You can show the two possibilities like this: 


2 units 2 units 


2-10 412 
Solve |z| = 3. 
Solution 
z can be either 3 or —3. 
3 units 3 units 


6-5 =4-3 2-1 0 1 2 3 4°35 6 


& Guided Practice 


Give the solutions to the equations in Exercises 13-16. 
13. |a|=1 14. |7| =4 15. |g| = 6 16. |g|=7 


Treat Absolute Value Signs Like Parentheses 


You should treat absolute value bars like parentheses when you’re 
deciding what order to do the operations in. Work out what’s inside 
them first, then take the absolute value of that. 


Section 2.2 — Absolute Value 


What is the value of |7 — 3| + |4 — 6]? 


Solution 

|7-3|+|4-6| 

= [4] + F2| Simplify whatever is inside the absolute value signs 
=4+2 Find the absolute values 


=6 


Simplify the expression 


&% Guided Practice 


Evaluate the expressions in Exercises 17—22. 
Check it out: 


o ll = 3) = |Z oF -(2—7/+|0—- > 5 = 

The absolute value bars only eee 18. [2 —7| + 0 — 6| 19. —[5 — 6| 

affect whatever's inside them. 20. ||-Si x |2—3] 21.2 x |4—6 22. |7 —2|=+|1 6] 
So the value of the whole 

expression can be negative. 

For example -| a + 7 | will be : 

negative, unless a = 7. (% Independent Practice 


Evaluate the expressions in Exercises 1-4? 
5 
1. |45| 2. |6| 3. |+0.6| 4. lll 


5. Let x and y be two integers. The absolute value of y is larger than 
the absolute value of x. Which of the two integers is further from 0? 


Show the solutions of the equations in Exercises 6-13 on number lines. 


6.|u|=3 7.|d|=9 8.|x|=5 9.|w|[=15 
10.|y|=4 11.|v|=1 12.|k| = 16 13.|z|=7 

In Exercises 14—19, say which 1s bigger. 

14. |-6| or |-1| 15. [3] or |-5| 16. |2 — 2 or |5 — 8| 
17. |6 — 8| or |2-1| 18. |3 — 2| or |-5| 19. |11 + lJ or }2-8| 


Evaluate the expressions in Exercises 20-25. 
Now try these: 20. |3 — 5] + |2—5] 21. |0+5|}+|0—5| 22. |5 — 10] —|0 —2| 


Lesson 2.2.1 additional 23, Ei x 13 3I 24.8 x |1—4| 25. |2 — 8] + |4—1| 
questions — p436 


26. What is the sum of two different numbers that have the same 
absolute value? Explain your answer. 


27. Is it always true that | y | < 2v when y is an integer? 


Round Up 


The absolute value of a number /s its distance trom zero on a number line. Absolute values are always 
positive. So tha number has a negative sign, get rid of it; if it doesnt, then leave It alone. If you see 
absolute value bars in an expression, work out what's between them first — just like parentheses. 


Section 2.2 — Absolute Value 


California Standards: 


Number Sense 2.5 


Understand the meaning of 
the absolute value of a 
number; interpret the 
absolute value as the 
distance of the number 
from zero on a number line; 
and determine the absolute 
value of real numbers. 


Algebra and Functions 1.1 


Use variables and 
appropriate operations to 
write an expression, an 
equation, an inequality, or a 
system of equations or 
inequalities that represents a 
verbal description (e.g., 
three less than a number, half 
as large as area A). 


What it means for you: 
You'll use absolute value to 
find the difference between 
two numbers and see how 
absolute values apply to 
real-life situations. 


Key words: 


* absolute value 
* comparison 
° difference 


Check it out: 


If |a— b| is small then a and b 
are close to each other. 

If ja — 5] is large then a and b 
are far away from each other. 
For example, —1 and —-3 are 
closer together than 6 and -6, 
so you’d expect |(—1) — (-3) | 
to be smaller than |6 — (-6)]. 


Using Absolute Value 


You use absolute value a Jot in real life — often without even thinking 
about it. For example, if the temperature falls trom 3 C to —3 °C you 
might use It to tind the overall change. This Lesson looks at some of 
the ways that absolute value can apply to everyday situations. 


Absolute Values Help Find Distances Between Numbers 


To find the distance between two numbers on the 
number line you could count the number of spaces 
between them. 


Z 


Using subtraction is a quicker way — just 
subtract the lesser number from the greater. 
8 — 6 = 2, so 8 and 6 are 2 units apart. 


If you did the subtraction the other way around you'd get a negative 
number — and distances can’t be negative. But if you use absolute value 
bars you can do the subtraction in either order and you’ll always get a 
positive value for the distance. 


|6 — 8] =|-2| =2 and |8- 6] =2 


This is particularly useful when you're finding the distance between a 
positive and negative number. 


What is the distance between —3 and 5? 


Solution 
The distance between —3 and 5 is |—3 —-5|]=|-8|=8. 


Distance of 8 


6-5 4-32-10 12 3 4 5 6 


&% Guided Practice 


Find the distance between the numbers given in each of Exercises 1-8. 
j Fea Pees) 2.—3, -8 3. 6, -9 4.—1, 10 

5. 3, -5 6. 5,—1 7,-1.2, 2.3 8. —0.3, 2.7 

9. At 1 p.m., Amanda was 8 miles east of her home. She then traveled 


in a straight line west until she was 6 miles west of her home. 
How many miles did she travel? 


Section 2.2 — Absolute Value 


Check it out: 


If your body temperature 
goes too far from the normal 
value in either direction it can 
be dangerous, so this is an 
important use of absolute 
value. 


Absolute Values are Used to Compare Things 


You can use absolute values to compare numbers when it doesn’t matter 
which side of a fixed point they are. 


: Point A = 50 
Find how far point A is above point B. abate ie jewel) 


Sea level = 0 m 


Point B=-35 m 
(below sea level) 


Solution 
It doesn’t matter that B is below sea level and A is above. 
It’s the distance between them that’s important. 


You can find this by working out [50 m — (—35 m)| = [85 m| = 85 m. 
You'd get the same answer if you did the subtraction the other way around: 
|-35 m — 50 m| = |-85 m| = 85 m. 


(% Guided Practice 


10. A miner digs the shaft shown on the right. 
What distance was he from the top of the crane 
when he finished digging? 


11. The top of Mount Whitney is 14,505 ft above 
sea level. The bottom of Death Valley is 282 ft 
below sea level. How much higher is the top of 
Mount Whitney than the bottom of Death Valley? 


Absolute Values Can Describe Limits 


Another use of absolute values is to describe the acceptable limits of a 
measurement. It might not be important whether something is above or 
below a set value, but how far above or below it is. 


The average temperature of the human body is 98.6 °F, but in a healthy 
person it can be up to 1.4 °F higher or lower. The difference between a 
person’s temperature, x, and the average healthy temperature can be 
found using the expression | 98.6 — x |. 


Aaron is feeling unwell so measures his temperature. It is 100.2 °F. 
Is Aaron’s temperature within the healthy range? 


Solution 

The difference between Aaron’s temperature and the average healthy 
temperature is | 98.6 — 100.2 | =| —1.6 | = 1.6 °F. 

Aaron’s temperature is outside of the normal healthy range. 


Section 2.2 — Absolute Value | 


Check it out: 


Lots of manufacturers 
have tolerance limits for 
measurements. A tolerance 
limit is how different in size 
something is allowed to be 
from the size it should be. 
For example, size 6 knitting 
needles should have a 
diameter of 4 mm. 

Only very small differences 
from this size, such as 
0.004 mm, will be allowed. 


Check it out: 
It might help you to draw 


diagrams to go with Exercises 


5 and 6. 


Now try these: 


Lesson 2.2.2 additional 
questions — p436 


Round Up 


Example ; 4 


A factory manufactures wheels that it advertises as no more than | inch 
away from 30 inches in diameter. They use the expression |30 — d| to test 
whether wheels are within the advertised size (where d is the diameter). 


Apply the expression to wheels of diameters 31, 29, and 35 inches, and 
say whether they meet the advertised standard. 


Solution 
¢ Wheel of diameter 31 inches: |30 — 31] = |-1| = 1 inch. 
This wheel is within the standard. 


¢ Wheel of diameter 29 inches: |30 — 29| = |1| = 1 inch. 
This wheel is within the standard. 


¢ Wheel of diameter 35 inches: |30 — 35] = |-5| = 5 inches. 
This wheel is not within the standard. 


(% Guided Practice 


12. The height of a cupboard door should be no more than 0.05 cm 
away from 40 cm. The expression |40 — A] is used to check whether a 
door of height / cm fits the size requirement. If a door measures 
40.049 cm, is it within the correct range? 


13. Ms. Valesquez’s car needs a tire pressure, p, of 30 psi. It should be 
within 0.5 psi of the recommended value. She uses the expression 

|30 — p| to test whether the pressure is acceptable. 

Is a pressure of 29.4 psi acceptable? 


(% Independent Practice 


Find the distance between the numbers given in each of Exercises 1-4. 
1. 9, -9 2.3,4 3. 5,6 4, -32, -52 


5. The table below shows the temperature at different times of day. 
How much did the temperature change by between 7 a.m. and 8 a.m.? 


| 7am [tam 


6. A person stands on a pier fishing. The top of their rod is 20 feet 


above sea level. The line goes vertically down and hooks a fish 13 feet 
below sea level. How long is the line? 


7. Priscilla tries to keep the balance of her checking account, b, always 
less than $50 away from $200. She uses the expression |200 — b| to 
check that it is within these limits. Is a balance of $242.50 acceptable? 


Absolute values are used to tind distances between numbers. They're also useful when measurements 
are only allowed to be a certain distance away trom a set value. In these situations, it doesn’t matter 
/f the numbers are above or below the set point — it’s how far away they are that’s important. 


Section 2.2 — Absolute Value 


California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational numbers 
to whole-number powers. 


What it means for you: 
You'll practice adding and 
subtracting integers ona 
number line, and then you'll go 
on to working with decimals. 


Key words: 
¢ integer 
* decimal 


Don't forget: 


Integers are all the numbers 
that don’t involve a decimal or 
a fraction. They can be 
positive or negative. 


Section 2.3 


Adding and Subtracting 
Integers and Decimals 


You've had plenty of practice adding and subtracting integers in earlier 
grades — and you've probably done some adding and subtracting of 
decimals too. The same rules apply to decimals — you just have to 

be careful where you put the decimal point. 


Add Integers Using a Number Line 


A number line is a really good way to show integers in order. Adding and 
subtracting just involves counting left or right on the number line. 


Calculate 10 + 2 using a number line. 


Solution 


<—t-*+-+++- 


8 9 10 11 12 13 14 


Find the first number on 
the number line. 


+44 +4, 


8 9 10 11 13 14 


Count the number of positions 
given by the second number. 
Go right if it’s a positive number. 


Then just read off the number you’ve ended up at. So 10 +2 =12 


If you’re adding a negative number, you count to the left. 


Calculate 2 + (—3) using a number line. 
Solution 


So 2+(-3)=-1 
a3 DED C1. 2 3 


Subtractions can be turned into additions — then you can use the 
methods above for subtractions. 


Subtracting a positive number is the same as adding a negative one. 
For example, 5 — 6 = 5 + (-6) 


And subtracting a negative number is the same as adding a positive one. 
For example, 5 — (-6) =5 +6 


Calculate: (i) 2—3 
Solution 

(i) 2 — 3 is the same as 2 + (-3). So 2—3 =-1 (using Example 2). 
(ii) 10 — (2) equals 10+ 2. So 10 —-(-2) = 12 (using Example 1). 


Section 2.3 — Operations on Rational Numbers 


(ii) 10 —(-2) 


(&% Guided Practice 


Don't forget: Use a number line to do the calculations in Exercises 1-8. 
= Cb) 1.10+3 7, (6) ae Il 843 ae S 4.-9-7 
5. 7 + (-6) 6. 19 —(—5) 7.3 +(-2) 8. -1 —(-9) 


Decimal Addition Needs a Decimal Number Line 


Addition with decimals isn’t any tougher than with integers — you’ve just 
got to remember to draw a number line that includes decimals. 


a—(-—b) — > a+b 


Example , 4 


Calculate 0.9 — 0.3 using a number line. 
Solution 
0.9 — 0.3 is a subtraction. But because subtracting a positive number 
is the same as adding a negative one, it can be written as: 
0.9 —0.3 = 0.9 + (-0.3) 


You’re dealing with decimals, so you need 
a number line that shows decimal values. oe 4 VV\ 4, 
Find 0.9, and count 0.3 to the left because 

0.5 0.8)0.7 0.8 0.9 1.0 


you're adding a negative number. 
So 0.9 — 0.3 = 0.6 


& Guided Practice 


Use a number line to do the calculations in Exercises 9-17. 


9.0.6 + 0.4 10. 0.1 +0.8 1 36 0 
12. 2.3 + (0.4) bese 10) 7) 14. —0.7 — (-0.4) 
10 8 lo ve) 17203055 


You Don’t Always Have to Use a Number Line 


It’s hard to add big numbers on a number line, so you need to be able to 
add and subtract without a number line. 


Calculate 432 + 34 without using a number line. 


Solution 
You can break the calculation down Four 432 T ? 4 


: hundreds 
into hundreds, tens, and ones. oe 


You need to add the ones of each number together, 432 
then the tens, and so on. Write the numbers on top +34 
of each other with the ones lined up. 


Work out the sum of the ones column first, oe 
then the tens, then the hundreds. 466 


So 432 + 34 = 466 


Section 2.3 — Operations on Rational Numbers 


Don't forget: 


“Hundreds,” “tens,” “ones,” 
“tenths,” “hundredths,” and so 
on are called place values. 


The last example was easier than some calculations because all the column 
sums came to less than 10. If they go over 10 then you have to carry the 
extra numbers to the next column. 


Example ; 6 
Calculate 567 + 125. 
Solution 
First you need to write the sum out vertically with 567 
the ones, the tens, and the hundreds lined up. +125 
SOT aeieshaweis The ones calculation is 7 + 5 = 12. 


+125 asiten—so 12 is the same as saying “one ten and two ones” 


==— carry a1to the : 
' ene colar —- SO Write 2 under the ones, and carry the 10 to 


the tens column. 


When you add up the next column, . D0) Bagi eters 
remember to add the 1 that you carried. +125 columnis now 


692 64+24+1=9 
So 567 + 125 = 692 


You can use a similar method for decimals, but there are a few things to 
remember. The digits after a decimal point show parts of a whole — so 
24.56 means “2 tens, 4 ones, 5 tenths, and 6 hundredths.” 


Tour hy 
two Units hundredths You can also add extra zeros 
peo" 4 560 onto the end of a decimal and it 
fue x doesn’t change the value. 


zero 
tenths  thousandths 


You should always only add digits with the same place values. 
So when you’re adding decimals, line the values up by the decimal point. 


Make sure th 
Calculate 13.93 + 5.2. ae 
Solution eo lined up 


Add zeros to get the same 


13993 
Write the sum out vertically with + QU nicer ce decmal places 


the decimal points lined up. 


Then work out the sum of each column in turn, 13.93 
starting with the right-hand side. Don’t forget + 5.20 Carry numbers to 


1 
the decimal point in the answer. ee 
like before. 


So 13.93 + 5.2 =19,13 


(% Guided Practice 


Calculate the following sums without using a number line. 


18. 210 + 643 19.613 117 20. 1264 + 527 
21.33.74 124 22,148 162 23. 55.82 + 34.81 
24. 75.1+ 14.31 25. 62.4 + 31.99 26. 2.297992 


Section 2.3 — Operations on Rational Numbers 


Don't forget: 


If you “borrow” a 10 when 
you’re subtracting, remember 
that the number you borrowed 
from will now be 1 ten lower. 


Now try these: 


Lesson 2.3.1 additional 
questions — p436 


Round Up 


Some Subtractions Involve “Borrowing” 


Doing column subtractions seems tough if the top number in a column is 
smaller than the number underneath — but there’s a handy method. 


Example ; 8 
Calculate 30 — 18. 
Solution 


0\ If you write this in columns, the upper number in 
—l\8) the ones column is smaller than the number below. 
You can break down 30 into different parts: 
= You could say this as “2 tens plus 1 ten” 
30 = 20 +10 or you could say “2 tens plus 10 ones.” 
All you’ve done is separate one of the tens from the number. 


You can show this in column notation: 2y!2 = “Borrow’10 from the 
18 tens column, so now the 
— _ column subtractions are 


So 30—18 = 12 12 iO=Sand2=1, 


Example ; 9 


Calculate 65.37 — 31.5. 

Solution 65.37 
Add a zero to make them the same number of decimal places: — 31.50 

If the top number in a column is smaller 68.37 You need to borrow from the 
than the bottom one, use the same method =31.50~ onee.colimn. fh one's ben 
of “borrowing” from the next column. 


87 tenths column becomes 13. 
So 65.37 — 31.5 = 33.87 


(% Guided Practice 


Calculate the following sums without using a number line. 

27. 50 — 26 28. 62 — 18 29. 76 — 49 

30. 941 — 46 31. 62.4-—31.2 32. 68.83 — 11.3 
33. 29.42 — 13.18 34. 46.11 —21.95 35. 42.38 — 36.45 


({% Independent Practice 


Draw number lines to answer Exercises 1—4. 


179 2. 7—(-9) Sead. 4.-9-7 

Calculate the following without using a number line. 

5. 0.99 + 0.45 6. 1.86 + 3.33 7. 15.64 3.67 
8. 45.64 + 13.88 9, 1164.31 2513 10. 32.12 —12.1 
11. 112.13 —38.7 12. 19.4 —5.37 13. 64.11 — 44.7 


Adding and subtracting integers and decimals — ft sounds like a lot to learn, but you use the same 
methods over and over. You'll need to add and subtract decimals when you're doing real-life math too. 


Section 2.3 — Operations on Rational Numbers 


California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational numbers 
to whole-number powers. 


What it means for you: 
You'll practice multiplying and 
dividing integers on a number 
line, and then using other 
methods. 


Key words: 
¢ integer 


Don't forget: 

You learned about the rules 
for multiplying by positive and 
negative numbers in grade 6. 


Don't forget: 

The “sign” of a number just 
means whether it is positive 
or negative. 


Multiplying and Dividing 
Integers 


Multiplying and dividing are important skills, both in math and real life. 
/n this Lesson you'll see how multiplication and division can be modeled. 


Picture Multiplication and Division on a Number Ling 


A number line is just a way of showing the order of numbers — so you can 
use it for any kind of calculation, including multiplication and division. 


Multiplying by positive integers looks like a set of “hops” away from zero. 


Calculate using the number line: (i) 2 x 4, (4i) 3 x (2) 
Solution 3 x (-2) 2x4 
2 2 4 4 
6-5-4-5-2-101 235 45 67 6 9 
(i) Multiplying 4 by 2 means you need to move 2 groups of 4 away from 
zero. So2x4=8 


(11) Multiplying —2 by 3 means you need to move 3 groups of —2 from 
zero. So 3 x (-2) =-6 


Dividing by a positive integer looks like you’re breaking a number down 
into equally sized parts. 


Calculate using the number line: (i)8+2, (@i)-6+3 
Solution ass 8=2 


2 2 2 Il 4 4 v 


GO=b---O-f-] O 1 - 2°50 4+ 3b OF 2 2 


(1) Dividing 8 by 2 means finding 8 on the number line, and then 
splitting the distance between 8 and 0 into 2 equal parts. So8+2=4 


(11) Dividing -6 by 3 means you find —6 on the number line, and then 
split the distance between —6 and 0 into 3 equal parts. So-—6 + 3 =-2 


Sometimes it’s hard to tell whether your answer will be positive or 
negative. The table below shows what the sign of the answer will be: 


positive x/+ positive = positive 
positive x/+ negative = negative So for example, 8 + (-2) =-4 
while -2 x (-4) =& 


negative x/+ positive = negative 
negative x/+ negative = positive 


Section 2.3 — Operations on Rational Numbers 


% Guided Practice 


Use a number line to work out the problems given in Exercises 1-12. 


143 22 (5) 3.46 dia (3) 
5.-6x4 6.3x(3) 7.2045 8.18 +6 
De? I, 15 =3 W164) eh 


You Must Know How to Multiply Without a Calculatonees 


You can only really use a number line for simple multiplications. 
Here are two good ways of multiplying any two numbers together: 


Calculate 12 x 14. 


Solution 
Picture each number as the length of a side of a rectangle 
— but break each number down into Total length = 14 
tens and ones. Then you can do the 10 4 
multiplication “part by part.” 
Total een 
The total area of the rectangle is 10| 100 |40 
12 x 14, and you can see this equals ee 
100 + 40 + 20 + 8 = 168 2 , 
x 


Another method is to write the numbers on top of each other. 


14 


x 12< First write the numbers as a vertical calculation. 


Multiply the top number by the ones digit of the 
28 <—— bottom number. 2 x 14 =28 

+ 140 <—— Then multiply the top number by the tens of the 

bottom number: 10 x 14= 140 


Then add them together, just like in the 
“rectangle” method. 


168 <__ 


This is known as long multiplication. 


Notice how the above two methods are very similar. 


The first line of work in the long multiplication is the same as the area of 
the bottom part of the rectangle, and the second line of work in the long 
multiplication is the same as the area of the top part of the rectangle. 


In both methods you then add these together to get the overall result. 


Ve Guided Practice 


Use the methods in Example 3 for Exercises 13-20. 
13. 12 x 13 14. 22 x 16 15.32 «18 16. —14 x 37 
17. -46 x 42 18. 25 x 58 19552 x 67 20. 85 x 95 


Section 2.3 — Operations on Rational Numbers 


Check it out: 


Long division means breaking 
a division down into small 
problems like figuring out that 
9 x 5 goes into 46 (with 1 left 
over). 

But, in Example 4, remember 
that the 4 is in the hundreds 
column and the 6 is in the 
tens column, so you’re really 
working out that 90 x 5 goes 
into 460 (with 10 left over). 
Long division is just a way of 
breaking up complicated 
division problems. 


Check it out: 


A quotient is what you get 
when you divide one number 
by another. 

A product is what you get 
when you multiply numbers. 


Now try these: 


Lesson 2.3.2 additional 
questions — p437 


Round Up 


Work Through Long Division from Left to Right 


Long division is a good way of writing down and solving tricky division 
problems. It involves dividing big numbers bit by bit, by breaking them 


into collections of smaller numbers. 


Example ; 4 


Calculate 467 = 5. 


Solution 

You need to divide the whole of 
467 by 5, but you can work 
through it bit by bit. 

The number you're dividing by 
goes on the left. Work from the 
left to find numbers that divide 
by 5. 

Keep going until you’ve divided 
the whole number. 


The answer to this division is 


(% Guided Practice 


5 doesn't divide into 4, but it divides 
into 46 (this is actually 460). 
The maximum number of times 
5 divides into 46 is 9, so put 9 in 
9 ~— the tens column. You now know 
that the answer is in the 90s. 
51467 9x5=45,s50 put 45 
=A5 | < underneath, lined up with 46. 
Subtract 45 from 46, and bring the 
| 7 — 7 down to find the amount left. 
There's 17 remaining. 
Now divide 17 by 5. 5 goes into 17 
9 Cae a maximum of 3 times. 


Write this in the units column. 
S467 
—450 
i 


3x 5=15,s50 put 15 
=| 55" underneath, lining up the units. 
2 — There's just 2 lett. 
5 won't go into 2, so it's 


a remainder. 
93 with remainder 2. J 
The standard way of writing 95 Re 
this is 467 = (93 x 5) +2. 5/467 


Write out and solve these calculations using long division. 


21, 72> 6 
24, 274 + 13 


vf Independent Practice 


25. 1955 


22. 104 + 
+8 26. 5366 + 13 


+ 23.105 = 7 


Show the multiplications in Exercises 1-3 on a number line. 


13 <1 2,25 3.4 x —2 
Use the area method to find the products in Exercises 4—6. 
4.13 x 15 5. [265 6. 33 x 56 
Find the products in Exercises 7-12. 

7.11 x 18 $. 13x22 oF25 21 
10. —33 x 12 11. 16 x -15 12. -23 x -51 
Find the quotients in Exercises 13-18. 

13; 7105 14. 138 = 6 15. 1248 +-8 
16. 190 = 3 17. 274=4 1. 172>5 


Multiplying and dividing large numbers without a calculator seems like quite a task. But if you break 
the numbers up into ones, tens, and hundreds, then they're much simpler to handle. 


Section 2.3 — Operations on Rational Numbers 


Multiplying Fractions 


You've multiplied fractions in other grades — but it’s still not an easy 
topic. In this Lesson you'll get plenty more practice at It. 


California Standards: 


Number Sense 1.2 
Add, subtract, multiply, and 


divide rational numbers Area Models Show Fraction Multiplication 
(integers, fractions, and 


terminating decimals) and Multiplying a fraction by another fraction means working out parts of a 
take positive rational numbers 1 2 

to whole-number powers. part. For example, rie 3 means “one-fifth of two-thirds.” 

What it means for you: You can show this graphically — it’s called an area model. You need to 
You'll practice multiplying start by drawing a rectangle. 


fractions, and you'll extend 
this to multiplying fractions by 
integers and mixed numbers. 


| BS eciisci,  ee 
¢ Shade in r of the rectangle in one direction: Y 


Key words: : 
* area model ¢ Then shade in = of it in the other direction, 


* mixed numbers . : 
using a different color: 


The part showing : x : is the part that represents one-fifth of two-thirds 
— this is the part that’s shaded in both colors. 


There are 2 squares shaded out of a total of 15, so — 


2 2 
5 3 


1 : 
Calculate 7 x 3 using the area model method. 


Solution 


You need to work out three-quarters of one-third — so shade in of 


: . : 1. : . 
the rectangle in one direction, and 3 in the other direction: 


3 
4 
Check it out: <m 
The answer here is correct, There are 3 out of 12 squares shaded ‘ 
although it could be simplified. 
; . 3 1 3 
See the next page (or Section in both colors, so 7 x 5 ag 


2.1) for more information. 


& Guided Practice 


Calculate these fraction multiplications by drawing area models: 


Section 2.3 — Operations on Rational Numbers 


Don't forget: 


The top number in a fraction 
is called the numerator, and 
the bottom number is called 
the denominator. 

2 —numerator 


5 —denominator 


Don't forget: 


You can simplify fractions 
using the greatest common 
factor (GCF) — there’s a lot 
more about this in Section 
Zale 


Don't forget: 


A fraction is in its simplest 
form if 1 is the only number 
that divides exactly into both 
the numerator and 
denominator. 


You Can Multiply Fractions Without Drawing Diagrams : 


When you draw an area model, the total number of squares is always the 
same as the product of the denominators of the fractions you’re multiplying. 


l 
You’ve already seen the area model for Pare 


Multiply the denominators: 
¢ The total number of squares is 5 x 3 = 15. 


N 


3 


WW 


QP 


WSN 
ea 


Also, the number of squares shaded in both colors is always the same as 
the product of the numerators. 


Multiply the numerators: 
¢ The total number of squares shaded in both colors is 1 x 2 = 2. 


That means you can work the product out without drawing the area model. 


Solution 
Multiply the numerators: 3 x 1 =3 


Now write this asa fraction: = 


Calculate x ; without drawing a diagram. 


Multiply the denominators: 4 x 3 = 12 


3 —numerator 


denominator 


The solution to Example 2 could be simplified a bit more. 
Simplifying just means writing the solution using smaller numbers, but 
so that the fraction still means the same thing. 


That means you could write 


The numerator and 2. 
denominator can 2 4 the same amount, 
both be divided by 3... 28 but simplified. 


et te 1 
|] 90 4 represents 


3 1 
4 3 


(&% Guided Practice 


Calculate these fraction multiplications without drawing area models. 
Simplify your answer where possible. 


4. 


COo]wW AlN 


x 
Ne 


x 
Ble 


2 1 1. 6 
Lie caer ee 
5. 3 5 6. 5 - 
5 3 11 6 
eee ae Ces 
8. 7 5 9. 15 7 
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First Convert Whole or Mixed Numbers to Fractions 


Don't forget: . ; ‘ . j ae 
& ; To multiply fractions by mixed numbers, you can just write out the mixed 
A mixed number contains an 


integer and a fraction. numbers as a single fraction and carry on multiplying as normal. 
The same is true if you need to multiply a fraction by an integer — you 


For example, 31 is a mixed . . : ao 
: can write the integer as a fraction and use the multiplication method from 


ber. 
pees before. 
Calculate: (i) 34 x 1, (ii) 4 x 8 
Don't forget: 2 4 5 
The whole number 3 is Solution 
: 2_8 OC wee 
equivalent to 3 x 5 = 5. ORME Mee TG Ons 5 5 =5 


om 
= is the same as one whole. 


- Then just multiply out the fractions as normal: 


fot. 7. t 9 


(11) The integer 8 can be written as —. 


So you can multiply as normal: — x8 =~ x : = 


Nn 
on 


&% Guided Practice 


Calculate the following, and simplify your solutions where possible. 


ee 1 1 Dae 
Jee te <2, ee eae 

2 eres 5 1 
13.3 x 7 14.17 oa Te 


Don't forget: 
If you’re multiplying negative vf Independent Practice 
numbers, remember the rules 


on p75 for working out the Find the product and simplify each calculation in Exercises 1-3. 


sign of the answer. 2 q 4 3 5 1 

Te ie yee Sra os 
Don't forget: 4. A positive whole number is multiplied by a positive fraction smaller 
You should usually write than one. Explain how the size of the product compares to the original 
answers as mixed numbers whole number. 


instead of improper fractions 
— this keeps the numbers 


simpler 5. A rectangular patio measures 81 feet wide and De feet long. 


What is the area of the patio? 
Now try these: 
Lesson 2.3.3 additional 6. A recipe for 12 muffins calls for 34 cups of flour. 
questions — p437 


Round Up 


Multiplying fractions is OK because you don’t need to put each fraction over the same denominator. 
If you need to multiply by integers or mixed numbers, just turn them into fractions too. 
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How many cups of flour are needed to make 42 muffins? 


California Standard: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational numbers 
to whole-number powers. 


What it means for you: 
You'll learn about the 
reciprocal of a fraction and 
how to use it when dividing by 
fractions. 


Key words: 


* reciprocal 
¢ divisor 


Don't forget: 


The reciprocal (or 
multiplicative inverse) of a 
number is what you have to 
multiply the number by to get 
1. There’s more about 
reciprocals in Lesson 1.1.4. 


Don't forget: 

Also, since the reciprocal of 
; is 2, dividing something by 
2 is the same as multiplying 
by s. There’s more about 
this on the next page. 


Dividing Fractions 


Dividing fractions 1s hard to grasp — but once you learn a couple of 
useful techniques itl all seem a lot easter. The most important thing 
to learn is how to use reciprocals. 


You Can Show Fraction Division on a Number Linge 


A problem like 3 + ; can be hard to imagine. In words, it means “work 


out how many halves are in three.” You can show it on a number line. 


i} 1 


1 1 i 


a I 
2 


You can see that : fits into 3 six times. 


ee 
0 1 p 3 So3+ 5 =6. 


You can use a number line to show that the number of halves in any 
number will always be double that number. 


For example, there are 8 halves in 4, so 4 + _ =4x2=8. 


Dividing is the Same as Multiplying by the Reciprocal 


Multiplication and division are really closely linked. In fact, you can write 
any division problem as a multiplication problem using a reciprocal. 


The product of a number and its reciprocal is 1. 


For example, the reciprocal of 2 is 7 This means that dividing something 


by ; is the same as multiplying by 2. 


Calculate 3 ao : 


Solution 
The reciprocal of : is 4. 


So you can rewrite this as a multiplication: 3 + 7 =3x4=12. 


oe 


(% Guided Practice 


Calculate these by converting each division problem into a 
multiplication problem. Give your solutions in their simplest form. 


Ue 2.857 3.8 =. 
a 5 ll 
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Don't forget: 


1 i) 

9 and 7 are reciprocals. 
They multiply to give 1. 
19 1x9 9 
—xXi=— = =1 

9 1 9x1 9 


Don't forget: 


To multiply two fractions, you 
first multiply the numerators 
to get the numerator of your 
answer. You then multiply the 
two denominators, and this 
becomes the denominator of 
your answer. 

See the previous Lesson for 
more information. 


Solve Fraction + Fraction Using Reciprocals Too 


You can turn any division into a multiplication using the reciprocal of the 
divisor (the thing you’re dividing by). 


It makes dividing fractions by fractions much easier than it seems at first. 


2h 
Calculate at 5s 
Solution 
Dividing by a number is the same as multiplying by its reciprocal. 
Fraction: Reciprocal: 


: 1. 9 
The reciprocal of — is 9, or —. ne Ls 
9 I 5 | 


9 
So you need to work out =x-—. 


3x1 3 


_, 2.9 2x9 18 
This is rae 


: 2.1 : 
To convince yourself that aS really does equal 6, remember that in 
words, the problem means, “how many ninths are in two-thirds?” 


Look at the square on the right. 

Two-thirds of it has been colored in. 

The square has then been divided into ninths — 
there are six ninths in the colored two-thirds. 


2 1 
In other words, oa 6. 


(&% Guided Practice 


Find the reciprocal of the following fractions: 
IL 2 
7. B 8. a o: 


Calculate Exercises 10-15 by converting each division problem into a 
multiplication problem. Give your solutions in their simplest form. 


a aaa a 
1 3 19 Ge 


.— SS Section 2.3 — Operations on Rational Numbers 


Convert Mixed Numbers into Fractions . 


If you have a division problem involving mixed numbers, you need to write 
them out as fractions before you start to divide. 


6. Al 
Calculate 4a le. 


Solution 
Don't forget: First convert the mixed numbers to fractions. 
1 can be written as Z 48 __ (4x7) +6 _ 34 and 22 = 2X5) +1 _ 13 
7 a 7 6 6 6 


7 
So 4i Ito4x s. : Ses Saati : , cae 
eas aie: Write the division as a multiplication using the reciprocal of the divisor. 


The divisor is the number that you’re dividing by. 
6. ll 34 13 34 6 
2 =——x 


7°60 0 7° 6 7 13 
Do the multiplication in the normal way. 
34,6 _ _ 34x6 _ 204 
7 Te “Te3 91° 


22 
or —2— 
91 


(% Guided Practice 


Calculate the answers to the following divisions. 
Write each solution as a mixed number or an integer. 


16. 4-2, 17.5575 18. 2, : 35 
{% Independent Practice 
Calculate the following. 
1535 ee 3,542 
Now try these: ; : 
Lesson 2.3.4 additional 4 a 5 222 6 vas 
questions — p437 9) 8) eZ! Oe 8 
ees) 5 9 1 
= A\ 2. — ps es] es 
3°92 8 6 Tees 


10. A one-pound bag of sugar is equal to 22 cups. A recipe for 
cornbread requires : of a cup of sugar. How many batches of 
cornbread can be made with the bag of sugar? 

11. The area of a rectangular floor is 62+ square feet. The length of 
the room is 105 feet. What is the width of the room? 


Round Up 


The most important thing to remember here /s that you can convert any fraction division into a 
multiplication using the reciprocal. Remember that little fact, and you'll make your life a lot easter. 
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California Standards: 


Number Sense 1.1 

Read, write, and compare 
rational numbers in scientific 
notation (positive and 
negative powers of 10), 
compare rational numbers 
in general. 


Number Sense 1.2 


Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational numbers 
to whole-number powers. 


Number Sense 2.2 


Add and subiract fractions 
by using factoring to find 
common denominators. 


What it means for you: 
You'll learn the first step of 
adding and subtracting 
fractions — putting fractions 
over a common denominator. 
You'll also see how this allows 
you to compare fractions to 
find which is greater. 


Key words: 

* prime 

* factorization 

¢ least common multiple 
* common denominator 


Don't forget: 


A number that has no factors 
except itself and 1 is called a 
prime number. 


Don't forget: 


Factors of a number are any 
whole numbers that divide 
exactly into it. 


Common Denominators 


Adding and subtracting fractions isn’t always straightforward. 

Before you can add or subtract fractions, they need to be over a 
common denominator, and one way to find a common denominator 
/s to find the least common multiple (LCM) of the denominators. 


Prime Factorization — the First Step to Finding an LGM 


Finding the prime factorization of a number involves writing it as a 
product of prime factors (prime numbers multiplied together). 


Write 36 as a product of prime factors. 


Solution 
One way to do this is to look for factors of 36, then look for factors of 
those factors, and then look for factors of those factors, and so on. 


You can arrange your factors in a “tree.” Break down 36 into two factors 
and write them underneath. Then look for factors of your factors. 


26 It doesn't matter which a6 


a factors you start with... % 
4 \oX ay i8 


\ 
Z S 4 S ..the numbers at the é 2 
= ends of the branches Ps 3g 


will always be the same. 


Each branch ends in a prime number — these can’t be broken down 
further. So the prime factorization of 36 is 36=2*x2x3x3 


Write the following as products of prime factors: a) 35, b) 37 
Solution 


a) 35 5 and 7 are both prime, so the tree stops here. 
"4 ‘a The prime factorization of 35 is 35 =5 x 7 


b) 87 37 is prime, so the tree has no branches. 
37 doesn’t factor. 


&% Guided Practice 


Write the following as products of prime factors. 
1.15 2.30 BiaAligh 
4. 16 5. 24 6. 50 


_ Section 2.3 — Operations on Rational Numbers 


Don't forget: 


Multiples are what you get in 

multiplication tables. 

For example, the multiples of 
3 are 3, 6, 9, 12, 15, 18... and 
so on. 


Check it out: 


The least common multiple is 
useful when finding a 
common denominator for two 
fractions. 


The LCM is the Least Common Multiple 


You can use prime factorizations to find the least common multiple of two 
numbers, which is the smallest number that both will divide into evenly. 


Find the least common multiple of 8 and 14. 
Solution 
There are two ways of doing this. 


1. You can start listing all the multiples of each number, and the first 
one that they have in common is the least common multiple: 

¢ Multiples of 8: 8, 16, 24, 32, 40, 48,66) 64, 72... 

- Multiples of 14: 14, 28, 42,66). 

So the least common multiple is 56. 

This method is fine, but it can get a bit tedious when the LCM is high. 


2. You can first write each number as the product of its prime factors. 


8=2x2x2 and 14=2 x7. 
Mmm 2 | 2] 2 
14 t 


Mm 2 | 2 | 2 
14 & 7 
Mee 2/2/2)7 


Then make a table showing these factorizations. 
Wherever possible, put each factor of the second 
number in a column with the same factor. Start a 
new column if the number’s not already there — 
so in this example, start a new column for the 7. 


Now make a new row — the LCM row. 
For each box in the LCM row, write 
down the number in the boxes above. 


Finally, multiply together all the numbers in the LCM row to find the 
least common multiple. 


So the least common multiple of 8 and 14 is 2 x 2x2x7=56. 


Example ; 4 


Find the least common multiple of 10 and 15. 


Solution 
¢ Prime factorizations: 10 =2 x 5 and 15=3 x 5. 


¢ Make a table: 5 

¢ Multiply the numbers in the LCM row. - 
5 

So the least common multiple of 10 and 15 3 

is2x 5x3 =30. ? 

&% Guided Practice 

Find the least common multiple of each pair of numbers in 

Exercises 7-15. 

7.6 and 15 8. 10 and 12 9.8 and 9 

10. 4 and 10 11. 8 and 16 12. 20 and 30 

13. 13 and 7 14. 9 and 81 15. 42 and 30 
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Check it out: 


You don’t have to use the 
least common multiple here 
— any common multiple 
would be fine. For example, 
you could use 8 x 14= 112. 
However, using the least 
common multiple will mean all 
the numbers will be smaller, 
which can be very useful. 


Don't forget: 


When you multiply both the 
numerator and denominator 
of a fraction by the same 
number, you don’t change its 
value. 

This is because you are really 
just multiplying the fraction by 


; 7 a 
1, since St 


Now try these: 


Lesson 2.3.5 additional 
questions — p438 


Round Up 


Compare Fractions Using a Common Denominator 


Least common multiples can be used as common denominators. 


By using a common denominator, find which is greater, 8 or ve 


Solution 

It’s not easy to say which is the larger fraction when they have different 
denominators. You need to find fractions equivalent to each of these 
that have a common denominator. 


You can use any common multiple of 8 and 14 as the common 
denominator. Here, we’ll use the least common multiple (which is 56 
— see Example 3). You need to decide how many 8s and how many 14s 
make 56 — and then multiply the top and bottom of each fraction by 
the right number: 5 5x7 35 9 9x4 36 


8 1414x456 


8 8x7 56 


You can now see that = is greater than = , since = is greater than oa 
14 8 56 56 


% Guided Practice 


In Exercises 16-21, put each pair of fractions over a common 
denominator to find which is the greater in each pair. 


1 
. — and — . — and — — and — 
1S 4 10 7 3 7 Ly 10 7 
4 5 11 12 6 
— and — = and) = — and — 
19. 9 7 20. 15 7 21 9 


({% Independent Practice 


Write the numbers in Exercises 1—6 as products of prime factors. 


1,21 2. 100 3.32 
4. 50 5. 49 6. 132 
Find the least common multiple of each pair in Exercises 7-12. 
7. 6 and 8 8. 10 and 25 9. 48 and 21 
10. 32 and 50 11. 100 and 49 12. 49 and 132 
Find the greater fraction in each pair in Exercises 13-15. 
10 51 50 ie) 33 by 
13. — and — 14. —~ and — 15. — and — 
21 100 132 ay) 50 49 
2 14 13 3 16 


16. Order these fractions from least to greatest: —, —, —, —, 
3.17 16 4 21 


Finding common denominators is something you should get real comfortable with doing, because you 
need to do tt a lot in math — in the next few Lessons, for example. 
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California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational 
numbers to whole-number 
powers. 


Number Sense 2.2 

Add and subiract fractions 
by using factoring to find 
common denominators. 


What it means for you: 


You'll see how to add and 
subtract fractions. 


Key words: 


¢ denominator 
* numerator 
* common denominator 


Don't forget: 


The numerator is the top line 
of a fraction. 

The denominator is the 
bottom line of a fraction. 


Don't forget: 


You can think of adding 
fractions as adding parts of 
whole shapes. 


Adding and Subtracting 
Fractions 


Adding and subtracting fractions can be quick, or it can be quite a long 
process — it all depends on whether the fractions already have a 
common denominator, or whether you have to find it first. 


You Can Add Fractions with a Common Denominator 


If fractions have a common denominator (their denominators are the 
same), adding them is fairly straightforward. 


To find the numerator of the sum, you add the numerators of the 
individual fractions. The denominator stays the same. 


ine 
In 7 as 


Solution 
These two fractions have a common denominator, 7. 
So 7 will also be the denominator of the sum. 


The numerator of the sum will be 2 +3 =5. 


So eS 
7 7 7 


You subtract fractions with a common denominator in exactly the same 
way. 


Solution 
The denominator of the result will be 9 (the fractions’ common 
denominator). The numerator of the result will be 7 —2 =5. 


& Guided Practice 


Find the sums and differences in Exercises 1-8. 


i 2 3. al 4 1 10 2 
Lots 2.7 ll 3.575 4.50751 
eres cari ie ee 

Sas 50 50 Ds WS IW A 
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You May Need to Find a Common Denominator First 


Fractions with unlike denominators cannot be directly added or subtracted. 
You must first find equivalent fractions with a common denominator. 


og L 2 
Find —+-. 
9 6 
Don't forget: 
A fraction whose numerator 
and denominator are the 


same is equal to 1 — so 
multiplying another fraction 


Solution 
The denominators are different here. This means you need to find two 
fractions equivalent to them, but with a common denominator. 

ees The common denominator can be any common multiple of 9 and 6. 
by, say, Bal doesn't 
change its value. This is why 


you can multiply the 
numerator and denominator 


¢ You could use 9 x 6 = 54 as your common denominator. 
Then the equivalent fractions will be: 


by the same amount, and 76 _7x6_ 2 59 5x9 _ 45 
leave the value of the fraction SONG X= = = 
unchanged. 9 6 9x6 54 6 9 6x9 54 
; 42 45 87 ; 
Now you can add these fractions: 34 1 34 = 54° which you can 
Don't forget: 29 
To find an LCM, you can use simplify to 18 by dividing the numerator and denominator by 3. 


a table like this one. 
(See Lesson 2.3.5 for more 
information.) 


¢ Or you could find the LCM (least common multiple) using prime 
factorizations. Since 9 = 3” and 6 = 2 x 3, the LCM is 2 x 3 x 3 = 18. 


9 3 || 3 
«6 BE This time, the equivalent fractions are: 
LCM aS 7.2 7x2 _ 14 S34. 5x3 BS 


= = pe a 
9°22 9x2 18 4 6*3 6x3 18° 


14 15 29 
Now you can add these to get —+—= 


Check it out: 18 18 18° 


Again, any common multiple 
of 15 and 20 can be used as 
a common denominator — 
including their product 

15 x 20 = 300. 

But this will mean the 


You can use the LCM or any other common multiple as your common 
denominator — you’ll end up with the same answer. But using the LCM 
means that the numbers in your fractions are smaller and easier to use. 


numbers in the calculation will Example | 4 
be bigger than necessary. 11 3 
For example: By putting both fractions over a common denominator, find 15 20° 
11.3 220 45 Solution 
15 20 300 300 : 
175 Use a table to find the LCM of 15 and 20 15 a 

~ 300 —thisisis5 x3 x2x2=60. o E ae 

ae Find equivalent fractions with denominator 60: 

‘12 MON 5 | 3) 2) 2 


W_iix4 44 3 3x3 
15 15x4. 60°" 20 20x3 60 


- 11 3 44 9 35 
So rewriting the subtraction gives: 2-77 =T7- T= 


Check it out: 


Even if you use the LCM as 


your common denominator, 
you may still be able to 


simplify the answer at the end. 


Thi 1 . lifi 1 ao 
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Don't forget: 


Remember... subtracting a 
negative number is exactly 
the same as adding a positive 
number. 


Don't forget: 
You could also swap the 


terms around to forma 
subtraction: 


Don't forget: 


= wi 11 
; , and are all 
ée «= 6S —35 
equal. 


Now try these: 


Lesson 2.3.6 additional 
questions — p438 


Round Up 


&%{ Guided Practice 


Calculate the answers in Exercises 9-11. 


9 + ease 
1S "10 3 eee 


As always in math, if there are negative numbers around, you have to be 
extra careful. 


—2 
rn 2-3 
5 
Solution 
This looks tricky because of all the negative signs. 
So take things slowly and carefully. 
—3 
This sum can be rewritten as 7 2 7 it means exactly the same. 
The LCM of 5 and 7 is 5 x 7 =35. 
So put both these fractions over a common denominator of 35. 
=3. =7x7 -=2l 2 2x5 10 
5 5x7 35 7 TS. 23 


Now you can add the two fractions in the same way as before. 
—3 {-2) -21 10 —-—21410 —11 11 
= = a= = or 
ay 35 35 35 Be 


&%{ Guided Practice 


Calculate the answers in Exercises 12-14. Simplify your answers. 


-2-[-3 -|-2) 3-2 
Wea =e ey Bole 1A eellnge 
(% Independent Practice 


Calculate the following. Give all your answers in their simplest form. 


ee ee 72 oe 
“a So aS “9 9 16 8 
19) 7 yo 3 »s 19 20 
CNet en meh ain ee ses 
30 = =—.20 7 8 16 17 20 21 


Keep practicing this until it becomes routine... (1) tind a common denominator, (ti) put both fractions 
over this denominator, (iti) do the addition or subtraction, (iv) simplify your answer If possible. 
You'll see this again next Lesson. 
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California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational 
numbers to whole-number 
powers. 

Number Sense 2.2 

Add and subtract fractions 
by using factoring to find 
common denominators. 


What it means for you: 
You'll learn to add and 


; 1 
subtract numbers like 2 5 and 


5 
Sra 


Key words: 


* mixed number 
* common denominator 


Don't forget: 
You can convert ae toa 
fraction by remembering that: 


2 
(i) 25 means (2 x 1) + 3° 


(ii) 1 can be written as = 
2 8), 2 
So 22 —[ax3]+5 
te 2 
3 3 
(2x3)+2 
3 


Adding and Subtracting 
Mixed Numbers 


This Lesson covers nothing new — tt just combines things that you've 
learned before — converting mixed numbers to fractions, and adding 
and subtracting fractions. So if they seemed tricky the first time 
around, this is a good chance to get a bit more practice. 


Adding Mixed Numbers — Convert to Fractions First 


‘ : 1 7 ‘ : 
Mixed numbers are things like 4 7 and —6 7 with both an integer and a 
fraction part. 
It’s easiest to add the numbers together if you convert them to fractions 


first. Once they’re written as improper fractions you can add them by 
finding the least common multiple as before. 


‘ 1 2 
Find 15423. 


Solution 
Convert both the numbers to fractions. 
j1_(lx2)+1_ 3 52 _(2x3)+2 _8 
2 2 z 3 3 3 
Put both fractions over a common denominator of 2 x 3 = 6. 
3.363. 9 8 8x2 _ 16 
2 2x3 6 3. 3x2 6 
9 16 25 


Do the addition: i a 
aS 3B 


: 1 7 
Find 4 - 6 re 
Solution 
Convert both the numbers to fractions. 
1 (4x2)+1_ 9 7 (6x8)+7 55 


4-= 6—= = 
2 2 2 8 8 8 


Put both fractions over a common denominator of 8. 
Z = casas = = , and = is already over a denominator of 8. 
2 2x4 8 8 

7__30 35 _s0=33. 


8 8 8 8 8 


Do the subtraction: 4 ; —6 
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(&% Guided Practice 


For Exercises 1—6, give your answers as fractions. 


3 3 1 2 2 i 
135425 2.85415 S20 = 
3 3 1 5S) 4 1 


Take Extra Care With Negative Signs 


If there are a lot of negative signs, you should take extra care. 


Find -37—(-26), 


7 
Solution 
Convert the mixed numbers to fractions. 
3x3)4+2 2x7)+6 
_32__{Gx3)+2)__ 11 46 [(2x7)+6]_ _ 20 
3 3 3 i 7 7 


Now find a common denominator — you can use 3 x 7 = 21. 
11 11x7 vai 20 20 x3 60 

=— =-— and —-—=-— = 
3 3=7 21 a Ta 21 


Don't forget: 


Subtracting a negative 
number is the same as adding 
a positive number. 


_71_(_60)__ 77, 60 _-77+60_ 17 
S17} 21 21° Di ~ af 


Also take extra care if the calculation has more than two terms — you have 
to make sure that all the fractions have the same denominator. 


Example ,; 4 
fid 402, 
3 3 
Solution 
2 (2x3)+2 8 


Convert the mixed number to a fraction. 2 = = 


Don't forget: 3 3 


Always do additions and 


subtractions from left to right. Now find a common denominator — you can use 5 x 3 = 15. 


5 5x5 25 3. 3x3 9 8 8x5 40 


3 3x5 15 


5 5x3 15 


3 3x5 15 


9 40 _ 25-9440 _ 56 
15 15 15 415 
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So the calculation becomes = = 
5 


(% Guided Practice 


Do each of the calculations in Exercises 7-9. 
Give your answers as fractions. 


12 


Simplify Your Answers if Possible 


It’s usually a good idea to simplify your answers if possible. 


See. 5 ll a) 1 
Lats De 8. -33_(_alt) ; 


: 2 5 
Find 15 4+25. 


Solution 
Convert the mixed numbers to fractions. 
1x3)+2 2x6)+5 

pak )+ _s pee )+ i 

3 3 3 6 6 6 
You can use 6 as a common denominator. 
Find a fracti vais Wie demntetes 
ind a fraction equivalent to 3 with a denominator of 6: 3° 3K2 6° 


Dotesddion 1 oe 
ihe ak aoa 


Don't forget: 


To simplify a fraction you 
divide the numerator and 
denominator by the same 
number (a common factor). 


Simplify this to get your final answer: 27 _ 9 Divide the numerator 
6 2 and denominator by 3 


&% Guided Practice 


For Exercises 10—12, give your answers in their simplest form. 


3 1 5 1 3 5 


( Independent Practice 


Calculate the following. Give all your answers in their simplest form. 


Now try these: Sel ot 2 .4 4 4 
Lesson 2.3.7 additional il Zea a 3. Fe 5 4. 26 5 
questions — p438 
q 3 1 7 3 2 3 
5. Vela Oo a 12? 8. 


Round Up 


You can hopefully see how you can use the same old routine over and over... 
Convert mixed numbers to fractions, tind a common denominator, do the calculation. 
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Section 2.4 


Further Operations with 
Fractions 


California Standards: 
Number Sense 1.2 The problems start to get more and more complicated now. There are 
Add, subtract, multiply, and all kinds of calculations in this Lesson. But you just have to remember 
what you ve learned before, and use tt carefully. 


divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational 


numbers to whole-number Order of Operations: Multiplication Before Addition 
powers. 

Number Sense 2.2 Math problems with fractions can involve combinations of operations — 
Add and subtract fractions for example, you might need to do a multiplication and addition. 


by using factoring to find 
common denominators. 


What it means for you: 
You'll see how doing complex 
calculations involving 
fractions uses exactly the 
same ideas you've seen 
earlier in this Section. 


Calculat ees 
alculate = 7 3° 


Solution 
Remember — if there are no parentheses, you do multiplication before 
addition. So this calculation becomes 

5x7 2 “38,2 


=—=+ 
2x3 5 6 5 


The LCM of 6 and 5 is 6 x 5 =30. Use this as the common denominator. 
35. 35x5 175 2 2x6 12 
—_— = — and — = — = — 
6 6x5 30 5 5x6 30 
Find the result. 
175, 12 _ 175+12 _ 187 
30) = 30 30 30 


Key words: 


* order of operations 
* common denominator 


Don't forget: 


LCM means least common 
multiple — see Lesson 2.3.5. 


Don't forget: 

You can use PEMDAS to help 
you remember the correct 
order of operations. 
Parentheses, Exponents, 


Multiplication and Division, Rand 30 2 eo 
Addition, and Subtraction. 45° 3 4° 
Solution 


Petes ee eg 
Don't forget: "45° 3 45° 2 «45x2~«90 
Dividing by a fraction is the 
same as multiplying by its 
reciprocal. 


3.4 7_4-7_ 3 


Then the subtraction. 1=l2= = 
4 4 4 4 4 


(% Guided Practice 


Don't forget: 
Calculate the following. Simplify your answers where possible. 


A raised dot - means 
multiplication. 
Sol eee Pes 5 au. 1 7 A 
ao NS _4-52-—— pele 
— TG ae. 8 og tras 
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Don't forget: 

It's a good idea to simplify 
fractions whenever you can — 
don’t wait until you’ve got your 
final answer. 

This way, you’re making the 
numbers smaller and easier 
to use in the rest of the 
calculation. 


Remember PEMDAS with Really Complex Expressionsas 
With calculations that look complicated, take things slowly. 


2 1 1 
Calculate [43 le ;) Roe 


Solution 
First convert the mixed number to a fraction so that you can do the 
calculation more easily. 


42 _(4x3)4+2_ 14 
300° 302¢@2*«*=83 


Then calculate the sum inside the parentheses using 6 as the common 


denominator. 
14 #1 1 28 3 1 
|x = +—|x 
| 3 ; 6 | 6 6 | 6 


Fs 1 
=)!1—|x -— 
6) 6 
Finally, do the multiplication. 
31 1 31 
SS eS 
6 6 36 
Example ; 4 
3 1 1 
Calculate |3—+—|—3-— 
alculate |37 1 A 
Solution (3x4)43 
First turn the mixed number into a fraction. - ner es ~ 
Evaluate the expression in the parentheses. 3 a eer ee 4 
4° 4 4 4 4 
Do the multiplication. 3. a 2 
4 4 
Now you have: 3341 3.1L, 3 
4 4 4 4 
Finally, do the subtracti eS 
inally, do the subtraction. a: 4 
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1 
Calculate = x f +4 
31 3 
3 


Solution 

Parentheses first: 

To add the numbers, put them over a common denominator of 3. 
3 (4x3)+1 3 13 16 


Don't forget: 
3 a 2’ 2 3 


Do divisions and 
multiplications from left to 
right. 


1 
l+45= 


The division is next, but you’ll need to convert 35 to - first. 
1 
9... 1,101, 3. .1%3...-3 


Don't forget: 
1 (3x3)+1_ 10 
j5= = 


= : x = = 
31 2° 3 #2 10 2x10 20 
3 


3 3 
You can now do the multiplication. 
1 
2) 
3. 3} 20 3 20x3 60 
3 
ae aS @ 
The final step is to simplify the answer: 60 = 5 
&% Guided Practice 
Calculate the expressions in Exercises 4—5. 
Give your answers in their simplest form. 
ine 
ae 
12538 es 
i ee ee 
4 2 
VA Independent Practice 
Calculate the following. Give all your answers in their simplest form. 
Now try these: aS 8 31 27 
Lesson 2.4.1 additional | Saar Dae es ae 
questions — p439 46 12 hs sai) 
ee ee 32 
12-2 43 83 S15 5 
es 
3 


Round Up 


Some of the expressions in this Lesson were really complicated. When you have a tricky expression 
to evaluate, you just need to take your time, remember PEMDAS, and work through it very caretully. 
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California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational numbers 
to whole-number powers. 


What it means for you: 
You'll practice multiplying and 
dividing decimals. 


Key words: 
¢ integer 
* decimal 


Check it out: 


This is really similar to the 
fraction multiplication area 
model in Lesson 2.3.3. 

You would have shaded 
exactly the same areas if you 


were multiplying : and 2. 


These fractions are equivalent 
to the decimals 0.2 and 0.6. 


Check it out: 


In Example 1, multiplying two 
decimals each with 1 decimal 
place gives you a solution 
with 2 decimal places. 

In fact, you always count the 
decimal places in both factors 
to find out how many decimal 
places the solution has. 


Multiplying and Dividing 
Decimals 


The tricktest thing about multiplying and dividing decimals 1s working 
out where the decimal point should go. Once you understand the 
method, it’s a lot more straightforward though. 


Modeling Decimal Multiplication 


You can use an area model to show what happens when you multiply two 
decimal numbers. 


Calculate 0.2 x 0.6. 


0.2 


Solution 


0.2 is two-tenths — that’s how much 
of the square on the right is shaded. 


0.6 is six-tenths — this is shaded in the other 
direction on the diagram below. 


The part that’s been shaded twice is 0.2 x 0.6. 
The square’s now divided into 100, so each 
small square is 1 + 100 = 0.01. 02 


MMM 
EMMY 
MUMMY 
SRM) 
LY 
MMM 


There are 12 squares that have been 
shaded twice and each represents 0.01. 


So 0.2 x 0.6 = 0.12 


S 


&% Guided Practice 


Use an area model to show the following multiplications. 


1. 0.4 x 0.3 2. 0.8 x 0.2 3.0.1 0.9 
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Check it out: 


Another way of multiplying 
decimals is to just ignore the 
decimal point, do an integer 
multiplication, then figure out 


where the decimal point goes. 


For example: 

2.1 x 0.04 

Ignore the decimal points and 
do 21 x 4 = 84. 


The factors had a total of 3 
decimal places: 
2.1 (1 decimal place) x 

0.04 (2 decimal places) 


So you know the product 
must have 3 decimal places, 
so move the decimal point 3 
places to the left: 


[Y8V4\ = 0.084 


Don't forget: 

Multiplying a positive by a 
negative gives a negative — 
see page 75 for more. 


Multiplying Decimals 


Multiplying decimals is just like multiplying integers — only you have to 
make sure you put the decimal point in the correct place. 


You can rewrite a decimal multiplication as a fraction calculation. 


Calculate: 2 x 1.6 


Solution 
2x 1.6 =2 x — <— Write the decimal as a fraction... 
10 
= 2x16 <— ..which can be rewritten like this. 
10 
32 
= 10 = 32+ 10 =3.2 <— Nowdivide by the 10 to get the decimal answer. 


This works if both numbers are decimals too: 


Calculate: 2.1 x 0.04 


Solution 71 4 
2.1x 0.04 = 10 x 100 <— Write both decimals as fractions. 
21x4 


10100 <— Multiply them. 


84 - 
= = ee = Now divide by the 1000 to 
1000 oe L000 0 USS a get the decimal answer. 


Always Check the Position of Your Decimal Point . 


You can check you have the correct number of decimal places in the 
product by making sure it’s the same as the total number of decimal places 
in the factors. 


For example, 241, x3 61= 7,107, 
| digit + 2 digits = 3 digits 
Watch out for calculations that give decimals with zeros at the end — 


you have to count the final zeros. For example, multiplying 1.5 by 1.2 gives 
1.80. You must count up the decimal places before rewriting this as 1.8. 


&% Guided Practice 


Write out and solve these calculations. 
4.1.2 x (-1.1) 5.4.5 x 5.9 
7.6.31 x 6.4 8. (2.77) x (-7.3) 


6. 1.6 x (-8.2) 
9.9.1 x 2.44 
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Don't forget: 


You can do integer division 
using long division. 
Check back to Lesson 2.3.2. 


Check it out: 


You could also do the division 
46.5 + 0.05 in Example 4 by 
doing integer division, then 
working out the decimal 
places: 465 +5 =93. 
There’s 1 decimal place in 
46.5, and 2 decimal places 
in 0.05. So move 1 decimal 
places to the left, and 2 to 
the right. So the decimal 
point moves one place right 
overall: 46.5 + 0.05 = 930 


Check it out: 


0.5 is 10 times smaller than 5. 


This means that the result of 
dividing something by 0.5 will 
be 10 times bigger than the 
result of dividing the same 
thing by 5. 

To make a result 10 times 
bigger, you move the decimal 
point one place to the right. 


Now try these: 


Lesson 2.4.2 additional 
questions — p439 


Round Up 


Dividing Decimals — Take Care with the Decimal POInENE 


You can think about decimal division in a similar way. 


Example ; 4 

Calculate: 46.5 + 0.05 

Solution 
465 5 ; ' ; 

es _—_~ . ~*~ Write the decimals as fractions 
46.5 + 0.05 10 100 
_ 465, 100 To divide by a fraction, multiply by its 

10 5 reciprocal 
4650 


= = 4650 + 5 = 930 


Another way is to ignore the decimal points and just use integer division. 
Then you have to find the correct position for the decimal point: 
* Count the number of digits after the decimal point in the first number 
and move the decimal point this many places to the left. 


* Count the number of digits after the decimal point in the second 
number and move the decimal point this many places to the right. 


If 5 + 25 = 0.2, calculate 0.005 = 2.5. 
Solution 


0.005 is the first number — it has 3 decimal places. 
2.5 is the second number — it has 1 decimal place. 
So you have to move 3 places to the left, and then 1 to the right. 


0.001012 => 0101002 => 0.005 = 2.5 = 0.002 
(&% Guided Practice 


Solve these divisions. 


123 = 13 I19s.2 8 IZ 33.560= 13 
B10 = 3 14. 1.44 +3 1550.55 = 3 
16. 3.84 = 1.2 17. 4.64 = 1.6 1853398 = 23 


ive Independent Practice 


In Exercises 1—6, find the product of each pair of numbers. 


1. 1:03 *05 2. 4.781 x -6.0 3. -3.11 x 9.14) 
4.7.2 x 0.6 5. 1.04 x 4 6. 10.5 x 0.07 
Find the quotient in Exercises 7-9. 

7. —7.25 + 0.25 8. —16.8 + (-0.04) 9, 12.48 + -1.2 


Wow — that was a Jot of information about multiplying and dividing. But don’t panic — when 
youre multiplying and dividing with decimals, you just need to take It slow, working bit by bit. 
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California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational numbers 
to whole-number powers. 


What it means for you: 
You'll practice adding, 
subtracting, multiplying, and 
dividing fractions and 
decimals together. 


Key words: 
* fraction 

* decimal 

* multiply 

* divide 


Don't forget: 


0.3333... can also be written 
as 0.3. (But that doesn’t 
make it any easier to subtract 
0.5 from.) 


Operations with 
Fractions and Decimals 


You've probably now seen neatly all the ideas, techniques, and tricks 
youl ever need for almost any kind of number problem. Now you're 
going to put them all into action... 


Calculations Can Involve Both Fractions and Decimals 


To do a calculation involving a fraction and a decimal, you either have to 
make them both fractions or both decimals. 


3 
For example, if you needed to find 0.3 x 57 you could... 


° Convert 0.3 to a fraction 


a Para ae 
i 10 6 ae 


3 
* Convert 5 to a decimal (0.6) and find 0.3 x 0.6 = 0.18. 


Both methods are correct, and they both give the same answer 
(you can check by calculating 9 + 50, which gives 0.18). 


Calculate 0.25 x : by: 
a) converting 0.25 to a fraction, 
b) converting : to a decimal. 
Solution 
4 1 4 4 


) 0.25 i on So 0.25 ! 
a : 1S. =... — 1 OU. x- = -x- = = 
100. 4 5 4 5 20 5 


4 4 
Ds is4+5=0.8. So 0.25 x = = 0.25 x 0.8 =0.2 


The best idea is to choose the method that makes the calculation easiest. 


1 
Calculate .- OD. 
Solution 
If you convert ; to a decimal, you get 0.333333333..., which is difficult 


to subtract 0.5 from. So it’s best to use fractions here. 


1 {1.22 4 
jee ae 
mo 3 ao 6 66 OG 
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&% Guided Practice 


For Exercises 1—6, find the answers to the calculations by: 

(i) converting all the numbers to fractions, 

(11) converting all numbers to decimals. 

Check that both your answers for each exercise are equivalent. 


1 1 
i, ae a Long 3. —+0.4 
Za 4 4 
1 
4. Ne 5) aD 6. — x25 
3 6 10 
For Exercises 7—9, use the easiest method to do each calculation. 
1 
a as 8. Vibe 9. 0.3-— x45| 
7 98 2 3 


You Can Think of Fraction Multiplication Another Wayans 
There’s another useful way to think about multiplying by fractions. 


Check it out: When you multiply by the fraction =, it is the same as either: 


Multiplying by isthe sate (i) multiplying by 3 and then dividing by 5, or 


Seeley ie: (ii) dividing by 5 and then multiplying by 3. 


Calculate 6.93 x ; ; 


Solution 

This would be difficult to do using decimals (6.93 x 0.6666...). 
693 

And 6.93 doesn’t convert to an “easy” fraction ad ; 

But multiplying by : means dividing by 3 and then multiplying by 2. 

This is much quicker. 

Dividing by 3 gives: 6.93 +3 =2.31 

Then multiplying by 2 gives: 2.31 x 2 = 4.62 


So, 6.93%= = 4.62 


Example ; 4 


Calculate : x15. 
Check it out: 


You can do the multiplication 
and division in either order — 
so choose whichever will be 
easier. 


Solution 


You're multiplying 1.5 by =, so multiply it by 2, then divide by 7. 


3 
So 1.5 x 2 =3, and then 3 + 7= So, —x1.5 =2 
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Calculate =(6.35~3.02), 


Solution 


As always, work out the parentheses first. 
6.35 — 3.02 = 3.33. 


Then you can divide by 3. 
3.33 +3=1.11 


Don't forget: 
1 
Multiplying by 3 is the same 


as dividing by 3. 


(% Guided Practice 


Calculate the value of the expressions in Exercises 10-14. 


(i 
10. 20.24 Th exis 12. 0.9x5 
4 15 7) 
iso ee 14. > (8.03 +0.97) 
ae 9 


&% Independent Practice 
Calculate the following. 


i aie 2. wa 3; 1 0.25 
2 3 2 

4. Vigo 5. ise 6. ae 
Don't forget: 4 5 10 
Dividing by = is the same as 7 25x2 8 13x12 9 7722! 
multiplying by its reciprocal, = 5 13 13 

1 2 

10. (4.57+3.53) x5 11. (—5.36 —1.64)x 
Now try these: . (5.67 +12.53) 
Lesson 2.4.3 additional 12. (2.89 —18.89) += 13; >> a= 
questions — p439 5 3 


Round Up 


The theme that’s been running through the last few Lessons fs this — although questions might look 
complicated, you just need to take things real slow, and use all those things you learned earlier in the 
Section. Don't try to hurry — that makes you more likely to make a mistake. 
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Problems Involving 
Fractions and Decimals 


California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 


This Is the last Lesson in this Section. And again, (t's all about using 
the skills you've already learned. But this time before you can do the 
math, you have to write the problem down in math language using a 
description of a real-life situation. 


take positive rational 
numbers to whole-number 
powers. 


Mathematical Reasoning 2.2 
Apply strategies and results 
from simpler problems to 
more complex problems. 


What it means for you: 
You'll use ideas from previous 
Lessons in this Section to 

solve some real-life problems. 


Key words: 


* word problem 
* units 


Check it out: 


Very often, writing your 
answer in a sensible way just 
means adding units. 

You should also always check 
that it’s realistic — see 
Chapter 1 for more 
information. 


First Write Real-Life Problems as Math 


The length of a rectangular room is 54 : feet, while its width 
is 33.3 feet. What is the area of the room? 


Solution 
You find the area of a rectangle by multiplying its length by its width. 


So the area of this room is given by 54° yaR GPR 


Now you need to work through all the steps from the previous Lessons. 


163 


54 : X33.3= ae x 33.3 Convert mixed number to a fraction 


= (33.3 +3)x163 Rewrite as “+ then x” 


=11.1x163 Do the division 


You could use a calculator here, but you don’t really need to. 
To do this multiplication without a calculator, you can rewrite it using 
the ideas in Section 2.3.2. 
11.1 x 163 =(10 x 163) +(1 x 163) + (0.1 x 163) 
= 1630 + 163 + 16.3 
= 1809.3 


With real-life problems you must always think about what your answer 
means, and then write it in a sensible way. Here, you need to add units. 


So the area of the room is 1809.3 square feet. 


t/ Guided Practice 


1. A rectangular dance floor is 28.6 feet wide and ios feet long. 


What is the area of the dance floor? 


2. A rectangular playing field is 165 yards wide and 30.9 yards long. 
What is the area of the playing field? 
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Don't forget: 


Your diagram doesn’t have to 
be accurate — just good 
enough to get an idea of what 
you need to do. 


Check it out: 


You could work out the 
fraction here as — and then 
simplify it. But here, the 
factor of 4 in the numerator 
and the factor of 4 in the 
denominator have been 


canceled straightaway. 


83 x4 
4x3 


Drawing a Diagram Can Make Things Clearer 


Sometimes it’s not doing the math that’s the hardest thing in a problem. 
It’s working out what math to do in the first place. 


Some public sewer lines are being installed along 8. miles of road. 


The supervisor says they will be able to complete 0.75 of a mile a day. 


How long will the project take? 


Solution 0.75 miles 1 
If you can’t see how to answer a come 85 miles 
question, draw a picture. ————————————— 7 


You need to find out how many times 0.75 goes into 8 = 


In math language, this is a division — so you need to solve gi 0.75. 


Now that the problem is written in math language, you can use the 
techniques from previous Lessons. 


go 0.75= 87 #2 Convert the decimal to a fraction 

33 3 P : 

= aa Convert the mixed number to a fraction 
33 4 ; or shes cece 

= ra Rewrite the division as a multiplication 

— come Multiply the fractions 
4x3 

= = =11 Simplify 


Don’t forget: about units... 


The project will take 11 days. 


(%/ Guided Practice 
3. A piece of rope 17.25 feet long must be divided up into smaller 
3 
lengths of i of a foot long. 
How many lengths can be made from this piece of rope? 


4. A birthday cake needs pe cups of raisins. However, because a big 
party is planned, several cakes are made by increasing the amount of all 
the ingredients used. In fact, 8- cups of raisins are used. 


How many cakes is this enough raisins for? 
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Check it out: 


Here, you could do the math 


as fractions... 


Aero 
i 2 § 
a! 

5 
=/52 
5 
...or decimals... 


40.5 x 0.4 = 16.2 
You get the same answer 


whatever method you use. 


Now try these: 


Lesson 2.4.4 additional 
questions — p440 


Round Up 


Aisha worked 40.5 hours in one particular week. Three-fifths of these 
hours she was in meetings, while the rest of the time was spent traveling. 
How many hours did Aisha spend traveling during the week? 


Solution 


Again, a diagram might help. <——— 40.5 hours > 


You need to work out how many —Z ; 
= = meetings 
hours the red part of the bar represents. 5 


If the blue part of the bar is : of the total hours, then the red part must 


represent: 1-= = as 


So you need to work out : of 40.5 hours 2 
— this can be written as a multiplication: 40.5 x 5 
Now you can do the math. 
40.5% 2 (40.5-+5)x2 ae the fraction multiplication asa 
ivision, followed by a multiplication 
=8.1x2 Do the division 


=16.2 Do the multiplication 


Now say what your answer means. 
Aisha spent 16.2 hours traveling during the week. 


&% Guided Practice 


5. A small town has a sports field with a total area of 
1533.75 square yards. One third of this area is used only by 
parents with small children, while the rest can be used by anyone. 


How many square yards are for anyone’s use? 


vo Independent Practice 


15 
. 16 
The length of the room is 10 q feet. What is the width of the room? 


1. The floor area of a room is 99 — square feet. 


2. Approximately : of the students in a high school take an advanced 
placement class. Of those students it is thought 50% will receive a 
scholarship for college. What fraction of the students in the high 
school are expected to receive a scholarship? 


That's the end of a Section containing a lot of little bits of information. An important thing to 
remember trom ft all [s that you must work through complex problems slowly and caretully. 


Section 2.4 — More Operations on Rational Numbers 


Section 2.5 introduction — an exploration into: 


Basic Powers 


You can find the powers of numbers by repeatedly folding a piece of paper. Each extra fold you 
make produces more rectangles. You'll see how the numbers of rectangles produced are powers. 


2 rectangles 


Take a sheet of paper and fold it into two equal sections. _—~ 


When you open it up, you’ll see there are two rectangles. = 
fold 


If you fold the paper into two again, then fold it once 
more, you'll have four rectangles when you open it up. 


4 rectangles 


>> ; E SE je>s 
fold ; open a a, 
out folds 


The number of rectangles produced by each fold represents the powers of 2. 
2°=1 2'=2 2?=4 
Vf Exercises 


1. Continue to fold the paper into two equal sections each time. 
Write the total number of rectangles produced after the given number of folds. 
a3 b. 4 c.5 


2. Write your answers to la, b, and ¢ as powers of 2. 


Now take a sheet of paper and make two folds, so that it forms three equal sections. 


rN 


=> >> 3 rectangles 
Ng | fold into three open out ne 


sections 


Repeat this by folding the paper into three equal sections each time. 


ON 
a ee en (a _ 9 rectangles 
in r \S it 
KN! fo o three open ou chhhanda 


folds 


sections 
Ve Exercises 


3. Fold a piece of paper repeatedly into three, in the way described above. 
What is the total number of rectangles produced from the: 
a. second set of folds? b. third set of folds? c. fourth set of folds? 


A long piece of paper 
makes this part easier. 


. Write your answers to 3a, b, and ¢ as powers of 3. 
. With a new piece of paper, experiment with this process to make 25 rectangles. 
6. Is it possible to make 10 rectangles of equal size by using the process above? 


Round Up 


When you repeatedly fold a plece of paper into two, you repeatedly multiply the number of 
rectangles by two. And when you repeatedly told a piece of paper into three, you repeatedly 
multiply the number of rectangles by three. This gives you the powers of 2 and the powers of 3 
— because powers are produced by repeated multiplication. 


Section 2.5 Exploration — Basic Powers 


California Standards: 


Number Sense 1.2 

Add, subtract, multiply, and 
divide rational numbers 
(integers, fractions, and 
terminating decimals) and 
take positive rational 
numbers to whole-number 
powers. 


Algebra and Functions 2.1 
Interpret positive whole- 
number powers as repeated 
multiplication and negative 
whole-number powers as 
repeated division or 
multiplication by the 
multiplicative inverse. Simplify 
and evaluate expressions that 
include exponents. 


What it means for you: 
You'll learn how to write 
repeated multiplications in a 
shorter form. 


Key words: 


* power 
* base 

* exponent 
* factor 


Check it out: 


Raising something to the 
second power is called 
squaring it. Raising 
something to the third power 
is called cubing it. There’s 
more on this in Lesson 2.5.3. 


Don't forget: 


A factor is one of the terms 
in a multiplication expression. 


Check it out: 


You can describe a number 
as being “raised to” or “taken 
to” a power. So 2* could be 
read as, “two to the fourth 
power,” or “two raised to the 
fourth power,” or “two taken to 
the fourth power.” 


Section 2.5 


Powers of Integers 


A power fs just the product that you get when you repeatedly multiply 
a number by ttself, like 2 * 2,0r 3° 3° 3. Repeated multiplication 
expressions can be very long. So there’s a special system you can use 
for writing out powers in a shorter way — and that’s what this Lesson 
/s about. 


A Power is a Repeated Multiplication 


A power is a product that results from repeatedly multiplying a number 
by itself. For example: 


2%2 = 4, or “two to the second power.” 
2°2¢2 =8, or “two to the third power.” 
2°2¢2¢2 =16, or “two to the fourth power.” 


So 4, 8, and 16 are all powers of 2. 


You Can Write a Power as a Base and an Exponent 


If every time you used a repeated multiplication you wrote it out in full, 
it would make your work very complicated. So there’s a shorter way to 
write them. For example: 


2°2°2°2=2' 
This is the exponent — it tells you 
2 is the base — it’s the number how many times the base number is a 
that’s being multiplied factor in the multiplication expression. 


For example, the expression 10 « 10 can be written in this form — 
the base is 10 and since 10 occurs twice, the exponent is 2. 


base ~] 0 


You can rewrite any repeated multiplication in this form. 
So any number, x, to the mth power can be written as: 


exponent 


ye 


wm exponent 
base a 


Section 2.5 — Basic Powers 


Write the expression 3 * 3 *3 * 3 *3 in base and exponent form. 


Solution 
The number that is being multiplied is 3. So the base is 3. 


3 occurs as a factor five times in the multiplication expression. 
So the exponent is 5. 


so3*3e39393=3. 


If a number has an exponent of 1 then it occurs only once in the expanded 
multiplication expression. So any number to the power 1 is just the 
number itself. For example: 


51=5, 
137'= 137, 
x'=x, 


&% Guided Practice 


Write each of the expressions in Exercises 1-8 as a power in base and 


Check it out: exponent form. 

When you write a negative 1.8°8 Dy, 0D OD) 

number raised to a power, you 

need to put parentheses Sols fee Tey 4.5 

around the number. 

For example, (—2)* tells you ed eee OA sided Ae 
to raise negative two to the eee 2 E P p 
fourth power — it has a value TS) 8. —8 8 8 8 8 
of 16. 


Evaluate a Power by Doing the Multiplication 


Evaluating a power means working out its value. Just write it out in its 
expanded form — then treat it as any other multiplication calculation. 


Evaluate 54. 


Solution 

54 means “four copies of the number five multiplied together.” 
54=5°5 e585 

54= 625. 


Section 2.5 — Basic Powers Wylloys 


Check it out: 


A negative number raised to 
an odd power always gives a 


negative answer. For example: 


(Sy BE a a 


A negative number raised to 
an even power always gives a 
positive answer. For example: 


Now try these: 


Lesson 2.5.1 additional 
questions — p440 


Round Up 


Evaluate (—2)’. 


Solution 
(—2) means “two copies of the number negative two multiplied together.” 
(-2 =-2 +2 

(-2)= 4. 


&% Guided Practice 


Evaluate the exponential expressions in Exercises 9-16. 


9. 10° 10. 5° 
11.7 12. 3° 

13. 47! 14. (-15)! 
15. (3) 16. (-4)3 


(% Independent Practice 


Write each of the expressions in Exercises 1—6 in base and exponent 


form. 

14°44 2.99 

3.8 45% 52545 °5 <5 
5.4°+4-4 6.—3 °-3 3 °-3 


7. Kiera and 11 of her friends are handing out fliers for a school 
fund-raiser. Each person hands out fliers to 12 people. 
How many people receive a flier? 


Evaluate the exponential expressions in Exercises 8-13. 


$2152 9, 43 
10.8! dee 
12. (-5)3 13. (5) 


14. A single yeast cell is placed on a nutrient medium. This cell will 
divide into two cells after one hour. These two cells will then divide to 
form four cells after another hour. The process continues indefinitely. 
a) How many yeast cells will be present after 1 hour, 2 hours, and 

6 hours? 

b) Write exponential expressions with two as the base to describe the 
number of yeast cells that will be present after 1 hour, 2 hours, and 

6 hours. 

c) How many hours will it take for the yeast population to reach 256? 


If you need to use a repeated multiplication, it’s useful to have a shorter way of writing ft. 

That's why bases and exponents come in really handy when you're writing out powers of numbers. 
You'll see lots of powers used in expressions, equations, and formulas. For example, the formula for 
the area of a circle is Tr? where r is the radius. So it’s important you know what they mean. 


Section 2.5 — Basic Powers 


Powers of Rational Numbers 


California Standards: In just the same way that you can raise whole numbers to powers, 
Number Sense 1.2 you can also raise fractions and decimals to powers. 


Add, subtract, multiply, and 
divide rational numbers 


(integers, fractions, and You Can Raise a Fraction to a Power 
terminating decimals) and 


take positive rational A fraction raised to a power means exactly the same as a whole number 
numbers to whole-number ; ae 
powers. raised to a power — repeated multiplication. But now the complete 


; fraction is the base. 
Algebra and Functions 2.1 


Interpret positive whole- ») a 
number powers as repeated base (3) 
multiplication and negative 3 
whole-number powers as 


exponent 


repeated division or : . 2 2 

multiplicative inverse. Simplify . ; _ 

and evaluate expressions that When you raise a fraction to a power, you are raising the numerator and 
include exponents. the denominator separately to the same power. For example: 

What it means for you: 7° 2 

You'll learn how to take 3 = 32 

fractions and decimals to 


powers. This makes evaluating the fraction easier. You can evaluate the 
numerator and the denominator separately. 


Key words: 


* power 
* exponent 
* base es 
* decimal Evaluate :| ; 
* fraction 4 
Solution 
P=1e191=1 
i) pa Raise both the numerator and the 
4 = a denominator to the third power. 
Vs 42 = 444-64 
tf .. 4 
44 64 
Check it out: 
2 
If you are raising a negative 2 
fraction to a power, just keep Evaluate 5 
the minus sign with the F 
numerator all the way through Solution MEN -2)2 = -2+-2.=4 
your work. 9/ (-2)" Raise both the numerator and the 
For example: ee 
e 52 denominator to the second power. 
[-$) Wing 5° =5-°5=25 
aa (2% 4 
5S 25 


Section 2.5 — Basic Powers — 


Check it out: 


To check the number of 
decimal places your answer 
should have, just count the 
number of decimal places in 
all of the factors and add 
them together. For example, 
in the expression 

0.3 * 0.3 * 0.3, you have three 
factors, and each contains 
one decimal place. So your 
answer should contain three 
decimal places, which 0.027 
does. 


&% Guided Practice 


Evaluate the exponential expressions in Exercises 1-6. 


You Can Raise a Decimal to a Power | 


A decimal raised to a power means exactly the same as a whole number 
raised to a power — it’s a repeated multiplication. The decimal is the base. 


ye 
™=30),24 


This expression is the same as saying 0.24 « 0.24. 


exponent 


When you evaluate a decimal raised to a power, you multiply the decimal 
by itself the specified number of times. The tricky thing when you’re 
multiplying decimals is to get the decimal point in the right place — you 
saw how to do this in Section 2.4. 


Evaluate (0.3)°. 


Solution 
The multiplication you are doing here is (0.3)? = 0.3 * 0.3 © 0.3. 


3 3 
0.3 x 0.3 x 0.3 = 10 x 10 x 10 write the decimals as fractions 
ee Itiply the fract 
= Toxioxio multiply the fractions 


= 21 3, - 1000 = 0.027 
~ 1000 ~~ = 


So, (0.3)? = 0.027 


Section 2.5 — Basic Powers 


Example ; 4 
Check it out: 


When you put the decimal 
point back into your answer, 
put in Os to fill up any places 
between the decimal point 
and the numerical part of the 
answer. 

For example, here the 
numerical part of your answer 
is 529, but you need four 
decimal places in your 
answer. So use a 0 before 
the numerical part — so the 
answer is 0.0529. 


Evaluate (0.23). 


Solution 
23 23 


0230.23 —_ 


x — write the decimals as fractions 
100 ~=100 


529 
~ 10,000 


= 529 + 10,000 = 0.0529 multiply 


&% Guided Practice 


Evaluate the exponential expressions in Exercises 7-12. 


7. (0.5)? 8. (0.2)° 
9. (0.78)! 10. (0.12) 
11. (0.15) 12. (0.08) 


(% Independent Practice 


Write each of the expressions in Exercises 1-4 in base and exponent 


form 
ee 2. 0.25 * 0.25 
5°55 ac) 

1 1 1 1 1 1 i 
Sega ay ca a 


1) 2) 
9. (7 10. {-2 
11. Mark is feeding chickens. He divides 135 g of corn into thirds. 
Each portion is then divided into thirds again to give small portions. 


What fraction of the original amount is in each small portion? 
How much does each small portion weigh? 


Now try these: 


Lesson 2.5.2 additional 
questions — p440 


Evaluate the exponential expressions in Exercises 12-17. 


12. (0.4) 13. (0.1)! 
14. (0.21) 15. (0.97)! 
16. (0.02)? 17. (0.25)3 


Round Up 


To raise a fraction to a power, you raise the numerator and the denominator separately to the sarne 
power. To raise a decimal to a power, you use the decimal as the base and raise it to a power as you 
would a whole number — just by multiplying It by itself the correct number of times. 


Section 2.5 — Basic Powers ib! 


Uses of Powers 


California Standards: You'll come across powers a lot both in math and real-life situations. 
NumberSance 14 That's because you use therm to work out areas and volumes. 

Read, write, and compare They're also handy when you need to write out a very big number — 
rational numbers in you can use powers to write these numbers in a shorter form. 


scientific notation (positive 
and negative powers of 10), 


compare rational numbers in : 
general. Exponents are Used in Some Formulas 


Number Sense 1.2 ; A 
Add subtract multiply: and Exponents are used in the formulas for the areas of squares and circles. 


divide rational numbers In this Lesson you’ll see how exponents are used in finding the area of a 
(integers, fractions, and square. In the next Chapter you’ll use a formula to find the area of a 
terminating decimals) and eiecle 

take positive rational : 
numbers to whole-number 


Oe The formula for the area of a square is Area = s * s = s”, where s represents 


What it means for you: the side length of the square. 
You'll see how you can use 

exponents to work out areas 4 
of squares and volumes of 3 
cubes, and learn about a <— 
shorter way to write very large 2 


numbers. 1 a Al i esas ae 4| =e ee 


ni 
Key words: | 
* squared 12=1 2=4 32=9 42=16 


* cubed 
* scientific notation 


When you find the area of a square, the side length is used as a factor 
twice in the multiplication. So raising a number to the second power is 
called squaring it. 


Find the area of the square shown below. 


Check it out: lcm, 
The areas of all shapes, not 
just Squares, are measured in Solution 


square units. These could be 


Gmeane inches? feck or Each small square is 1 cm wide. So the side length of the whole square 


even miles?. is 2cm. The area of the whole square is 2 cm * 2 cm = 4 cm’. 
You'll learn more about this in — | 
Chapter 3. You can see that this is true, because it is made up of four smaller 1 cm? 


squares. 


Section 2.5 — Basic Powers 


A square has a side length of 11 inches. Find its area. 


Solution 
Area = (side length)’ 
Area = 11?=11¢11=121 


Don't forget: 


When you’re working out the 
units that go with a 
calculation, use the unit 
analysis method you saw in 
Chapter 1 (p42). Just apply 
the same operations to the 
units as you did to the 


Units: inches ¢ inches = in? 


Area = 121 in’ 


numbers. 
(&% Guided Practice 
Find the areas of the squares in Exercises 1-4. 
3 miles 
1. 2. Square of side length 6 feet. 
3. Square of side length 3.5 m. 4. 
Exponents are Used to Find Volumes of Some Solids 
Exponents are also used in formulas to work out volumes of solids, like 
cubes, spheres, and prisms. 
The formula for the volume of a cube is Volume =s° 5° s=s°, wheres 
represents the side length of the cube. 
ook 
a —<-“ 
b=1 = 
When you find the volume of a cube, the side _ is used as a factor 
three times in the multiplication. So raising a number to the third power 
is called cubing it. 
Check it out: 


The volumes of all solids, not A cube has a side length of 5 cm. Find its volume. 


just cubes, are measured in 
cubed units. For example, the 
units could be cm, m°, 
inches®, feet?, or even miles’. 
You'll learn more about this in 
Chapter 7. 


Solution 
Volume = (side length)’ 
Volume = 5° 5°¢5=5?=125 


Units: cm * cm * cm = cm? 


Volume = 125 cm’. 


Section 2.5 — Basic Powers MRK} 


Check it out: 


To work out what power of ten 
the second factor is, just 
count the zeros in it. 

For example, 10 is 10', 1000 
is 10°, and 10,000,000 is 10’. 


&% Guided Practice 


Find the volumes of the cubes in Exercises 5-8. 


4m 
5 cp 6. Cube of side length 5 feet. 
m 
cee pe ae 
7. Cube of side length 7.5 mm. 8. [I a 


Use Scientific Notation to Write Big Numbers 


Sometimes in math and science you’ll need to deal with numbers that are 
very big, like 570,000,000. To avoid having to write numbers like this out 
in full every time, you can rewrite them as a product of two factors. 


For instance: 570,000,000 = 5.7 x 100,000,000 


The second factor is a power of ten. You can write it in base and 
exponent form. 


5.7 x 100,000,000 = 5.7 x 108. 


So 5.7 x 108 is 570,000,000 written in scientific notation. 


Scientific Notation 


To write a number in scientific notation turn it into two factors: 


— the first factor must be a number that’s at least one but less than ten. 
— the second factor must be a power of 10 written in exponent form. 


Example ; 4 


Write the number 128,000,000,000 in scientific notation. 


: Split the number into a 
Solution L= decimal between 1 and 10 


128,000,000,000 = 1.28 x 100,000,000,000 = anda power of ten. 
= 1.28 x 10" 


Write the number as a product 
of the two factors. 


Section 2.5 — Basic Powers 


Check it out: 


If the number you were 
putting into scientific notation 
was 51,473,582, then you 
would probably round it 
before putting it into scientific 
notation. You'll see more 
about how to round numbers 
in Chapter 8. 


Now try these: 


Lesson 2.5.3 additional 
questions — p441 


Round Up 


The number 5.1 10’ is written in scientific notation. Write it out in full. 


Solution re Write out the power of ten as a factor in full. 


5.1 x 10’=5.1 x 10,000,000 Multiply the two together: move the | 
= 51.000.000 decimal point as many places to the right 
9 9 


as there are zeros in the power of ten. 


(&% Guided Practice 


Write the numbers in Exercises 9—12 in scientific notation. 


9, 6,700,000 10. 32,800 

11. —270,000 12. 1,040,000,000 
Write out the numbers in Exercises 13—16 in full. 
13. 3.1 x 103 14. 8.14 x 10° 

15. —5.05 x 10’ 16. 9.091 x 10° 


(% Independent Practice 


Find the areas of the squares in Exercises 1-4. 
1. Square of side length 2 cm. 2. Square of side length 8 yd. 
3. Square of side length 13 m. 4. Square of side length 5.5 ft. 


5. Maria is painting a wall that is 8 feet high and 8 feet wide. 
She has to apply two coats of paint. Each paint can will cover 32 feet’. 
How many cans of paint does she need? 


Find the volumes of the cubes in Exercises 6-9. 
6. Cube of side length 3 ft. 7. Cube of side length 6 yd. 
8. Cube of side length 9 cm. 9. Cube of side length 1.5 in. 


10. Tyreese is tidying up his little sister’s toys. Her building blocks are 
small cubes, each with a side length of 3 cm. They completely fill a 
storage box that is a cube with a side length of 15 cm. How many 
blocks does Tyreese’s sister have? 


Write the numbers in Exercises 11—14 in scientific notation. 


11. 21,000 12. —51,900,000 

13. 42,820,000 14. 31,420,000,000,000 
Write out the numbers in Exercises 15—18 in full. 

15. 8.4 x 10° 16. 2.05 x 108 

17. -—9.1 x 104 18. 3.0146 x 10!° 


19. In 2006 the population of the USA was approximately 
299,000,000. Of those 152,000,000 were female. 
How many were male? Write your answer in scientific notation. 


When youre finding the area of a square or the volume of a cube, your calculation will always involve 
powers. That's because the formulas for both the area of a square and the volurne of a cube involve 
repeated multiplication of the side length. Powers also come in useful for writing very large numbers 
in a shorter form — that’s what scientific notation Is for. 


Section 2.5 — Basic Powers Mii) 


More on the Order 
of Operations 


California Standards: 


Number Sense 1.2 /n Chapter One you saw how the order of operations rules help you 
Add, subtract, multiply, and to figure out which operation you need to do first in a calculation. 
alge Lal We vee This Lesson will review what the order /s, and give you practice at 


(integers, fractions, and 
terminating decimals) and 
take positive rational 


numbers to whole-number 
powers. PEMDAS Tells You What Order to Follow 


What it means for you: 
You'll learn how to use the 


applying it to expressions with exponents in therm. 


When you come across an expression that contains multiple operations, the 


PEMDAS rules with PEMDAS rule will help you to work out which one to do first. For example: 
expressions that have 
decimals, fractions, and . > he 
Bepancnie Parentheses 4+6°(2+4)’-10+2 
Exponents =4+6°(6)?-10+2 
a begat gs F Multiplication and division 
Key words: Multiplication =4+6°36—-1072 <= have equal priority in PEMDAS. 
« PEMDAS and Division You work them out from left to right. 
* operations 
* exponent Addition and =44+216—5 <a Addition and subtraction 
; have equal priority too — work 
Subtraction =215 them out from left to right. 


Check it out: 


If you see parentheses with 
an exponent, the exponent 


Evaluate the expression 5? — 16 + 23 + (3 + 2). 


applies to the whole Solution 

expression inside them. 52. 1698s (3 + 2) 

Sot 2)is (1 +2) (1 +2): ar 

Everything in the parentheses = 5*- 16+23°5 Do the addition in the parentheses 

is the repeated factor in the 

Tpieach Saiotollow =25-16+ 85 Then evaluate the two exponents 

So hico ee ey =25-2°5 Next it’s multiplication and division — 
parentheses first, and then 256246 do the division first, as it comes first, 
ts EHO SUG Ine = then do the multiplication 

result. 

So (1 +2)? = 3? =15 Finally do the subtraction 


{&% Guided Practice 


Evaluate the expressions in Exercises 1-6. 


1.6— 10°32 G3) 48 
3. 24+ (3 © 2-10) 4.5+64= (6-2)! 
5. (36 + 12-24) 6. (10 °2-5)?-(4 +2) +3 


Section 2.5 — Basic Powers 


Check it out: 


e When you multiply a 
negative number by a 
negative number, the result is 
positive. 

e When you multiply a positive 
number and a negative 
number, the result is negative. 


¢ So if you raise a negative 
number to an even power, the 
result will be positive. 

¢ But if you raise a negative 
number to an odd power, the 
result will be negative. 


¢ For example: 
(—2)3 =-2 *-2°-2 


=4+-2=-8 
(ea 
=4°4=16 


Check it out: 


If you have parentheses 
inside parentheses, for 
example, (3 + (4 + 2)), 
you should start with the 
innermost parentheses 
and work outward. 


Take Care with Expressions That Have Negative Signs | 


When an expression contains a combination of negative numbers and 
exponents, you need to think carefully about what it means. For example: 


~(2?)=-(2*2)=—4 


(-2)?=-2°-2=4 


Evaluate the expression (—(3’) * 5) + (-3)’. 


Solution 
(437) *3) + 3 


(-9°5)+(-3) Evaluate the exponent in the inner parentheses 


ll 


= -45+(3) Do the multiplication in the parentheses 
= 45+9 Evaluate the exponent 
= —36 Finally do the addition 


(&% Guided Practice 


Evaluate the expressions in Exercises 7-12. 

7. (4°) 8. (-4) 

9. =(24) 35 +l 10. (-4)°+2-4 

11. 10 + (2 *-(5?)) + (-7?? O22 a (2) 2 


The Order Applies to Decimals and Fractions Too 7 


When you’re working out a problem involving decimals or fractions you 
follow the same order of operations. 


4 


ee 10-7) 
ip 


Evaluate the expression 5 


Solution 


iy. a 
= - + Tas 3? Do the subtraction in the parentheses 
1 1 
=a + Tal 9 Then evaluate the two exponents 
-++ = Perform the multiplicati 
ae ae erform the multiplication 
_10 _5 iti lewis 
ag ; Finally do the addition and simplify 


Section 2.5 — Basic Powers Wihivs 


Example ; 4 
Evaluate the expression 0.25 + 7.75 + 3.1 — (0.3). 


Solution 
0.25 +°7.75 = 3.1.=(0.3)' 
= 0.25 + 7.75 + 3.1—0.0081 Evaluate the exponent 


= 0.25 + 2.5 — 0.0081 Then perform the division 
= 2.75 — 0.0081 Do the addition first, as it comes first 
= 2.7419 Finally do the subtraction 


(&% Guided Practice 


Evaluate the expressions in Exercises 13-20. 


; ee ic ef 

Don't forget: i [5+3| = 14. H 3+4+1-2 

If your calculation involves 

INU OU CMIe nS ale, 15. 0.1 + (0.25)?—0.2 +2 16. (0.72 + 0.08) = 16 + (0.4)? 

decimals, convert everything 

to either fractions or decimals Beans » iV 

first 17. [33] + [3-5] 18. 0.5 © (1 +0.25) + 1.2 

For a reminder of how to do 

this, see Section 2.1. 1° 1° 
19.2° -) +(5=107°4 20. (5° 0.1 +0.2)« (?) 


{% Independent Practice 


Evaluate the expressions in Exercises 1-6. 


1. 1242? 2. (42-23) +2?+8! 
3.10 2% 3) 467 = 15) 4, -33+2?+9 
5. (-6)° © 3 — 12? 6. (4 — 34? + (17P 


7. In the expression (x — y’ * z)°, x, y, and z stand for whole numbers. 
If you evaluate it, will the expression have a positive or a negative value? 
(The expression is not equal to zero.) Explain your answer. 


Evaluate the expressions in Exercises 8-13. 


1 402 240.8 =(0.1) 

8. ;) +202 9. (0.52 + 0.8 + (0.1) 

Now try these: 10. [E+] : (2) a 11. (0.5 + 1.8) © 1.5 + 0.065 

Lesson 2.5.4 additional 2 , i? 

questions — p441 2: os . :| = A 13. (0.2 °4-0.3) + -) °2 
14. Lakesha is making bread. She has ; Ib of flour, which she 
splits into two equal piles. Then she splits each of these in half again. 
She adds three of the resulting piles to her mixture. How much flour has 
she added to her mixture? Give your answer as a fraction. 

Round Up 


When you have an expression containing exponents, you must follow the order of operations to 
evaluate it. You use the same order with expressions that contain fractions and decitnals too. 


Section 2.5 — Basic Powers 


Section 2.6 introduction — an exploration into: 


The Side of a Square 


A perfect square has sides whose lengths are whole numbers. You'll be given square tiles and be asked 
to construct larger squares with particular areas — youll be able to produce some of the larger 
squares, but not others. The lengths of the sides of the squares are the square roots of the areas. 
You'll see that the areas of some squares have whole number square roots, but others done. 


Each small square has an area of 1 square unit. 


Make a square with an area of 4 square units. Then write down the square root of 4. 
F 2 
Solution ——" 


With 4 square tiles: 2 


This a perfect square — it’s got an area of 4 square units and sides of 2 units. 
So, 2 is the square root of 4. 


V4 Exercises 


1. Use the tiles to make squares with the given areas. 
When you have made a square, write the lengths of the sides. 
a. 9 square units b. 16 square units c¢. 25 square units dd. 36 square units 


2. What are the square root of the following? Use your answers to Exercise | to help you. 
a, 9 b. 16 €. 25 d. 36 


You can use the tiles to estimate the square root of a number that is not perfect square. 


Use tiles to estimate the square root of 8. 


Solution 


This is the closest shape you can make to a square using 8 tiles — 
It’s bigger than a 2 by 2 square, but smaller than a 3 by 3 square. 


As it’s closer to a 3 by 3 square, you can estimate that the Looks more SW 
square root of 8 is about 3. ike this one. 


VA Exercises 


3. Construct a figure that is as close to a square as possible. 
Use this to estimate the square roots of these numbers. 


a. 5 b. 14 O, DD 
Round Up 


Some numbers are perfect squares — like 4, 9, 16, 25. These numbers have square roots that are 
whole numbers. lf you make a square with a perfect square area, its sides will be whole numbers. 


Section 2.6 Exploration — The Side of a Square 


Section 2.6 


Perfect Squares and 
Their Roots 


/f you multiply the side length of a square by itself you get the area of 
Use the inverse relationship th Y% dot fit Find the ae beth oF th 
between raising to a power e square. You can do the opposite too — tind the side length of the 


and extracting the root of a square trom the area. That's called finding the square root. 
perfect square integer; for 


an integer that is not square, 
SSIS Ne SALTS Ge QU esi The Square of an Integer is a Perfect Square Number 
the two integers between 


which its square root lies and 
explain why. 


California Standards: 


Number Sense 2.4 


Raising a number to the power two is called squaring it. That’s because 
you find the area of a square by multiplying the side length by itself. 
What it means for you: 


= = ’ 
youll soeruhauercaueare tcl So, the area of a square = s ° s = s’, where s is the side length. 


is and how to find the square 4 
root of a square number. 4 —— 
2 : 
ee. 
| z i 
7 =4 
Key words: ~ = 5 . 
* perfect square 4°=16 
* square root . : 
* positive root All the numbers in red are the squares of the numbers in blue. 


* negative root A . 
2 The square of an integer is called a perfect square. 


Perfect squares are always integers too. 


le1=1 
2°2=4 These numbers are perfect squares 
4°4=16 


3.5 © 3.5 = 12.25 een oe 
5.1°5.1=26.01 eee ie ene 


Is the number 81 a perfect square? 
Solution 
9°9=81 


As 9 is an integer, 81 is a perfect square. 


(% Guided Practice 


Give the square of each of the numbers in Exercises 1-6. 


1.4 2.7 
3. 12 4.1 
Soa! 6,—12 


Section 2.6 — Irrational Numbers and Square Roots 


Check it out: 


Your calculator should have a 


On some types of calculators 


PY) 


you have to press: fe. v 


)) 


Check it out: 


You can’t find the square root 
of a negative number. 

To square a number you have 
to multiply it by itself. 

¢ If you multiply a positive 
number by a positive number 
the result is always positive. 

¢ If you multiply a negative 
number by a negative number 
the result is also positive. 


So if you multiply any number 
by itself the answer is always 
positive. 


Check it out: 


These numbers are all perfect 
square numbers. So their 
square roots will all be whole 
numbers. 


The Opposite of Squaring is Finding the Square Root 


You might know the area of a square and want to know the side length. 
You find the side length of a square by finding the square root. 


2°2=4 
Side length is 2 4e4=16 
2 is the square root of 4 Side length is 4 


4 is the square root of 16 


So, to find the square root of a square number, you have to find the 


number that multiplied by itself gives the square number. 


For example: 5 * 5 = 25. 25 is a square number. 5 is a square root of 25. 
The symbol / is used to show a square root. 


So you can say that 25 =5. 


Unless the number you’re finding the square root of is a perfect square, 
the square root will be a decimal — and may well be irrational. 
(There’s more on this in Lesson 2.6.2.) 


All Positive Numbers Have Two Square Roots 


Every positive number has one positive, and one negative, square root. 
This is because 4 * 4 = 16 and —-4 « -4 = 16 — so the square root of 16 
could be either 4 or -4. 


A square root symbol, J , by itself means just “the positive square root.” 


V16 — 4 — this is the positive square root of 16. 
_J/16 ——4 — this is the negative square root of 16. 


(% Guided Practice 


Evaluate the square roots in Exercises 7—14. 


7. 36 8. —/64 

9. /100 10. —V144 
11. Ji21 12. —J169 
13. V1 14. /400 


Section 2.6 — Irrational Numbers and Square Roots i 


Check it out: 


If you multiply a square root 
by itself you get back to the 
original number. 


Vx + Vx =x. 


Don't forget: 


—100° means —(100%). It can’t 
be (—100)? because that 
would be the square root of a 
negative number. 


Now try these: 


Lesson 2.6.1 additional 
questions — p441 


Round Up 


Writing Square Roots with Fractional Exponents 


In Section 2.4 you saw that an exponent means a repeated multiplication. 
When you square a number it is repeated as a factor two times in the 
multiplication expression. So you can write x * x = x’. 


Taking the square root of a number is the reverse process to squaring it. 
Because it undoes squaring we can also write /x asx. 


1 1 
So, V9 =9° and V16 =16. 


(&% Guided Practice 


Evaluate the expressions in Exercises 15-18. 
1 i 
15. 42 16. —25? 
1 1 
17. 49? 18. —100? 


vi Independent Practice 


Give the square of each of the numbers in Exercises 1-6. 


1.6 2. 
3. 16 4.—10 
5-13 6. —15 


7. Marissa is making patterns with small square mosaic tiles. She has 
50 tiles. Can she arrange them to make one larger square, using all 
the tiles? Explain your answer. 


8. This year’s senior class will have 225 students graduating. 
The faculty wants the chairs to be arranged in the form of a square. 
How many chairs should be put in each row? 


Evaluate the square roots in Exercises 9-16. 


9. 25 10. —/25 
11. J64 12. 49 
13. /9 14. /289 

1 i 
15. 361? 16. —492 


17. Give the square roots of 16. 
18. Give the square roots of 81. 


19. A square deck has an area of 81 feet’. Paul is planning to enlarge 
the deck by increasing the length of each side by 2 feet. How much 
will the area of the deck increase by? 


If you multiply any integer by itself you will get a perfect square number. The factor that you multiply 
by itself to get a square number Is called its square root. Every square number has one positive and 
one negative square root. And don't forget — negative nurnbers don’t have square roots. 


Section 2.6 — Irrational Numbers and Square Roots 


California Standards: 
Number Sense 1.4 


Differentiate between 
rational and irrational 
numbers. 


What it means for you: 
You'll learn what irrational 
numbers are, and how they’re 
different from rational 
numbers. 


Key words: 


* rational 

* irrational 

¢ integer 

* terminating decimal 
* repeating decimal 


Check it out: 


You could never write an 
irrational number out in full 
because it would go on forever. 


Check it out: 


In Chapter 3, you'll use z to 
calculate the circumference of 
a circle. You can never 
calculate the circumference 
exactly, because m goes on 
forever. 


Irrational Numbers 


If you tind the square root of 2 on your calculator, you get a number 
that tills the display, and none of the digits repeat. In this Lesson 
youll learn what makes numbers like that special. 


Rational Numbers Can Be Written as Fractions 


In Section 2.1 you saw that any number that can be written in the form ; 
where a and b are both integers, and b isn’t 0, is called a rational number. 


For example: peers 


5 written as 2 


1 
XN You can write all of these as 
can be 


writtenas 37 fractions as described above, so 
3.7 10 4 J they are all rational numbers. 


can be 
0 8] writtenas 9 


i 
All fractions, integers, terminating decimals, and repeating decimals 
are rational numbers. You can add square roots of perfect squares to 
that list too, because they are always integers. 


Ve Guided Practice 


Prove that the numbers in Exercises 1-4 are rational by writing each 
one as a fraction in its simplest form. 


1.6 2. 0.8 


3008 4. J16 


Irrational Numbers Can't Be Written as Fractions 


¢ Any number that can’t be written as a ratio of two integers is called an 
irrational number. 


* Irrational numbers are nonterminating, nonrepeating decimals. 


0.123456789101112131415161718192021... <q, Neither of these decimals 


terminate or have repeating 
S.AQVIZVVI2ZVILI2VITVI201 1111211111112... patterns of digits. They're 


both irrational numbers. 


The most famous irrational number is 77 — you can’t write 7 as a fraction. 
Tt starts 3.1415926535897932384626433832795... 

The value of 7 has been calculated to over a million decimal places so far 

— it never ends and never repeats. 


Section 2.6 — Irrational Numbers and Square Roots i 


The square roots of perfect squares are integers — so they’re rational. 


The square root of any integer other than a perfect square is irrational. 


vi =1,V2,~3, V4 =2,V5,V6,V7,v8,V9 = 3,10... 


These numbers are rational These numbers are irrational 


& Guided Practice 


Classify the numbers in Exercises 5—10 as rational or irrational. 


; 
5. 9 6. 1 
tee 8. V100 
9. 1.2543 10. i4 
Check it out: 
The “repeat period” of any 
decimal is the length of the bit . . 
Siplieieig Sole Some Decimals Have a Long Repeat Period 
ea oles ees Sometimes it might not be obvious straightaway whether a number is 
at > SB hres ae ma rational or irrational. Some decimals that have a large repeat period 
group of digits 945, and the may look as if they are irrational but are actually rational. 
repeat period of 5.27316 is 
be digits — the pair of digits, For example, when you divide 1 by 7 on your calculator you get a 
decimal number. From the number on your calculator display, you can’t 
tell if that decimal ever ends or repeats. 
Check it out: 1 + 7=0.1428571... 
You know that 1 + 7 must be a ; ; . 
rational number because it can To show that the decimal does in fact repeat, work out 1 + 7 using long 


1 division: 
be expressed as 7 


0.14285714... 
7)1.00000000... 


The repeat period starts 
here. So you can write this 
decimal as 0.142857 


now the same cycle 
begins again — this isa 


You can see that the same long division cycle begins again. 
This means the decimal does repeat. 


Section 2.6 — Irrational Numbers and Square Roots 


Check it out: 


A bar above some digits ina 
decimal number shows that 
these digits are repeated over 
and over again. 


Now try these: 


Lesson 2.6.2 additional 
questions — p442 


Round Up 


It’s really hard to prove a number’s irrational — because it could just be 
a decimal with a really really long repeat pattern. 

The only way you can know that a number is irrational is if it has a 
pattern that you know will never repeat — there’s an endless set of 
irrational numbers like this to choose from: 


— They might have a pattern of digits that you could generate with a 
formula. 0,1248163264128256512... 


pe 
This pattern of digits represents the powers of 2: 2°, 2’, 2°, 2°, 2°, etc. 
It goes on forever without repeating. 


— They could have any pattern of digits where each time the pattern is 
repeated the number of copies of each digit increases. 
OUZUIA2I 2221112222... 


> 
In this pattern the numbers 1 and 2 alternate, but each time they are repeated the 
number of copies of the digits increases by 1. 


& Guided Practice 


Classify the numbers in Exercises 11—15 as rational or irrational. 
11. 0.369121518... where the pattern of digits are the multiples of 3 
12. 3.122468 13. 0.2647931834 

14. 0.14114411144414 Is20 12312233222... 


(% Independent Practice 


Prove that the numbers in Exercises 1-4 are rational by expressing 
them as fractions in their simplest form. 


1.14 2101 
3.2.6 4.1.6 


5. Read statements a) and b). Only one of them is true. Which one? 
How do you know? 

a) All fractions can be written as decimals. 

b) All decimals can be written as fractions. 


Classify the numbers in Exercises 6—13 as rational or irrational. 


6.10 1.2 

8. 0.497623 9. 32 

10. 9.129587253648 11. V27 

125095 13. 22.343344333444... 


14. Write any four irrational numbers between zero and five. 


Irrational numbers can’t be written as fractions where the numerators and denominators are both 
integers. Irrational numbers are always nonterminating and nonrepeating decimals. 


Section 2.6 — /rrational Numbers and Square Roots Ji 


California Standard: 


Number Sense 2.4 


Use the inverse relationship 
between raising to a power 
and extracting the root of a 
perfect square integer; for an 
integer that is not square, 
determine without a 
calculator the two integers 
between which its square 
root lies and explain why. 


Mathematical Reasoning 2.7 


Indicate the relative 
advantages of exact and 
approximate solutions to 
problems and give answers 
to a specified degree of 
accuracy. 


What it means for you: 
You'll learn how to find the 
approximate square root of 
any number without using a 
calculator. 


Key words: 


* irrational 
* perfect square 
* square root 


Don't forget: 


Rounding a number makes it 
shorter and easier to work 
with. How much you round a 
number depends on how 
accurate you need to be. 

For example, you might round 
99.26 up to 100, down to 99, 
or up to 99.3 — depending on 
how accurate you want to be. 
There are rules for rounding — 


they’re explained in Chapter 8. 


Estimating Irrational Roots 


You saw in the last Lesson that all square roots of integers that arent 
perfect squares are itrational numbers. That means that you could 
never write their exact decimal values, because the numbers would go 
on forever. But you can use an approximate value instead. 


Square Roots of Nonperfect Squares are Irrational 


Perfect square numbers have square roots that are integers. 


2 
e—- 
The area of this square is 4 units. 
| <= So its side length must be 
V4 units = 2 units — which is rational. 
Pad 


Numbers that are not perfect squares still have square roots. 


Square roots of integers that are not perfect squares 
are always irrational numbers. 


eta, 
5 The area of this square is 5 units. 
S  Soits side length must be V5 units 
— which is irrational. 
—_ 
(5) =5 


& Guided Practice 


Say whether each number in Exercises 1-6 is rational or irrational. 


1. /9 Oye) 
a 4. J16 
5. /169 6. 140 


You Can Approximate Irrational Square Roots 


If you are asked to give a decimal value for V2, or for any other irrational 
number, you would have to give an approximation. You could never give 
an exact answer because the exact answer goes on forever. 


Section 2.6 — Irrational Numbers and Square Roots 


Check it out: 


Some calculators need you to 


press 2 | Hy | 


Check it out: 


The symbol “=” means “is 
approximately equal to.” 
You can use it in situations 
where you can’t write the 
exact value of a number 
because it’s irrational. 


Check it out: 


When you round a decimal 
answer you will usually be told 
how many decimal places to 
round it to. That’s just how 
many digits there are after the 
decimal point. 

If you’re rounding a number to 
six decimal places, you have 
to look at the digit in the 
seventh decimal place. If it’s 5 
or more, then round the sixth 
digit up. If it’s less than 5, then 
round the sixth digit down. 

For example, 


28 =5.291502622... 


seventh digit 
The seventh digit is more than 
5, so the sixth digit is rounded 
up to 3. 


So, V28 = 5.291503 to 6d.p. 


There’s more on how and 
when to round numbers in 
Section 8.3. 


Find the approximate value of J2 using a calculator. 


Solution 


You should have a button on your calculator that has the square root 
symbol on it. It will look like this: () . 


To find the square root of 2, press the square root button, then the 
number 2, and then the equals button, like this: (jj) ®) ©). 


You will get an answer on the screen that looks something like this: 


Aes Bs 


Even though the answer on your screen stops, it’s not the exact answer. 
It’s just an approximation based on how many digits can fit on the screen. 


So you should write your answer like this: 
State the accuracy you've given 


V2 = 1.414213562 (to 9 decimal places) the approximate anower to. 


Or like this: /2 = 1.41 
Then you’ve shown that you know it’s an approximate answer. 


&% Guided Practice 


Use your calculator to approximate the square roots in Exercises 7-12. 
Give the values to six decimal places. 


WS 8. /6 
9. J10 10. /29 
11. 47 12. /160 


Estimate Square Roots Using a Number Line 


Estimating the square root of a number without using a calculator 
involves working out which two perfect square numbers it lies between. 


For example, the square roots of all 4 5678 9 
the numbers between 4 and 9 lie x 
between 2 and 3 on the number line. 


9 10 11 12 13 14 15 16 Vx 
x V7 
The square roots of all the numbers 
Ix between 9 and 16 lie between 3 and 4 on 
Jd the number line. 


Section 2.6 — Irrational Numbers and Square Roots Wy 


There are two steps to finding an approximation of the square root of a 
number. 


For example: find the two numbers that /7 lies between on the number line. 


1) First find the two perfect square numbers that 7 
lies between on the number line. 


4 5 6@8 9 10 


i t 


perfect square perfect square 
number number 


7 lies between 4 and 9 


2) Find the square roots of these two perfect square numbers. 
The square root of 7 must be between these two square roots. 


V1 V4 Vo Vi6 25 
V4=2, V9 =3. 1 2/3 4 5 


Tt 


SoV7 must lie between 2 and 3. 


Find the two numbers that V4 lies between on the number line. 


Solution 


First find the two perfect squares that 14 lies between on the number line. 
14 lies between 9 and 16. 


V9 =3 and V16 =4. 


So V14 lies between 3 and 4 on the number line. 


Find the numbers that V8 lies between on the number line. 
Solution 


First find the two perfect squares that 18 lies between on the number line. 
18 lies between 16 and 25. 


V16 =4 and J25 =5. 


So Vi8 lies between 4 and 5 on the number line. 


Section 2.6 — Irrational Numbers and Square Roots 


Now try these: 


Lesson 2.6.3 additional 
questions — p442 


Don't forget: 


A cube has 6 faces that are 
all identical squares. 


Round Up 


&% Guided Practice 


In Exercises 13—20 find the whole numbers that the root lies between. 


1305 

15. /24 
17. A168 
19. 125 


(/ Independent Practice 


14. 15 
16. [46 
18. /98 
20. 150 


Use your calculator to approximate the square roots in Exercises 14 


to four decimal places. 


1. 17 
3. /73 


2. /28 
4. J155 


In Exercises 5—10 say which two perfect square numbers the number 


lies between. 
5n3 

7.50 

st Ba io) 


6. 29 
8.95 
10. 200 


In Exercises 11—18 find the whole numbers that the root lies between. 


1. 3 
13. (39 
15. /58 
17. /160 


2s 
14. /33 
16. /93 
18. /216 


19. A square has an area of 85 inches”. What whole-inch 
measurements does the side length lie between? 


20. If Va ~ 2.4 then which two perfect squares does a lie between? 


21. Latoya has a new office. It is a square room, with a floor area of 
230 feet”. She wants to fit a 15 ft desk area along one wall — will 
this fit along one of the sides? Explain your reasoning. 


22. A math class is shown a cube made of card. Pupils are told that 
the total surface area of the cube is 90 cm’. They are asked to 
guess the length of each side of the cube in centimeters. 

Peter guesses 10 centimeters, and John guesses 4 centimeters. 


Whose guess is the closer? 


You can never write out the exact value of the square root of a nonperfect square number — but you can 
use an approximation. To figure out which two integers a number's square root lies between, it’s just a 
case of knowing which two perfect squares the number lies between, and finding their square roots. 


Section 2.6 — /rrational Numbers and Square Roots i 


Chapter 2 Investigation 


Designing a Deck 


You have to ada, subtract, multiply, and divide numbers to solve lots of real-life problems. 
Being able to use powers and find square roots can sometimes come in useful too. 


The Dedona family has a deck on the back of their house that they want to make bigger. 
The current deck is a rectangle with a length of 12 feet and width of 8 feet. 
They want the new deck to be 225 square feet in area. 


Part 1: 
What would the dimensions of the enlarged deck be if it were in the shape of a square? 


Part 2: 
Make four different designs for additions to the deck that satisfy the Dedonas’ area requirement. 
Things to think about: 
¢ The new deck must contain the original, rectangular deck. However, the new, enlarged deck 
doesn’t have to be rectangular itself. 
Extensions 
The cost of railing is $18.95 for a 3-foot section. Railing is only sold in 3-foot sections. 
1) What design for the new deck provides the required area with the least amount of railing? 


2) How many sections of railing do they need to buy for the new deck? 
What is the total cost for the railing? 


Open-ended Extensions 


1) Propose a design that would satisfy the Dedonas’ area requirements and cost the most 
money for railings. The narrowest any section of the deck can ever be is | foot. 
How would your solution change if the existing deck was torn down? 
How would it change if the 3-foot railing sections could not be cut? 


2) Would a square design be the least expensive if there was no railing against the house? 


Round Up 

When you're solving real-life problems, you often have to combine all the operations. You use 
multiplication to find areas and addition to tind the total length around the edge. And if you have 
a square with a set area, you can find its side length by tinding the square root of the area. 


Chapter 2 Investigation — Designing a Deck 


Chapter 3 


Two-Dimensional 


Section 3.1 


Section 3.2 


Section 3.3 


Section 3.4 


Section 3.5 
Section 3.6 
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Section 3.1 introduction — an exploration into: 


Area and Perimeter Patterns 


You can draw shapes which have the same area, but different perimeters. 
In this Exploration, you'll look at how to maximize the perimeter for a given area. 
You'll also look at shapes that have the same perimeters, but different areas. 


You can find the area of a shape by counting up the number of unit squares. 
The perimeter is calculated by finding the sum of all the side lengths. 


Find the area and the perimeter of this shape. 


Solution 
Area = 12 square units Perimeter = 6+ 2+6+2=16 units 


When given a set area, you can draw shapes with different perimeters — like these: 


Th h both h 
pens Sean a | | | | | | | 


..but this one has a : 
This one has a perimeter of 22 units... perimeter of 14 units. 


And when given a set perimeter, you can draw shapes with different areas — like these: 


These shapes both have a | | | Miethiewaeheean 
perimeter of 12 units. ne ~ sedis 


This one has an area of 5 square units... 


Ve Exercises 
1. Find the area and perimeter of each shape. 


| 
A B C D 
| 
H 
Look at the areas and perimeters of the following sets of shapes. 

What do you notice about them? Which type of shape maximizes the perimeter in each set? 
A and B CandD EandF G,HandI 


. Draw three different rectangles with areas of 12 square units a ee 
i j need , Use only whole-number dimensions 
that all have different perimeters. What are the dimensions fereic Sec 
of the rectangle that has the largest perimeter? 


. Draw the rectangle with an area of 20 square units that has the largest perimeter possible. 
Draw two rectangles that have different areas but both have perimeters of 14 units. 
. Draw a rectangle that has a perimeter of 20 units and has the largest area possible. 
Round Up 
A rectangle with a big difference between its length and width measurement will have a large 


perimeter for its area. [t works the other way for maximizing the area of a rectangle with a 
fixed perimeter — the closer the shape /s to a square, the bigger the area will be. 


‘Kye Section 3.1 Exploration — Area and Perimeter Patterns 


Section 3.1 
Polygons and Perimeter 


Youre probably pretty tamiliar with a lot of shapes — this Lesson gives 
Risacuramentand you a chance to brush up on their names, and shows you how you can 
Geometry 2.1 use formulas to tind the distance around the outside of some shapes. 
Use formulas routinely for 


peers pe amie vee od Polygons Have Straight Sides 
area of basic two- 


dimensional figures, and the 5 ; ‘ 
Se a enon a ane Polygons are flat shapes. They’re made from straight line segments 


basic three-dimensional that never cross. The line segments are joined end to end. 

figures, including 

rectangles, parallelograms, 

trapezoids, squares, 

triangles, circles, prisms, and 

cylinders. This ig a polygon This isn’t a polygon This isn’t a polygon 

What it means for you: (the lines cross) (its not made from straight lines) 
You'll learn about the names 


of different shapes and use 
formulas for finding the 


California Standards: 


The name of a polygon depends on how many sides it has. 


Key words: 


* polygon 
Identify each of the following shapes. !- <> 2. 


* perimeter 
Solution 


* regular polygon 
¢ irregular polygon 
* quadrilateral 

* parallelogram 


* trapezoid ; ; 
1. This shape has 6 sides, so it’s a hexagon. 
2. This shape has 7 sides, so it’s a heptagon. 
A Quadrilateral is a Polygon with Four Sides 
A quadrilateral is any shape that has four sides. 
Don't forget: You need to be able to name a few of them. 
Dashes are used to show that Sq 
certain lengths are equal. Rectangle This j ae uiaawe 
You might see single and A rectangle has opposite ma We 19-4 SPE Clal RINAO 
double dashes. Sides with sides of equal length. nec eat aie thas four 
double dashes are the same It also has four right angles. sides all of equal length. 


length as each other, but not 
the same as those with single 


= LY Ls 


Farallelogram Rhombus Trapezoid 
Its opposite sides — This is a parallelogram with This has only one pair of 
are parallel. all sides of the parallel sides. 
same length. 


Section 3.1 — Perimeter, Circumference, and Area yee} 


Check it out: 


A rhombus has all sides of 
equal length, but the angles 
aren't all the same. Soa 
rhombus is always irregular. 
A square, however, has all 
sides and all angles equal, so 
a square is always regular. 


Check it out: 


Polygons occur a lot in 
everyday life — for example: 


The Pentagon 


A ae 


triangle 


{% Guided Practice 


Identify each of the following polygons: 


Regular Polygons Have Equal Sides and Angles 


Regular polygons have equal angles, and sides of equal length. 
Irregular polygons don’t have all sides and angles equal. 


All sides and angles 
are the same. == 


Neither sides nor 


regular irregular angles are all the 
same. 
All sides and angles 
arethesame. @=d 
The sides are the 
same lengths but 
the angles aren't 
the same. 
regular irregular 


Decide whether this polygon is regular or irregular. 


Solution 
The shape has all angles equal. 


But the lengths of the sides are not the same, so it is 
an irregular polygon. 


(%/ Guided Practice 


Decide whether each of the following shapes is a regular polygon, an 
irregular polygon, or not a polygon at all. 


4. 2in. 2) iD, 5. 6. 
W) << 2 wir. 


7, A 8. 
42 vo ft Zo 
64 ft 


i Section 3.1 — Perimeter, Circumference, and Area 


Don't forget: 


The “d’ in the formula for the 
perimeter of a parallelogram 
stands for the length of the 
diagonal. Don't get this 
confused with the vertical 
height, which you'll use when 
you work out the area in the 
next Lesson. 


Don't forget: 


Perimeter is a distance and 
needs a unit. Check what 
unit the question contains and 
make sure your answer has 
the correct unit. 


Now try these: 


Lesson 3.1.1 additional 
questions — p443 


Round Up 


Perimeter is the Distance Around a Polygon 


The perimeter is the distance around the edge of a shape. 

You can find the perimeter by adding up the lengths of the sides of a 
polygon, but some polygons have a formula you can use to find the 
perimeter more quickly. 


Parallelogram: Rectangle: 


Find the perimeter of a rectangle of length 54 cm and width 26 cm. 


54cm 


Solution 
Draw a diagram, and use the formula P = 2(/ + w). 


Substitute the values for / and w, and evaluate. 


P=2x (54cm +26 cm) =2 x 80 cm= 160 cm. 


{ Guided Practice 


9. Find the length of the diagonal of a parallelogram that has a base of 
4.6 in. and a perimeter of 14 in. 


10. Find the perimeter of a square of side 8.3 m. 


Vi Independent Practice 


Find the perimeter of the figures in Exercises 1-4. 


. 3.2 m >, [61cm 
1.lm 6.1 cm 

3. 5 ft 5 ft 4. 21m, 

Sft 3 in. 


5. Brandy wants to know how many pieces of wood she needs to mark 
out the boundary of her new house. How many pieces of wood will 
she need if each piece of wood is 50 in. long and her boundary is a 
square of side 650 in.? 


There are a few formulas here that make it much quicker to do perimeter calculations. lf you can't 
apply one of the formulas, remember that you can always just add up the lengths of the sides. 


Section 3.1 — Perimeter, Circumference, and Area ke 


California Standards: 


Measurement and 
Geometry 2.1 

Use formulas routinely for 
finding the perimeter and 
area of basic two- 
dimensional figures, and the 
surface area and volume of 
basic three-dimensional 
figures, including 
rectangles, parallelograms, 
trapezoids, squares, 
triangles, circles, prisms, and 
cylinders. 


What it means for you: 


You'll use formulas to find the 
areas of regular shapes. 


Key words: 
* area 

* triangle 

* parallelogram 
* trapezoid 

* formula 

* substitution 


Check it out: 


The area of a parallelogram is 
exactly the same as the area 
of a rectangle of the same 
base length and vertical 
height. 


Check it out: 


Remember — the height you 
use to calculate the area of a 
parallelogram is the vertical 
height and not the length of 
the side. 


Don't forget: 


Use dimensional analysis to 
make sure your answer has 
the correct units. 

You're multiplying a length by 
a length — for example, 
meters x meters. 

So areas should always be a 
square unit — such as 
square meters (m?). 


Areas of Polygons 


Area is the amount of space inside a shape. Like for perimeter, 
there are formulas for working out the areas of some polygons. 
You'll practice using some of them in this Lesson. 


Area is the Amount of Space Inside a Shape 


Area is the amount of surface covered by a shape. 


Parallelograms, rectangles, and squares all have useful formulas for 
finding their areas. 


Triangles and other shapes can be a little more difficult, but there are 
formulas for those too — which we’ll come to next. 


Rectangle: Square: 


Parallelogram: 


Use a formula to evaluate the area of this shape. 7 in. 
Solution 


2 itis 
Use the formula for the area of a rectangle. | 


Substitute in the values given in the question to evaluate the area. 


A=Ilw=T in. x 2 in. = 14 in? 


You can also rearrange the formulas to find a missing length: 


Find the height of a parallelogram of area 42 cm? and base length 7 cm. 
Solution 


Rearrange the formula for the area of a parallelogram, and substitute. 
A=bh 


ee \ Ab 
b ob 
h 


& Guided Practice 


1. Find the area of a square of side 2.4 m. 


2. Find the length of a rectangle if it has area 30 in’, and width 5 in. 


Section 3.1 — Perimeter, Circumference, and Area 


Don't forget: 


The height you use for 
working out the area of a 
triangle is the vertical height 
and not the length of a side. 
This vertical height is often 
called the altitude. 


Don't forget: 

1 
Multiplying bys is the same 
as dividing by 2. 


Check it out: 


Splitting the trapezoid into two 
triangles isn’t the only way — 
it’s just the easiest. You will 
get the same answer if you 
split it into two triangles and a 
rectangle, for example. 


The Area of a Triangle is Half that of a Parallelogram 


The area of a triangle is half the area of a parallelogram that has the 
same base length and vertical height. 


height w) /\t \ /— L/ Drei (h) 


Base (b) base (@ (b) 


Area of triangle = ; * area of parallelogram 


| 


= 5 (base x height) 


ae 
= 35h 


Find the base length of the triangle opposite if it 
has an area of 20 in’ and a height of 8 in. 


8 in 

Solution 
Rearrange the formula for the area to give an expression @—> 
for the base length of the triangle. b in. 

A= Sh 

2 

2A=bh Multiply both sides by 2 

2A h 2A - : i 

—— = b. Sob= s Divide both sides by the height (/) 


Now substitute in the values and evaluate to give the base length. 
b =(2x 20)+ 8 =S in. 


&% Guided Practice 
3. Find the area of a triangle of base length 3 ft and height 4.5 ft. 


4. Find the base length of a triangle with height 50 m and area 400 m’. 


Break a Trapezoid into Parts to Find its Area 


The most straightforward way to find the area of a trapezoid is to split it 
up into two triangles. You then have to work out the area of both 
triangles and add them together to find the total area. 

base pada 2 (B,) 


base of triangle 1 peste) 


Notice that both triangles have the same height but different bases. 


Section 3.1 — Perimeter, Circumference, and Area Wykyé 


Check it out: 


Taking out the common factor 
uses the distributive property 
that you learned about in 
Chapter 1 (see p8). 


Don't forget: 

It’s always best to draw a 
diagram before attempting to 
solve an area question. 

It's easy to make mistakes 
otherwise. 


Now try these: 


Lesson 3.1.2 additional 
questions — p443 


Round Up 


So, the area of the trapezoid is the sum of the areas of each triangle. 


Area of trapezoid = area of Triangle | + area of Triangle 2 
Area of trapezoid = x bh a x bah 2 


1 
Take out the common factor of gh to give: 


Area of trapezoid = 5 hb, a Bs) 1 


Example ; 4 


12 ft 
Find the area of the trapezoid shown. 


Solution 8 ft 
Area of trapezoid = 5 h(b, + b,) 


30 ft 


Substitute in the values given in the question and evaluate. 


Area of trapezoid = 5 x 8 ft x (12 ft + 30 ft) = 5 * 8 ft x 42 ft = 168 fe 


& Guided Practice 


Find the areas of the trapezoids in Exercises 5—8, using the formula. 


2 5 in. 6. 20 cm 7. 1.1m 8. 105 ft 
ic 
10 in. 4 cm 15m 245 ft 


Vi Independent Practice 


Find the area of each of the shapes in Exercises 1-6. 


1. 
Dain 
_—= 4.5 ft 
Ss H 
‘| 7S TA 
a 


7. Miguel wants to know the area of his flower bed, 
shown opposite. Find the area using the correct 3.1 m|'! 
formula. 


later you'll use these formulas to tind the areas of irregular shapes. Make sure you practice all this 
stuff so that you're on track for the next few Lessons. 


Section 3.1 — Perimeter, Circumference, and Area 


California Standards: 


Measurement and 
Geometry 2.1 

Use formulas routinely for 
finding the perimeter and 
area of basic two- 
dimensional figures, and the 
surface area and volume of 
basic three-dimensional 
figures, including rectangles, 
parallelograms, trapezoids, 
squares, triangles, circles, 
prisms, and cylinders. 


What it means for you: 


You'll find the circumference 
and area of circles using 
formulas. 


Key words: 

* pi (7) 

* radius 

* diameter 

* irrational number 
* circumference 


Check it out: 


Circles are not polygons — 
they don't have any straight 
sides. 

A circle is formed from the set 
of all points that are an equal 
distance from a given center 


Check it out: 


There’s a special x button on 
your calculator that will allow 
you to do very precise 
calculations. Otherwise, use 
the approximate values of 


22 
3.14 or > in your 
calculations. 


Circles 


You've already met the special irrational number tor “pi”. 
Now you're going to use ft to tind the circumference and area of circles. 


Circles Have a Radius and a Diameter 


The distance of any point on a circle from the center is called the radius. 


The distance from one side of the circle to the other, through the center 
point, is called the diameter. 


Notice the diameter is always twice the radius. 


ee 

% 
a 
o. 


If a circle has a diameter of 4 in., what is its radius? 


Solution 
Use the formula: d= 2r. 


d 
Rearrange to give rin terms of d,so r= a 


Substitute d from question: r= 4 + 2 = 2 in. 


(% Guided Practice 


1. Ifa circle has a radius of 2 in., what is its diameter? 


2. A circle has a diameter of 12 m. What is its radius? 


Circumference is the Perimeter of a Circle 


The circumference is the distance around the edge of a circle. 
This is similar to the perimeter of a polygon. 


There’s a formula to find the circumference. 


Because the diameter = 2 = radius, 
Circumference = 2 x 7 x radius 


Section 3.1 — Perimeter, Circumference, and Area Wyk) 


Check it out: 


tis the ratio between the 
circumference and the 
diameter of a circle. 

For any size of circle: 
circumference + diameter = 1. 


Find the circumference of the circle below. Use the approximation, 


mt = 3.14. a 


Use the formula that has diameter in it. 


Solution 


Substitute in the values and evaluate with your calculator. 
C= 1d = 3.14 x 12 cm = 37.68 cm = 37.7 cm. 


& Guided Practice 


Find the circumference of the circles in Exercises 3—6. 


Check it out: 3. 4. 10cm 5, 6. LB, 
There are two formulas for [Nase 
the circumference. If you’re Ce 
given the radius in the 


question, use C = 2rr, if 
you’re given the diameter, 


Gea ey 7. Find the radius of a circle that has a circumference of 56 ft. 


8. Find the diameter of a circle that has a circumference of 7 m. 


The Area of a Circle Involves 7 Too 


The area of a circle is the amount of surface it covers. 


The area of a circle is related to 7 — just like the circumference. 


There’s a formula for it: 
Check it out: 


mis the ratio between the 
area and the square of the 
radius. 

For any size of circle: 


area = (radius)* = 1 


Find the area of the circle opposite, using 1 = 3.14. 
Solution 
Use the formula: A = zr’ 


Substitute in the values and evaluate the area 
A=3.14 x (12 ft) =3.14 x 144 f? = 452.16 ft? = 452 ft’ 


Section 3.1 — Perimeter, Circumference, and Area 


Don't forget: 


r=rxr, not 2r. 


Don't forget: 


You don’t use the diameter in 
area problems, so it’s useful 
to make sure you find the 
radius before attempting any 
other calculations. 
Remember, the radius is half 
the diameter. 


Now try these: 


Lesson 3.1.3 additional 
questions — p443 


Round Up 


If you know the area of a circle you can calculate its radius: 
Example ; 4 


The area of a circle is 200 cm”. What is the radius of this circle? 
Use 1 = 3.14. 


Solution 


The question gives the area, and you need to find the radius. This means 
rearranging the formula for the area of a circle to get r by itself. 


A=ar 


A 
= r Divide both sides by 1 
A 
r= = Take the square root of both sides 


r= 200 = /63.7~=8cm Substitute in the values 
1 and find the radius 


(% Guided Practice 


9. Find the area of a circle that has a diameter of 12 in. 
10. Find the area ofa circle that has a radius of 5 m. 


11. Ifa circle has an area of 45 in’, what is its radius? 


Vi Independent Practice 


In Exercises 1—3, find the area of the circles shown. 
1. (“) 2. oS 3. 
r=8m d=2 in. C=45 cm 


4. Find the circumference and area of a circle with a diameter of 6 m. 


QO ft 


5. Lakesha has measured the diameter of her new 
whirlpool bath as 20 ft. Find its surface area. 


6. Find the circumference of the base of a glass with a 1.5 inch radius. 
7. Find the area of the base of the glass in Exercise 6. 


8. A circle has an area of 36 cm?. Find its radius and circumference. 


This Lesson /s all about circles, and how to tind their circumferences and areas. There are a few 
formulas that you need to master — make sure you practice rearranging them. 


Section 3.1 — Perimeter, Circumference, and Area — 


Areas of Complex Shapes 


You ve practiced finding the areas of regular shapes. Now youre going 
to use what you've learned to find areas of more cornplex shapes. 


California Standards: 


Measurement and 


Geometry 2.2 ; 
Estimate and compute the Complex Shapes Can Be Broken into Parts 


area of more complex or 


irregular two- and three- There are no easy formulas for finding the areas of complex shapes. 
dimensional figures By However, complex shapes are often made up from simpler shapes that 
breaking the figures down . 

into more basic geometric you know how to find the area of. 


ee To find the area of a complex shape you: 


What it means for you: 
You'll use the area formulas 


for regular shapes to find the 
areas of more complex 


1) Break it up into shapes that you know how to find the area of. 
2) Find the area of each part separately. 


shapes. 3) Add the areas of each part together to get the total area. 
Key words: Shapes can often be brokenup  .——=> | 
* complex shape in different ways. : 
* addition : 
SUGHACHOn Whichever way you choose, [emueat 
you'll get the same total area. = <——> | Se ie 
—= ™~{ 
—] 
; em : 


Find the area of this shape. 


Don't forget: 


Areas should always have a 
squared unit. Check what it 
should be and make sure 
your answer includes it. 


2cm 


Solution 
3.2 cm 
Split the shape into a rectangle and a triangle. 


< > 


Check it out: 


You could also have split the 
shape into a rectangle anda 


trapezoid. . 
As 
a 


You get the same answer 
however you split the shape. 


B 


Area A is a rectangle. 
Area A = bh =5 cm <X 2 cm= 10 cm’. 


Area B is a triangle. 
Area B =5bh — : x 2cm x 1.8 cm = 1.8 cm’. 


Total area = area A + area B= 10 cm? + 1.8 cm? = 11.8 cm? 


Section 3.1 — Perimeter, Circumference, and Area 


(% Guided Practice 


1. Find the area of the complex shape below. 


SOG 
Sa 
Don't forget: 
It's easy to count some 18 ft 
pieces of the shape twice. 
Always draw the shape split oe 18 ft 
into its parts first so you know 30 ft 
exactly what you’re dealing 
with. < > 
32 ft 


You Can Find Areas by Subtraction Too = 


So far we’ve looked at complex shapes where you add together the areas 
of the different parts. 


For some shapes, it’s easiest to find the area of a larger shape and 
subtract the area of a smaller shape. 


Check it out: 


Most problems can be solved Find the shaded area of this shape. Dei 

by either addition or A 
subtraction of areas. : 10 cm {8 | 

Use whichever one looks Solution 5cm 


simpler. First calculate the area of rectangle A, 
then subtract the area of rectangle B. 
Area A = lw = 20 x 10 = 200 cm? 
Area B= lw =5 x 2=10 cm’ 

Total area = area A — area B = 200 cm? — 10 cm’ = 190 cm? 


20 cm 


Since there are many stages to these questions, always explain what 
youre doing and set your work out clearly. 


Find the shaded area of this shape. 


Solution 

First calculate the area of triangle A, 

then subtract the area of triangle B. 
1 


1 
Area A = 3 Oh = 5 * 54 ft x 23 ft = 621 ft? 


1 1 
Area B= 5 bh= 5x 12 ftx 7 ft= 42 ft’ 


Total area = area A — area B = 621 ft? — 42 ft? = 579 ft? 


Section 3.1 — Perimeter, Circumference, and Area ys} 


&% Guided Practice 


Use subtraction to find the areas of the shapes in Exercises 2-4. 


2 a et 4. 
: 100 in. 7 
lm 30 in. po in 
> 30 in. 
3m 


vf Independent Practice 


Use either addition or subtraction to find the areas of the following 


shapes. een 
1. Zz: 
3 cm| 
8 cm 5 cm 
3. 4, 100 ft 


5. Damion needs his window frame replacing. If the outside edge of 
the frame is a rectangle measuring 3 ft x 5 ft and the pane of glass 
inside is a rectangle measuring 2.6 ft by 4.5 ft, what is the total area of 
the frame that Damion needs? 


6. Aisha has a decking area in her backyard. Find its area, if the deck 
is made from six isosceles triangles of base 4 m and height 5 m. 
Now try these: 


Lesson 3.1.4 additional , 
questions — p444 7. Find the area of the 


metal bracket opposite. 4 i. 


Round Up 


You can find the areas of complex shapes by splitting ther up into shapes you know formulas for — 
squares, rectangles, triangles, trapezoids, parallelograms... Take care to include every piece though. 


Section 3.1 — Perimeter, Circumference, and Area 


California Standards: 


Measurement and 
Geometry 2.2 

Estimate and compute the 
area of more complex or 
irregular two- and three- 
dimensional figures by 
breaking the figures down 
into more basic geometric 
objects. 


What it means for you: 
You'll find the areas of 
complex shapes by using the 
area formulas for simple 
shapes, including those for 
circles and trapezoids, and 
you'll also find perimeters of 
complex shapes. 


Key words: 


* sector 

* semicircle 

* circle 

* complex shapes 
* trapezoid 


Don't forget: 


If you’re given the diameter 
of acircle in an area 
question, you need to halve it 
to find the radius before using 
the area formula. 


Don't forget: 


A little square in a corner 
means that the angle is a 
right angle. 


UI 


More Complex Shapes 


In the last Lesson you found the areas of complex shapes by breaking 
ther down into rectangles and triangles. Cormplex shapes can 
sometimes be broken down into other shapes — such as parts of 
circles or trapezoids. That’s what you'll practice in this Lesson. 

You'll also look at finding the perimeters of complex shapes. 


Complex Shapes Can Contain Circles 


Some complex shapes involve circles, or fractions of circles. 


To calculate the area, you first have to decide what fraction of the full 
circle is in the shape — for example, a half or a quarter. 


Once you know what fraction of the circle you want, find the area of the 
whole circle, and then multiply that area by the fraction of the circle in the 
shape. For example, a semicircle has half the area of a full circle. 


Find the area of the complex shape opposite. 


Solution Gin 
Split the shape into a semicircle and a rectangle. 
<—> 


5 in. 


The semicircle has half the area of a full circle, and 
has a diameter of 5 in. This means its radius is 2.5 in. 


Area of full circle = mr? = 1 x (2.5 in)? = x 6.25 = 19.6 in? 
Area of semicircle = 0.5 x area of full circle 
=0.5 x 19.6 in? = 9.8 in? 
Area of rectangle = /w = 5 in. x 6 in. = 30 in’ 
Total area = area of semicircle + area of rectangle = 9.8 in? + 30 in? 


Total area = 39.8 in? 


(&% Guided Practice 


1. Find the area of the complex shape opposite. 


Section 3.1 — Perimeter, Circumference, and Area — 


Look Out for Trapezoids and Parallelograms Too 


Some complex shapes need to be broken into more parts than others. 
Often it’s not obvious what the best way to break them up is. 


If you only look for triangles and rectangles you could miss the easiest way 
to solve the problem — look out for trapezoids and parallelograms too. 


Find the area of the complex shape below by breaking it down into 


Don't forget: 
trapezoids. 


If you see a problem that 
looks too tricky, don’t panic! 
Break it down into small 
manageable chunks, instead 
of attempting the whole thing 
right away. 


a 
0.3 ft’ lft O.7 ft 0.8 ft 


Solution 


The equation for the area of a trapezoid is A = 5 hb, +B, ). 


Area of trapezoid A = 5 x 0.3 ft (2.5 ft-+4 ft) = 0.975 ft 


x1 ft x (4 +2.5 ft) = 3.25 FP 


Ne 


Area of trapezoid B = 
Area of trapezoid C = 5 x 0.7 ft x (2.5 ft + 3.5 ft) =2.1 ft 


Area of trapezoid D = 5 x 0.8 ft x 3.5 ft+2.5 ft) =2.4 ft 


Total area = 0.975 ft?+3.25 ft? + 2.1 ft? + 2.4 ft? = 8.725 ft? 


& Guided Practice 


2. Find the area of the complex shape below. 


4cm 
15cm 


10 cm 


7cm 3cm 17 cm 


Section 3.1 — Perimeter, Circumference, and Area 


Finding the Perimeter of Complex Shapes 


The perimeter is the distance around the edge of a shape. 


To find the perimeter of a complex shape, you need to add the lengths of 
each side. 


It’s likely that you won’t be given the lengths of all the sides, so you may 
need to find some lengths yourself — for example, the circumference of a 
semicircle, which is half the circumference of a full circle. 


Find the perimeter of the complex shape opposite. 


Don't forget: Some 6 in 
Remember — don’t include 
the lengths of sides that 
don’t form the outline of the 
final shape. For example, 
the fourth side of the 
rectangle isn’t included here. 


The circumference of a semicircle is half the 

circumference of a full circle of the same radius. Sl 
5 os 1 : : 

Circumference of semicircle = ie circumference of full circle 


= 5nd= > x mx 5 in. =7.85 in. 


Perimeter of 3 sides of rectangle = 6 in. + 5 in. + 6 in. = 17 in. 
Total perimeter = circumference of semicircle + perimeter of rectangle. 


Total perimeter = 7.85 in. + 17 in. = 24.85 in. 


Don't forget: (&% Guided Practice 


Perimeter has units of length 


(for example, feet). Area has 3. Find the perimeter of the shape below. 


units of length squared (for 3 in. 
example, ft?). = > 
lin : 
[? in. 
ALS) ili, jen 
<_—__—— 
on, 


4. Davina has made a flower shape out of some 
wood by cutting out a regular pentagon and 
sticking a semicircle to each side of the 
pentagon, as shown. She wants to make a 
border for her shape by sticking some ribbon 
all around the edge. Find the length of ribbon 
that Davina will need. 


Section 3.1 — Perimeter, Circumference, and Area Wyee¥é 


Vf Independent Practice 


1. Kia’s swimming pool is rectangular in —20m___., 


shape with a circular wading pool atone {10m 
corner, as shown. Find the total surface area 

of Kia’s pool and the distance around the 

edge. 


15m 


2. Find the area of the face of the castle below (don’t include the 
windows). Assume that all the windows are the same size and that all 
the turrets are the same size, and evenly spaced. 100 ft 

i 


440 ft 


3. Find the area of the button shown below if each hole has a diameter 
of 0.1 in. and the button has a diameter of 1.2 in. 


Check it out: 


If there is a rectangle 
overlapping a circle, always 
try to find the area of the 
rectangle, then the area of 
the rest of the circle. You'll 
get in a mess if you try to 
solve it the other way around! 


4. T.J. has five friends coming to his 13th birthday 
party. He bakes a cake that is 12 inches in diameter. 
At the party, T.J. and his friends divide the cake equally 
between them, into identically shaped slices, as shown. 
Find the perimeter and area of the base of each slice of cake. 


5. Find the perimeter and area of the shape below. 
Now try these: 


Lesson 3.1.5 additional 
questions — p444 


Round Up 


Now you know everything you need to know about finding the area and perimeter of cormmplex shapes. 
The first step /s to look at the shape and decide on the easiest way to break it up into simple shapes. 


Section 3.1 — Perimeter, Circumference, and Area 


Section 3.2 introduction — an exploration into: 


Coordinate 4-in-a-row 


Ordered pairs are used to represent points on the coordinate plane. The goal of this game /s to 
get as many points in a line as possible — the lines can be vertical, horizontal, or diagonal. 
You score for each row of four or more points that you make — the scoring system is below. 


Scoring System 
4-in-a-row 1 point 
5-in-a-row 2 points 
6-in-a-row 3 points 

(or more) 


You need part of a coordinate plane, like shown. 
Players take turns calling out coordinates. 


For example: 


Player | (x): (4, 2) — right 4, up 2. 
Player 2 (@): (9, 3) — right 9, up 3. 
Player 1 (x): (5, 3) — right 5, up 3. 
Player 2 (@): (6, 4) — right 6, up 4. 
Player 1 (x): (3, 1) — right 3, up 1. 


Now, Player | needs to get (2, 0) to 
get 4-in-a-row and score 1 point. 2985 67 8 9 
But it’s Player 2’s turn next, and if they choose 
(2, 0), they’ll block the point. 


or oO onN DO ©O 
| 


oO — 


After a while, your coordinate plane will look a bit like this: 


Player 1 (x) has 4 points in total so far and 
Player 2 (@) has 3 points so far. 
So Player 1 is winning at the moment. 


m+ 
Lf 4 
ms 


If a player calls out a point that’s already taken, or plots a 
different one to that which they called, they lose their turn. 


le je_e e@ 


VA Exercises 


1. Play the game with another person. The person whose birthday is next goes first. 


2. Play the game again. This time, players are allowed to pick two points in each turn. 


Round Up 


You can pinpoint a certain place on the coordinate plane using a pair of coordinates, and by 
plotting several points you can form a straight line. 


Section 3.2 Exploration — Coordinate 4-in-a-row §P%) 


California Standards: 


Measurement and 
Geometry 3.2 

Understand and use 
coordinate graphs to plot 
simple figures, determine 
lengths and areas related to 
them, and determine their 
image under translations and 
reflections. 


What it means for you: 


You'll see how to use a grid 
system to plot numbered 
points. 


Key words: 
* coordinate 

* x-axis 

* y-axis 

* quadrant 


Check it out: 


Coordinates are sometimes 

called ordered pairs. 

This means that the order of 
the numbers matters — 

(1, 2) is different from (2, 1). 


Section 3.2 


Plotting Points 


When you draw a graph you draw it on a coordinate plane. 

This (s a flat grid that has a horizontal axis and a vertical axis. 
You can describe where any point on the plane /s using a palit of 
numbers called coordinates. 


You Plot Coordinates on a Coordinate Plane 


The coordinate plane is a two-dimensional (flat) area where points and 
lines can be graphed. 


y-axis 
y 


X-axis ~, 


origin 


The plane is formed by the intersection of a vertical number line, or 
y-axis, and a horizontal number line, or x-axis. They cross where they 
are both equal to 0 — a point called the origin. 


Coordinates Describe Points on the Plane 


The x and y coordinates of a point describe where on the plane it lies. 
The coordinates are written as (x, y). 


x-coordinate —, _— y-coordinate 


9 


When you plot points on the coordinate plane you plot them in relation to 
the origin, which has coordinates of (0, 0). 


¢ The x-coordinate tells you how many spaces along the x-axis to go. 
Negative values mean you go left. 
Positive values mean you go right. 


¢ The y-coordinate tells you how many y 
spaces up or down the y-axis to go. 
Positive values mean you go up. 
Negative values mean you go down. 


So a point with the coordinates (2, -3) => 
will be two units to the right of the 
origin, and three units below. 


Section 3.2 — The Coordinate Plane 


Check it out: 


A positive x-coordinate tells 
you to move right along the 
x-axis, while a negative 
x-coordinate tells you to move 
left along the x-axis. 

A positive y-coordinate tells 
you to move up the )-axis, 
while a negative y-coordinate 
tells you to move down the 
y-axis. 


Plot the point with the coordinates (3, 4). 


Solution 
Step 1: start at the origin, (0, 0). 


y 
Step 2: move right along 
the x-axis 3 units. 2 
ot 
0 x| 
Step 3: now move straight up = 
4 units and plot the point. =2 


When you are reading the coordinates of a point on a graph you can use 
the same idea. 


What are the coordinates of point A? 


Solution 
Start at (0, 0). To get to point A on the graph you need to move 2 units 
to the left. So the x-value of your coordinate is —2. 

Then you need to go 2 units straight up. So the y-value is 2. 


The coordinates of the point A are (—2, 2). 


& Guided Practice 


Plot and label each of the coordinate pairs in Exercises 1-6 ona 
coordinate plane. 


1. (1, 4) DO =e) 
eu) 4. (-4, 2) 
5. (0, 3) 6. (-4, 0) 


Section 3.2 — The Coordinate Plane i 


The Coordinate Plane is Divided into Four Quadrants 


The x-axis and y-axis divide the coordinate plane into four sections. 
Each of these sections is called a quadrant. The quadrants are represented 
by Roman numerals, and are labeled counterclockwise. 


The signs of the x and y values are different in each quadrant. 
For instance, in quadrant I both the x and y values are positive. 
But in quadrant II the x value is negative and the y value is positive. 


You can tell which quadrant a point will fall in by looking at the signs of 
the x and y coordinates. 


Which quadrant is the point (1, —4) in? 


Solution 
The x-value is 1. This is positive, so the point must be in quadrant I or IV. 
The y-value is 4. This is negative, so the point must be in quadrant IV. 


The point (1, —4) is in quadrant IV. 


Check it out: 


A point that is on either the 
x-axis or the y-axis is not in 
any of the quadrants. 


Example 


Which quadrant is the point (—3, —6) in? 


Solution 


Both coordinates are negative, so the point (—3, —6) is in quadrant ITI. 


Section 3.2 — The Coordinate Plane 


(% Guided Practice 


In Exercises 7-14 say which quadrant the point lies in. 


7s 3) ie =) 
9. (7, -2) 10. (-3, 6) 
es) 1252.2) 

135Cles.2 5) 141) 


{% Independent Practice 


In Exercises 1—6 say which quadrant the point is in. 


11) 24-1) 
Bin) 421) 
5. (3, -2) 6. (61, 141) 


7. Do the coordinate pairs (—3, 4) and (4, —3) correspond to the same 
point on the plane? 


Plot each of the points in Exercises 8-13 on a coordinate plane. 


8. (0, 0) 9. (3, 2) 
10. (2, -3) 11. 3, 4) 
125(1, 2) 13. (0, 4) 


14. Sophie and Jorge are playing a game. Sophie marks out a 
coordinate plane on the beach, and buries some objects at different 
points. Jorge has to use the map below to find the objects. 


Now try these: 


Lesson 3.2.1 additional 
questions — p445 


a) What are the coordinates of the keys? 

b) What are the coordinates of the baseball cap? 

c) What are the coordinates of the apple? 

d) How many units are there between the keys and the flashlight? 

e) How many units are there between the baseball mitt and the keys? 


Round Up 


Coordinates allow you to describe where points are plotted — they're written as pairs of numbers, 
such as (1, —5). The first number tells you the horizontal or x-coordinate. The second tells you the 
vertical or y-coordinate. Plotting points on coordinate planes is a big part of drawing graphs, and 
will be used a lot in the rest of this Chapter and in the next Chapter. 


Section 3.2 — The Coordinate Plane Wykx 


Drawing Shapes on 
the Coordinate Plane 


California Standards: 
Measurement and In the last Lesson you saw how to plot points on the coordinate plane. 


Geometry 3.2 

Understand and use 
coordinate graphs to plot 
simple figures, determine 
lengths and areas related to 
them, and determine their 
image under translations and 
reflections. You can draw a shape on the coordinate plane by plotting points and 


joining them together. The coordinates are the corners of the shape. 


If you plot several points and then join them up, you get a shape. 


You Can Make Shapes by Joining Points 


What it means for you: 
You'll see how to draw 
shapes on a grid by plotting 
points and joining them. 

Plot the shape ABCD on the coordinate plane, where A is (3, 2), 
B is (3, —3), C is (-2, —3), and D is (2, 2). 

Name the shape you have drawn. 

Key words: 


* coordinate 
° area 
* perimeter 


Solution D 


Step 1: Plot and label the 
points A, B, C, and D. =a 


Step 2: Join the points in order. 
So A joins to B, B joins to C, C 
joins to D, and D joins to A. 


Check it out: 


You have to join the points in 
order. So pentagon DEFGH 
must have D joined to E, E 
joined to F, F joined to G, etc... 
If you joined the points in a 
different order you’d get a 
completely different shape. 


The shape has four sides of equal length and four right angles — 
so it’s a square. 


Check it out: 


You can tell something about vo Guided Practice 
the shape you’re drawing just 
from the number of 

coordinates you’re given. If shapes. 


you are only given three points 1.JKL 1G, 1) K, 3) LL, 1) 


to plot, the shape must be a 


Plot the shapes in Exercises 1-4 on the coordinate plane and name the 


triangle. If you are given four 2 ERG Ed2) FC =3) G(-3 =)) 

points, then it’s probably a : ; ‘ 

quadrilateral (though it could 3.RSTU R(-2,1) S@,1) T(3,-1) UC3,-1) 
be a triangle — if three of the 

points are in a line). 4.PQRS PI, 3) Qi, 3) RC, 0) Ss Gah 0) 
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Use the Shape’s Properties to Find Missing Points 


Sometimes you might be given a shape to graph with the coordinates of a 
corner missing. You can use the properties of the shape to work out the 
missing pair of coordinates. 


VWXY is a square on the coordinate plane, where V is (2, 2), W is 
(2, —-1), and X is (—1,—1). What are the coordinates of point Y? 


Solution 
First plot points V, W, and X and join them in order. 


You know that VWXY is a square. So it must have four equal-length 
sides that meet at right angles. The lines VW and WX are both 3 units 
long. So point Y must be 3 units left of V, and 3 units above X. 

Add it to the graph, and form the square. 


Now read the coordinates of Y from the graph: point Y is at (-1, 2). 


&&% Guided Practice 


Don't forget: 
In Exercises 5—8 find the missing point. 


An isosceles triangle is one 


that has at least two sides the = = 9 
same length and at least two 5. Square KLMN K(2, 2) L(2,2) MQ, -2) NCQ, 2) 
angles of equal measure. 6. Rectangle CDEF Cd.3) DdL=1), EEX 1) FC.) 


7. Parallelogram ABCD AC3,-2) BCU,-2) C3,1) D(?, ?) 
8. Isosceles triangle RST R(1,-2) S@,1) T(?, ?) 


Section 3.2 — The Coordinate Plane i 


Don't forget: 


If you need a reminder, then 
all the perimeter formulas that 
you might need are in Lesson 
3.1.1. All the area formulas 
that you might need are in 
Lesson 3.1.2. 


Don't forget: 


The bars around the 
calculation here show that the 
absolute value is being 
calculated. 

This means it doesn’t matter 
which coordinate you subtract 
from which — you'll always get 
the correct, positive answer. 


Find Lengths Using Absolute Value 


Once you’ve plotted a shape on the coordinate plane you can find out 
its area or perimeter using the formulas that you saw in Section 3.1. 


But first you’ll need to find some lengths on the coordinate plane — 
such as the side lengths of the shapes. 


You could do this by counting squares on the diagram. Another way of 
doing this is to use x- and y-coordinate values. 


This is shown in the example below. 


Plot the rectangle WXYZ on the coordinate plane, where W is (—1, 1), 
X is (4, 1), Y is (4, —2), and Z is (—1, —2). 
What are the perimeter and area of WXYZ? 


Solution 


First plot WX YZ on the 
coordinate plane. 


(4, 1) 


To find the perimeter and area, you 
need to know the width and the length. 


(4, -2) 


The sides WX and YZ give the length. They’re the same, so find either. 
To find the length (/) using side WX, subtract the x-coordinate of W 
from the x-coordinate of X: 


I= |4—(-D] =5. 
Sides WZ and XY give the width. They’re the same, so find either. 


To find the width (w) using side XY, subtract the y-coordinate of 
Y from the y-coordinate of X: 


w= |l- (-2)| =3. 

Now just plug the length and width values into the formulas for 
perimeter and area. 

Perimeter of WXYZ = 2(/ + w) = 2(5 + 3) = 16 units 

Area of WXYZ =/1¢ w=5°3 = 15 units” 


Section 3.2 — The Coordinate Plane 


&% Guided Practice 


9. What is the perimeter of square ABCD, where A is (1, 1), 
Bis G,. 1), Cis, 3); and Di 1s\(1,3)? 


10. What are the perimeter and area of rectangle EFGH, where 
E is (-2, 1), F is (G, 1), Gis G, —2), and H is (2, -2)? 


11. What is the area of triangle JKL, when J is (—1, —3), K is (3, —3), and 
L is (1, 0)? 


(% Independent Practice 


Plot and name the shapes in Exercises 1—3 on the coordinate plane. 
1.ABC A(2,3) B(3,-3) C2, -1) 


2.TUVW T(4,-1) U(0,-1) V(0O,2) W¢(4, 2) 

3.EFGH E(-2,-2) F(-1,0) G(1,0) H(Q,-2) 

4. Anthony is marking out a pond in his yard. It is going to be 
perfectly square. He is marking it out on a grid system, and has put 


the first three marker stakes in at (1, —3), (-1, 1), and (3, 1). 
At what coordinates should he put in the last stake? 


In Exercises 5—7, find the missing pair of coordinates. 

5. Square CDEF C(1,2) D(4,2) E(4,-1) F(, ?) 
6. Rectangle TUVW T-3,3) U?2,3) V2,-2) WC, ?) 

7. Parallelogram KLMN_  K(1,0) L(2,0) M@C1,2) N(?, ?) 

8. What is the perimeter of rectangle BCDE, where B is (—2, 4), 

C is (3, 4), D is (3, 2), and E is (2, 2)? 

9. What is the area of triangle JKL, where J is (1, 2), K is (4, —-1), and L 


is (7,—1)? 
10. What are the area and perimeter of rectangle PQRS, where P is 
Now try these: (0, 0), Q is (3, 0), R is (3, —2), and S is (0, —2)? 


Lesson 3.2.2 additional 


qucetionse. o44s 11. A school has decided to set aside an area of their playing field as a 


nature reserve. A plan is made using a grid with 10-feet units. 
The coordinates of the corners of the area set aside are (0, 0), (4, 0), 
(2, —2), and (—2, —2). What area will the nature reserve cover? 


Round Up 


Drawing shapes on the coordinate plane just means plotting their corners trom coordinates and 

Joining them together. You can even use the known properties of some shapes to figure out the 
coordinates of any missing corners. Once you've got the shapes plotted, you can use the standard 
formulas to work out their perimeters and areas. 


Section 3.2 — The Coordinate Plane Wabyé 


Section 3.3 introduction — an exploration into: 


Measuring Right Triangles 


There's a special relationship between the leg-lengths and the hypotenuse-length in a right 
triangle. The purpose of the Exploration fs to discover this relationship. 


The hypotenuse of a right triangle is the side directly across from the right-angle. The other 
sides are called legs. Some right triangles are shown below with their hypotenuses labeled. 


~ hypotenuse 


hypotenuse (> 


. 2 
“ hypotenuse 


On grid paper, draw a right triangle. Measure the length of each leg and the length of the 
hypotenuse. 
Solution 


You can draw any triangle, as long as it has a right-angle. Z3cm| -O.cm <x hypotenuse 
Legs = 2 cm and 3 cm 
Hypotenuse = 3.6 cm 2¢m 


VA Exercises 


. Draw 5 right triangles on grid paper. Label them A-E. Then label the hypotenuse on each. 


. For each right triangle, measure the length Triangle | Leg1(cm) | Leg 2(cm) | Hypotenuse (cm) 
of each leg and the length of the hypotenuse. | Example 
Measure in centimeters and record your 
measurements in a copy of this table. 


. Explain how the length of a right triangle’s hypotenuse compares to the lengths of its legs. 
. Explain how the sum of the legs of each right triangle compares to the hypotenuse length. 


. Add three new columns to your table, like this: 


Leg 1 (cm) | Leg 2 (cm) | Hypotenuse (cm) | Leg 1 squared | Leg 2 squared | Hypotenuse squared 
feome[ 2 [ es [| s [| 4 | « [| «© | 


Complete these columns, and then compare the squared side lengths for each triangle. 
What patterns do you notice? 


Round Up 


You should now have discovered how the leg-lengths of a right triangle are related to the hypotenuse- 
length. This is known as the Pythagorean Theorem — you'll be using it in this Section. 


Eat:@ Section 3.3 Exploration — Measuring Right Triangles 


California Standards: 


Measurement and 
Geometry 3.3 


Know and understand the 
Pythagorean theorem and 
its converse and use it to find 
the length of the missing side 
of a right triangle and the 
lengths of other line 
segments and, in some 
situations, empirically 
verify the Pythagorean 
theorem by direct 
measurement. 


What it means for you: 
You'll learn about an equation 
that you can use to find a 
missing side length of a 

right triangle. 


Key words: 


¢ Pythagorean theorem 
¢ right triangle 

* hypotenuse 

* legs 

* right angle 


Check it out: 


A right angle is an angle of 
exactly 90°. In diagrams, a 
right angle is shown as a 
small square in the corner like 


this: 
_d 


Any other angle is shown as a 
piece of a circle like this: 


mia 


Section 3.3 


The Pythagorean Theorem 


You will have come across right triangles before — they're just 
triangles that have one corner that’s a 90° angle. Well, there’s a 
special formula that links the side lengths of a right triangle — 
it comes from the Pythagorean theorem. 


The Pythagorean Theorem is About Right Triangles 


A right triangle is any triangle that has a 90° angle (or right angle) as one 
of it corners. You need to know the names of the parts of a right triangle: 


The hypotenuse is the 
longest side of the triangle. 
It's the side directly 
opposite the right angle. 


The other two sides 
of the triangle are 
called the legs. 


In diagrams of right triangles, the hypotenuse is usually labeled as c, and 
the two legs as a and b. It doesn’t matter which leg you label a, and which 
you label b. 


(% Guided Practice 


Complete the missing labels on the diagram. 
= 
3. 
—— 


In Exercises 4—7 say which side of the right triangle is the hypotenuse. 
4. 3s 


Il Ill 


= 


Ti Ill 


Section 3.3 — The Pythagorean Theorem — 


The Theorem Links Side Lengths of Right Triangles 


Pythagoras was a Greek mathematician who lived around 500 B.C. 
A famous theorem about right triangles is named after him. It’s called 
the Pythagorean theorem: 


This all sounds very complicated, but it’s not so bad once you know what it 
actually means. 


Look again at the right triangle. Now add three squares whose side lengths 
are the same as the side lengths of the triangle: 


What the Pythagorean theorem is saying is that the area of the red square is 
the same as the area of the blue square plus the area of the green square. 


So this is what the Pythagorean theorem looks like written algebraically: 


It means that if you know the lengths of two sides of a right triangle, 
you can always find the length of the other side using the equation. 


Section 3.3 — The Pythagorean Theorem 


Don't forget: 


It's really important to 
remember that the 
Pythagorean theorem only 
works on right triangles. 

It won’t work on any other 
type. 


You Can Check the Theorem Using a Right Triangle 


You can check for yourself that the theorem works by measuring the side 
lengths of right triangles, and putting the values into the equation. 


Use the right triangle below to verify the Pythagorean theorem. 


Solution 

a = 3 units b=4 units c=5 units 
C=e+P 

52= 32+ 42 

25=9+ 16 

25=25 


& Guided Practice 


ts ; 
.4 units 


9] units 


Section 3.3 — The Pythagorean Theorem RIy} 


{% Independent Practice 


In Exercises 1—3 say whether the triangle is a right triangle or not. 


In Exercises 4—6 say which side of the right triangle is the hypotenuse. 


Don't forget: U 
The hypotenuse is 
always the longest side 
of a right triangle. ur = ii 6. 
I ; | ¥ 
II II 


Use the triangles in Exercises 7—10 to verify the Pythagorean theorem. 


‘5 units 


1.25 “yh witt 2 uni 
0.75 units : 
Now try these: 


E 3.3.1 additional : : ; 

seine _ 0445 cig 11. Victor used the triangle shown on the right 
to try to verify the Pythagorean theorem. 
Explain why his work is wrong. 


Sas 21units 


Victor’s work: 
9? = 127+ 152 
81 =144+225 
81 =369 


Round Up 


The Pythagorean theorem describes the relationship between the lengths of the hypotenuse and the 
legs of a right triangle. [¢ means that when you know the lengths of two of the sides of a right 
triangle, you can always tind the length of the third side. You'll get a lot of practice at using it in the 


next few Lessons. 


Section 3.3 — The Pythagorean Theorem 


California Standards: 


Measurement and 
Geometry 3.2 


Understand and use 
coordinate graphs to plot 
simple figures, determine 
lengths and areas related to 
them, and determine their 
image under translations and 
reflections. 


Measurement and 
Geometry 3.3 

Know and understand the 
Pythagorean theorem and 
its converse and use it to 
find the length of the 
missing side of a right 
triangle and the lengths of 
other line segments and, in 
some situations, empirically 
verify the Pythagorean 
theorem by direct 
measurement. 


What it means for you: 


You'll see how to use the 
Pythagorean theorem to find 
missing side lengths of right 
triangles. 


Key words: 


¢ Pythagorean theorem 
* hypotenuse 

* legs 

* square root 


Don't forget: 


Finding the square root of a 
number is the opposite of 
squaring it. The symbol: V__ 
represents the positive square 
root of the number inside it. 
For more about square roots, 
see Section 2.6. 


Using the Pythagorean 
Theorem 


In the last Lesson, you met the Pythagorean theorem and saw how it 
linked the lengths of the sides of a right triangle. 


In this Lesson, you'll practice using the theorem to work out missing 
side lengths tn right triangles. 


Use the Pythagorean Theorem to Find the Hypotenuse 
If you know the lengths of the two legs of a right triangle you can use 
them to find the length of the hypotenuse. 


The theorem says that c? = a? + b’, where c is the length of the hypotenuse, 
and a and b are the lengths of the two legs. So if you know the lengths of 
the legs you can put them into the equation, and solve it to find the length 
of the hypotenuse. 


Use the Pythagorean theorem to find the length of the hypotenuse of the 
right triangle shown below. 


ecm 8cem 


Solution 
c=a+bh’ — First write out the equation 
c’ =6?+ 8’ Substitute in the side lengths that you know 
c? =36 +64 


c = 100 Simplify the expression 


c = ¥100 Take the square root of both sides 


c =10cm 


A lot of the time your solution won’t be a whole number. That’s because 
the last step of the work is taking a square root, which often leaves a 
decimal or an irrational number answer. 


Section 3.3 — The Pythagorean Theorem — 


Check it out: 


Before you start, it’s very 
important to work out which 
side of the triangle is the 
longest side — the 
hypotenuse. Otherwise you'll 
get an incorrect answer. 


Use the Pythagorean theorem to find the length of 


the hypotenuse of the right triangle shown. iy es 


Solution 


c =a’+b’ First write out the equation in 


c’ =1’+1* Substitute in the side lengths that you know 


c =1+1 
C= Simplify the expression 
c=V2m Cancel out the squaring by taking the square root 


If you do this calculation on a calculator, you’ll see that V2 m is 
approximately equal to 1.4 m. 


The Pythagorean theorem is also useful for finding lengths on graphs 
that aren’t horizontal or vertical. 


Find the length of the line segment KL. 


Solution 


Draw a horizontal and vertical line on the plane to 
make a right triangle — then use the method above. 


c =a’+b’ _ First write out the equation 
c? =3%+2? Substitute in the side lengths that you know 
c? =9-+4= 13 Simplify the expression 


c= V13 units ~ 3.6 units Cancel out the squaring by 
taking the square root 


(% Guided Practice 


Use the Pythagorean theorem to find the length of the hypotenuse in 
Exercises 13, 
1. 2. 3. 


§ units 15 units cmm 
c ft 


12 ft 


c units 


5 ft 


4. Use the Pythagorean theorem to find 
the length of the line segment XY. 


Section 3.3 — The Pythagorean Theorem 


You Can Use the Theorem to Find a Leg Length 


If you know the length of the hypotenuse and one of the legs, 
you can use the theorem to find the length of the “missing” leg. 
You just need to rearrange the formula: 


Don't forget: ) > , 
To keep an equation or b =C Subtract b* from both sides 
balanced, you have to do the a = C _ b? to get the a’ term by itself. 


same thing to both sides. 
Here b? is subtracted from 


each side. For a reminder on Remember that it doesn’t matter which of the legs you call a and which 
equations see Section 1.2. : 
you call b. But the hypotenuse is always c. 


Now you can substitute in values to find the missing leg length as you did 


with the hypotenuse. 
Example ; 4 
Find the missing leg length in this right triangle. ER ein 
3cm 
Solution a 
Caf tr First write out the equation 
ve=cC-bh Rearrange it 


= (58 yas Substitute in the side lengths that you know 
a =58-9 

a’ = 49 Simplify the expression 

a = 49 


a =7cm 


Take the square root of both sides 


(% Guided Practice 


thagorean th 
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(% Independent Practice 


Use the Pythagorean theorem to find the value of c in Exercises 1-5. 


1. De 
ccm 
12 
9cm 0.6 m 
3. 4, 5 
3.6 m cS m salen es 
1.5 cm ecm 
cm 
2 in 


6 7 
cay 4 feet 75m 
ii am 
a feet Noe 
8. acm 9. 10. 
45 units ; : 
cc 4.1 cm | 3 units 3 in. as a in. 
a units 19 in. 
11. Find the length of line AB. ; rR 
: B 
2 
1 


x 
OF ID SANS 


Now try these: 


Lesson 3.3.2 additional 12. Find the perimeter of quadrilateral ABCD. 
questions — p446 


Round Up 


The Pythagorean theorem ifs really useful for tinding missing side lengths of right triangles. 

If you know the lengths of both legs of a triangle, you can use the formula to work out the length of 
the hypotenuse. And if you know the lengths of the hypotenuse and one of the legs, you can 
rearrange the formula and use ft to work out the length of the other leg. 


Section 3.3 — The Pythagorean Theorem 


California Standards: 


Measurement and 
Geometry 3.3 


Know and understand the 
Pythagorean theorem and 
its converse and use it to 
find the length of the 
missing side of a right 
triangle and the lengths of 
other line segments and, in 
some situations, empirically 
verify the Pythagorean 
theorem by direct 
measurement. 


What it means for you: 


You'll see how the 
Pythagorean theorem can be 
used to find lengths in more 
complicated shapes and in 
real-life situations. 


Key words: 


¢ Pythagorean theorem 
¢ right triangle 

* hypotenuse 

* legs 

* right angle 


Check it out: 


When you use the 
Pythagorean theorem, it’s 
important to remember that 
the longest side of the right 
triangle is the hypotenuse. 
Your first step in any problem 
involving the Pythagorean 
theorem should be to decide 
which side is 

the hypotenuse. 


Applications of the 
Pythagorean Theorem 


In the last two Lessons you've seen what the Pythagorean theorem Is, 
and how you can use tt to tind missing side lengths in right triangles. 
Now youll see how it can be used to help tind missing lengths in other 
shapes too — by breaking them up into right triangles. It can help 
solve real-life measurement problems too. 


Use the Pythagorean Theorem in Other Shapes Too 


You can use the Pythagorean theorem to find lengths in lots of shapes — 
you just have to split them up into right triangles. 


Here’s a reminder of the formula. 


(c is the hypotenuse length, and a and 4 are the leg lengths.) 


Find the area of rectangle ABCD, shown below. 
A B 


D 12 inches Cc 
Solution 


The formula for the area of a rectangle is Area = length x width. 


You know that the length of the rectangle is 12 inches, but you don’t 
know the rectangle’s width, BD. 


B 
But you do know the length of the diagonal BC 
and since all the corners of a rectangle are 90° —_ 13 inches 
angles, you know that BCD is a right triangle. 
YX the Pythagorean theorem 
ou can use the Pythag D Sr C 


to find the length of side BC. 

BC? =BD’*-—CD? 

BC? =13*-12? 

BC? =169-144 

BC? =25 

BC = 25 =5 inches 

BC is the width of the rectangle. Now you can find its area. 


Area = length x width 
= 12 inches x 5 inches = 60 inches? 


Section 3.3 — The Pythagorean Theorem ley 


Find the area of isosceles triangle QRS. 


Don't forget: 


Isosceles triangles have two 
sides of equal length, and two 
angles of equal size. 


15 cm 15cm 


Q M S 
Solution ° 18 cm : 


The formula for the area of a triangle is Area = ; base x height. 
The base of the triangle is 18 cm, but you don’t know its height, MR. 


Isosceles triangles can be split up into two right triangles. 
Here’s one: 


. You can use the Pythagorean theorem to 


find the length of side MR. 
MR? =RS?- MS? 


MR? = 15*-—9 

MR? =225-81 

MR? = 144 

MR = ¥144 =12cm 


= 9m § 


This is half the base of the original triangle. 


Now put the value of MR into the area formula: 


Area = 5 base x height 


= 5(18 cm) x 12 em =9 em x 12 cm = 108 em? 


(% Guided Practice 


In Exercises 1-4 use the Pythagorean theorem to find the missing 


value, x. 
Don't forget: . . area = x feet” 
If you need a reminder of the 
area formulas of any of the i“ 34 feet 34 feet 
shapes in this Lesson, see 


Section 3.1. 


3s 


17 inches 


Y 
33 inches area = 108 m’ 


Section 3.3 — The Pythagorean Theorem 


The Pythagorean Theorem Has Real-Life Applicationsis: 


Because you can use the Pythagorean theorem to find lengths in many 
different shapes, it can be useful in lots of real-life situations too. 


Monique’s yard is a rectangle 24 feet long by 32 feet wide. She is laying a 
diagonal gravel path from one corner to the other. One sack of gravel will 
cover a 10-foot stretch of path. How many sacks will she need? 


Solution 
The first thing you need to work out is the length of the path. 
It’s a good idea to draw a diagram to help sort out the information. 


24 feet 


32 feet 


You can see from the diagram that the path is the hypotenuse of a right 
triangle. So you can use the Pythagorean theorem to work out its length. 


Cc =q +f 


ch = 322+ 24 
ce? = 1024+ 576 
c? = 1600 


Check it out: 


Right triangles are found in 
many different shapes. 

You can use the Pythagorean 
theorem on any shape that 
contains right triangles. 


c = 1600= 40 feet 


The question tells you that one sack of gravel will cover a 10-foot length 
of path. To work out how many are needed, divide the path length by 10. 


Sacks needed = 40 + 10 = 4 sacks 


({% Guided Practice 


5. Rob is washing his upstairs windows. He puts a straight ladder up 
against the wall. The top of the ladder is 8 m up the wall. The bottom 
of the ladder is 6 m out from the wall. How long is the ladder? 


6. To get to Gabriela’s house, Sam walks 0.5 miles 
south and 1.2 miles east around the edge of a park. 
How much shorter would his walk be if he walked in 
a straight line across the park? 


7. The diagonal of Akil’s square tablecloth is 17cm 
4 feet long. What is the area of the tablecloth? 


10cm 


8. Megan is making the kite shown in the diagram on 
the right. The crosspieces are made of thin cane. 
What length of cane will she need in total? 


Section 3.3 — The Pythagorean Theorem a 


(% Independent Practice 


In Exercises 1-4 use the Pythagorean theorem to find the missing 
value, x. 


2 
area =x cm 


13 cm 15 inches 


R 
area = 300 in 


' 4 20 feet 
Don't forget: 5 : : 4 et "et 
b, 
+ 
J iN 
eS 
b 36 feet 


The formula for the area of a 
trapezoid is: 


1 
= 3 h(d, ar b,) 


5. A local radio station is getting a new radio mast that is 360 m tall. 
It has guy wires attached to the top to hold it steady. Each wire is 
450 m long. Given that the mast is to be put on flat ground, how far 
out from the base of the mast will the wires need to be anchored? 


6. Luis is going to paint the end wall of his attic room, which is an 
isosceles triangle. The attic is 7 m tall, and the length of each sloping 
part of the roof is 15 m. One can of paint covers a wall area of 20 m’. 
How many cans should he buy? 


5 feet 7. Maria is carpeting her living room, 


5 feet Wj shown in the diagram on the left. It 
is rectangular, but has a bay window. 
She has taken the measurements 
15 feet shown on the diagram. What area of 
carpet will she need? 


20 feet 
2nd base 


8. The diagram on the right 

Now try these: shows a baseball diamond. 

Lesson 3.3.3 additional The catcher throws a ball 

questions — p446 from home plate to second —_ 3rd base 
base. What distance does 
the ball travel? 


1st base 


Home Plate 


Round Up 


You can break up a lot of shapes into right triangles. This means you can use the Pythagorean 
theorem to find the missing lengths of sides in many different shapes — It just takes practice to be 
able to spot the right triangles. 


Section 3.3 — The Pythagorean Theorem 


California Standards: 


Measurement and 
Geometry 3.3 


Know and understand the 
Pythagorean theorem and 
its converse and use it to 
find the length of the missing 
side of a right triangle and the 
lengths of other line 
segments and, in some 
situations, empirically verify 
the Pythagorean theorem by 
direct measurement. 


What it means for you: 
You'll learn about the groups 
of whole numbers that make 
the Pythagorean theorem 
true, and how to use the 
converse of the theorem to 
find out if a triangle is a right 
triangle. 


Key words: 


¢ Pythagorean theorem 
¢ Pythagorean triple 

* converse 

* right triangle 

* acute 

* obtuse 


Don't forget: 


The longest side of a right 
triangle is always the 
hypotenuse. The other two 
sides are the legs. 


Don't forget: 


Lengths are always positive, 
so you can't have a negative 
integer in a Pythagorean 
triple. 

Positive integers can also be 
called whole numbers. 


Pythagorean Triples & the 
areaas of the Theorem 


Up to now you've been using the Pythagorean theorem on triangles 
that you've been told are right triangles. But ff you don’t know for 
sure whether a triangle Is a right triangle, you can use the theorem to 
decide, It’s kind of Ike using the theorem backwards — and It’s called 
using the converse of the theorem. 


Pythagorean Triples are All Whole Numbers 


You can draw a right triangle with any length legs you like, so the list of 
side lengths that can make the equation c” = a” + b’ true never ends. Most 
sets of side lengths that fit the equation include at least one decimal — 
that’s because finding the length of the hypotenuse using the equation 
involves taking a square root. 


There are some sets of side lengths that are all integers — these are called 
Pythagorean triples. You’ve seen a lot of these already. For example: 


Sf 14 
(3, 4, 5) ; 
(6, 8, 10) 13 lie 
(8, 15, 17) 17 15 
(5, 12, 13) 10 
8 5 
6 8 


You can find more Pythagorean triples by multiplying each of the 
numbers in a triple by the same number. For example: 


(3, 4, 5) =2 (6, 8, 10) 


These are all 
(3, 4, 5) = (9, 12, 15) Pythagorean triples. 
(3, 4, 5) =4 (12, 16, 20) 


To test if three integers are a Pythagorean triple, put them into the equation 
Cc =a’ + b’, where c is the biggest of the numbers. 

If they make the equation true, they’re a Pythagorean triple. 

If they don’t, they’re not. 


Section 3.3 — The Pythagorean Theorem (AWA! 


Don't forget: 


The greatest number is 
substituted for c. 


Check it out: 


The converse of a theorem or 
statement is formed by 
changing it around. 


For example: 

If the statement is, 

“if a shape is a square, then it 
has four equal-length sides,” 


then its converse is, 

“if a shape has four equal 
length sides, then itis a 
square.” 


The converse of a true 
statement isn’t always true — 
this one isn’t. A rhombus is a 
shape with four equal-length 
sides — but it’s not a square. 


Are the numbers (72, 96, 120) a Pythagorean triple? 


Solution 
To see if the numbers are a Pythagorean triple, put them into the equation. 


eC =e+h 
1207 = 72? + 96? 
14,400 =5184+ 9216 


14,400 =14,400 — so which is true 


These numbers are a Pythagorean triple. 


& Guided Practice 


Are the sets of numbers in Exercises 1-6 Pythagorean triples or not? 
If they are not, give a reason why not. 


Levees) 207209. led 
3. 8,8, 128 4. 25, 60, 65 
556,95 12 6. 18, 80, 82 


The Converse of the Pythagorean Theorem ¥ 


The Pythagorean theorem says that the side lengths of any right triangle 
will satisfy the equation c? = a’? + b’, where c is the hypotenuse and a and b 
are the leg lengths. 


You can also say the opposite — if a triangle’s side lengths satisfy the 
equation, it is a right triangle. This is called the converse of the theorem: 


The converse of the Pythagorean theorem: 
If the side lengths of a triangle a, b, and c, where c is the largest, 


satisfy the equation c* = a’ + b’, then the triangle is a right triangle. 


A triangle has side lengths 2.5 cm, 6 cm, and 6.5 cm. Is it a right 

triangle? 

Solution 

Put the side lengths into the equation c* = a* + b’, and evaluate both sides. 

eo =_th 
6.57 = 2.57 + 6? 

42.25 =6.25+ 36 
42.25 = 42.25 


It is a right triangle. 


The longest side of a right triangle 
is the hypotenuse, c. 


— which is true 


Section 3.3 — The Pythagorean Theorem 


Don't forget: 


A right triangle has 
one 90° angle. 


An obtuse triangle has 
one angle between 
90° and 180°. 


An acute triangle 
has all three angles 
under 90°. 


Don't forget: 

When you evaluate c? and 

a’ + b?, remember that c is the 
longest side length — the 
hypotenuse is always the 
longest side. 


Now try these: 


Lesson 3.3.4 additional 
questions — p447 


Round Up 


Test Whether a Triangle is Acute or Obtuse 


If a triangle isn’t a right triangle, it must either be an acute triangle or an 
obtuse triangle. By seeing if c’ is greater than or less than a’ + b’, you 
can tell what type of triangle it is. 


If c? > a’ + dD’ then the triangle is obtuse. 
If c? < a’? + b’ then the triangle is acute. 


A triangle has side lengths of 2 ft, 2.5 ft, and 3 ft. 
Is it right, acute, or obtuse? 


Solution 
Check whether c? = a’? + b*, with c= 3,a=2 andb=2.5. 
C= 3?=9 and 


a + b? =2? + 2.57 = 4+ 6.25 = 10.25 


9<10.25  c?<a’+b’,so this is an acute triangle. 


(&% Guided Practice 


Are the side lengths in Exercises 7—12 of right, acute, or obtuse triangles? 


7505 1205150 8. 8, 9, 10 
9. 3, 4, 6 10. 12, 6, 180 
19,025,023, 0.5 1220), 052,,0.55 


Vo Independent Practice 


1. “Every set of numbers that satisfies the equation c? = a* + b? isa 
Pythagorean triple.’ Explain if this statement is true or not. 


Say if the side lengths in Exercises 2—7 are Pythagorean triples or not. 


2.8, 15,17 jee wo 
4. 0.3, 0.4, 0.5 5. 300, 400, 500 
6. 12, 29, 40 7. 115,36. 30 


8. In triangle ABC, side AB is longest. 
If AB? >AC? + BC? then what kind of triangle is ABC? 


Are the following side lengths those of right, acute, or obtuse triangles? 


9.5; 10; 14 101042 
1 12, 16, 20 12d 33593 
13. 2.4, 4.5, 5.1 1 327,407, def 


15. Justin is going to fit a new door. He measures the width of the 
door frame as 105 cm, the height as 200 cm, and the diagonal of the 
frame as 232 cm. Is the door frame perfectly rectangular? 


The converse of the Pythagorean theorem /s a kind of “backward” version. You can use it to prove 
whether a triangle Is a right triangle or not — and If it’s not, you can say If it’s acute or obtuse. 


Section 3.3 — The Pythagorean Theorem (We! 


Section 3.4 introduction — an exploration into: 


Transforming Shapes 


Geometric figures, like triangles, rectangles and so on, can be plotted on the coordinate plane. 
The purpose of this Exploration fs to predict and discover what changes will occur when the 
coordinates of a figure are changed in a particular way. 


If you change the coordinates of figure, ABC, you normally label the changed figure A’B’C’. 


Plot triangle ABC on a coordinate plane. A(—1, 1), B(1, 5), C(2, 3). 
Add 5 to each x-value of the coordinates, and plot the new triangle A’B’C’. 
Describe the change. y 


Solution 

The new coordinates are 
A’(-1 +5, 1) = A’(4, 1) 
B’(1 + 5, 5) = B’(6, 5) 
C’(2 +5, 3) =C’(7, 3) 


The shape has moved 5 units to the right. 


VA Exercises 


1. Draw a coordinate plane. Your x and y axes should both go from —8 to +8. 
Plot triangle PQR — P(-4, 2), Q(-1, 4), R¢4, 3). 


. Predict how triangle PQR will change if 3 is added to the y-values of each coordinate pair. 
Then test your prediction by performing the change. 


. Draw acoordinate plane. Your x and y axes should both go from —6 to +6. 
Plot trapezoid EFGH on the coordinate plane. E(—3,—2), F(5,-2), G(2,-5), H(—1, —5). 


. Predict how trapezoid EFGH will change if the y-values are changed from negative to 
positive. Then test your prediction by performing the change. 


. Draw a coordinate plane. Your x and y axes should both go from —8 to +8. 
Plot rectangle RSTU — R(1, -2), S(7, -2), T(7, 4), UC, -4). 

. Predict how rectangle RSTU will change if the signs of the x-values are changed 
to the opposite sign. Then test your prediction by performing the change. 


. What was the effect on the size and shape of all of the figures after the changes were 
made to the coordinates? 


Round Up 


You've looked at two types of transformation in this Exploration — translations and reflections. 


In translations, the shape /s slid across the grid. In reflections, it’s “flipped” over. 


‘wZe section 3.4 Exploration — Transforming Shapes 


California Standards: 


Measurement and 
Geometry 3.2 


Understand and use 
coordinate graphs to plot 
simple figures, determine 
lengths and areas related to 
them, and determine their 
image under translations and 
reflections. 


What it means for you: 
You'll learn what it means to 
reflect a shape. You'll also 
see how to draw and describe 
reflections. 


Key words: 
* reflection 

* image 

* flip 

* prime 

* coordinates 
° x-axis/y-axis 


Check it out: 


A' is read as “A prime.” 


Section 3.4 


Reflections 


The next few Lessons are about transformations. A transformation is 
a way of changing a shape. For example, it could be flipping, 
stretching, moving, enlarging, or shrinking the shape. 


The tirst type of transformation youre going to meet is reflection. 


A Reflection Flips a Figure Across a Line 


A reflection takes a shape and makes a mirror image of it on the other 
side of a given line. 


B B' 
Here triangle ABC has been reflected 
or “flipped” across the line of reflection. Z A 
The reflections of points A, B, and C are 
labeled A’, B', and C'. é 


The whole reflected triangle A'B'C' is 
called the image of ABC. 


Line of 
reflection 


Reflect triangle DEF across the 
y-axis. 


Solution 


Step 1: Pick a point to reflect. Point D is 7 units away from the y-axis. 


Move across the y-axis and find the a i a 


point 7 units away on the other side. E 


This is where you plot the point D'. aesaa 


FE 


fjayppapepio | 2447 TF 


Step 2: Repeat step 1 for 
points E and F. 


Step 3: Join the points to 
complete triangle D'E'F'. 


Section 3.4 — Comparing Figures WWé) 


(&% Guided Practice 


In Exercises 1-4, copy each shape onto a set of axes, then draw its 
reflections across the y-axis and the x-axis. Draw a new pair of axes 
for each Exercise, ranging from —6 to 6 in both directions. 


Check it out: 


Suppose you’re drawing more 
than one image of a shape 
called ABC. The first image 
should be called A'B'C’, the 
second is A"B"C", the third is 
A''B'"'C', and so on. 


Reflections Change Coordinate Signs 


A reflection across the x-axis changes (x, y) to (x, —y). 
A reflection across the y-axis changes (x, y) to (-x, y). 
Don't forget: 


For areminder about the To see this, look again at the reflection from Example 1. 


coordinate plane see The coordinates of the corners of the triangles are shown below. 
Lesson 3.2.1. 
D (-7, 4) D' (7, 4) 
E (-2, 5) E' (2,5) 
F (-3, 2) F' (3, 2) 


When DEF is reflected across the y-axis, the y-coordinate stays the same 
and the x-coordinate changes from negative to positive. 


If you reflect DEF across the Di-7,4) 

x-axis, the x-coordinate stays the E (2, 5) 

same and the y-coordinate 

changes from positive to negative. F (-3, 2) 
D" (-7, 4) 
E" (-2, -5) 
F" (3, -2) 


Section 3.4 — Comparing Figures 


(&% Guided Practice 
In Exercises 5—8, give the coordinates of the image produced. 


5. A: (5, 2), (4, 7), (6, 1). Triangle A is reflected over the x-axis. 
6. B: (9, 9), (4, 8), (2, 6). Triangle B is reflected over the y-axis. 
7, Cz €2, 10), (2, 10),.G; 5), (0,3), GS, 5). 

Pentagon C is reflected over the x-axis. 

8. Pentagon C from Exercise 7 is reflected over the y-axis. 


Exercises 9-11 give the coordinates of the corners of a figure and its 
reflected image. Describe each reflection in words. 

9. D: (5, 2), (6, 3), (8, 1), (4, 1); D' (5, —2), (6, -3), (8, -1), (4, -1) 
10. E: (6, —1), (-3, -6), C9, 4); E' (6, —1), G, -6), (9, 4) 

11. Fo (0,0); (0; 5), (35,3); F005 0)) (0; 5); (3; 3) 


{ Independent Practice 


Copy the grid and figures shown below, then draw the reflections 
described in Exercises 1-6. 


1. Reflect A across the 
x-axis. Label the image A'. 


bw DA Nw Oo oOW 


2. Reflect A across the ry 
y-axis. Label the image A". C | | 

3. Reflect B across the 

x-axis. Label the image B'. i 


by b EH Bodo Tt 3 4k 6 TS 9 b* 


1 


4. Reflect B across the e 
y-axis. Label the image B". 


Now try these: 5. Reflect C across the Ee 
Lesson 3.4.1 additional x-axis. Label the image C’. Ei 


questions — p447 gi 
6. Reflect C across the 
y-axis. Label the image C". 


BS 


In Exercises 7—9, copy the figures onto graph paper and reflect each 
one over the line of reflection shown. 


Ty 8. 9. 


Round Up 


Don't forget that a retiection makes a back-to-tront image — like the image you see when you look 
ina mirror. Unless the original is symmetrical, the image shouldnt be the same way around as the 
original. If it is the same way around, that’s a translation, not a reflection. You'll learn about 
translations in the next Lesson. 


Section 3.4 — Comparing Figures Wad 


California Standards: 


Measurement and 
Geometry 3.2 

Understand and use 
coordinate graphs to plot 
simple figures, determine 
lengths and areas related to 
them, and determine their 
image under translations 
and reflections. 


What it means for you: 


You'll see how to draw and 
describe translations of 
shapes. 


Key words: 
* translation 

° slide 

* image 

* coordinates 


Don't forget: 


The image of point A is the 
point A' (A prime). 


Translations 


A translation /s another type of transformation. When you translate a 


shape, you slide it around. You can translate a shape up, down, left, 
right, or any combination of these. 


or 


A Translation Slides a Figure 


A translation takes a shape and 
slides every point of that shape a 
fixed distance in the same direction. 


The image is the same size and A\ 
shape, and the same way around 
as the original figure. 


Translate DEFG 10 units to the left. 


Solution G 


Step 1: Pick a point to translate — 
we’ll start with point D. 


Move across the grid and find the 
point 10 units to the left of point D. F F 
This is where you plot the point D'. 


Step 2: Repeat step | for points Step 3: Join the points 


E, F, and G. to complete D'E'F'G'. 
D, Di D 
eae Ey ey 
eke tt tt 
ia F 
re) fal el a a 


{&% Guided Practice 
In Exercises 1-4, copy each shape onto graph paper. 
Remember to leave enough space to draw the translations. 


1. Translate JKL up 7 units. 
2. Translate JKL left 8 units and down 1 unit. V 
J W 


3. Translate VWXYZ left 9 units. Y 


L 4. Translate VWXYZ down 3 units and right 7 units. 


Section 3.4 — Comparing Figures 


Check it out: 


A lot of people prefer to use 


coordinates to do translations. 


If you use the method of 
counting how many squares 
to move, it’s easy to miscount 
and put a point in the wrong 
place. 


You Can Describe Translations with Coordinates 


When you translate a shape, the coordinates of every point change by the 
same amount. So you can use coordinates to describe the translation. 


Translate the triangle LMN using the 
translation: 
(x, y) —? (+ 4,y—3) 


Solution 


The question tells you how to change the 
coordinates of the points of LMN. 


Start by finding the coordinates of L, M, and N: 
L=(i,5) M=(4,5) N=(3,1) 


Now you can apply the transformation: 


(x, y) —F (x + 4, y—3) 

Ld,5) 7 LU(d+4,5-3) =(5,2) 
M(4,5) 7 M'(4+4,5-—3) =(8, 2) 
NG3B,1) 7-% N@©G+4,1-3) =(7,-2) 
Once you’ve figured out the coordinates of 


the image L'M'N', you can draw it on the 
coordinate grid. 


(% Guided Practice 


In Exercises 5—8, copy the shapes and axes shown onto graph paper. 


Apply the following translations Apply the following translations 


to triangle PQR: to the quadrilateral ABCD: 
5. (@y) >@+2,y—4) 7. (x,y) > @-4,y) 
Cl) (yy 0) Say ay ee) 


ef 


¥ 
0 
9 ia! Q 
8 
7 
6 
5 
4 
3 
2 


Section 3.4 — Comparing Figures iW) 


Find the Translation by Looking at the Coordinates 


When you look at a shape and its translated image, you can figure out 
what translation was used to make the image. 


Describe the translation from QRST to Q'R'S'T' in coordinate notation. 


Solution 
Find the coordinates of Q and Q'. 

Q=(-8, 2) Q'= (2, 5) 
The x-coordinate has changed from —8 to —2. 
This is an increase of 6. 


The y-coordinate has changed from 2 to 5, so it has increased by 3. 
So the translationis (x,y) («+6,y+3) 


You can check that this is the right answer by seeing if this translation 
changes R, S, and T to R’, S', and T'. 

R41) > (4+6,1+3) =2,4=R' 

S(4,-1) > (4+6,-1+3) =(2,2)=S' 

TC7,-2) —> (7+6,2+3) =C1,)D=T' 


It does — so you have the right answer. 


({% Guided Practice 


In Exercises 9-14, describe the following translations in coordinates. 


wy 
9AtoA [f 11. B to B 
Check it out: ae 
; ; 10.AtoA" ° 12. BtoB B 
You don’t just use the prime “ A A 
symbol to indicate the image AN CEN 
of a single point. ‘ 
Sometimes it’s used when the : Gn es 2 
whole shape is named by a i, Aa ee Sa 
single letter, like in these 2 A 
Exercises. ie LEN 
=4 
=5 
: cA 
<7 
, 
10 
13. C to C' ° ae 
8 
14. C to C" 1 C 
6 
= 
4 
=) 
2 


ns 


10-98 765432-107 1 2345 67 8 9 0* 
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Now try these: 


Lesson 3.4.2 additional 
questions — p447 


Round Up 


Vf Independent Practice 


Copy the shapes and axes shown onto graph paper for Exercises 1-6. 
1. Translate K 5 units i 
to the left. Label the 

image K’. M 

2. Translate K 7 units 

left and 7 units down. 

Label the image K". 


3. Translate L 12 units 
up. Label the image 
es 


Nw Fu DAnNwo OS 


— 


S(0Pp ese eo eee CeO ie ae Ge eo Oe 


4. Translate L 13 units 3 L 
left and 2 units down. Si 
Label the image L". be 
5. Translate M 1 unit ie 
up and 3 units right. 2 
Label the image M'. -10 


6. Translate M 3 units left and 4 units down. Label the image M". 


Use coordinate notation to describe the following translations: 


Tosto K! 8. K to K" 
SE. tol 10. L to L" 
11. M to M' 12. M to M" 


Copy the axes and triangle shown onto graph paper for Exercises 13-16. 


Apply the following translations to triangle UVW. 
13. (x, y) > (x +4, y +5) . 
14. (x, y) — (*-2,y +4) 
15. @, y) > @+1,y-6) 
16. (x, y) > (x-5, y—5) 


LESSEE 
Vv 


Coordinates are really usetul for drawing translations, and can help you check your answers. 
But don’t forget that one of the most important checks fs to look at the image you've drawn and 
see If it looks the same as the original. 
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Scale Factors 


In this Section so far you've seen two types of transformation — 
Moasuramiontand reflections and translations. These both give an image that’s the 
Geometry 1.2 same size as the original. 


SANE ee made Another type of transtormation changes the size of shapes. 


to scale. The scale factor tells you by how much the size changes. 


What it means for you: 
You'll learn how to use scale A Scale Factor of More Than 1 Makes a Shape Bigger 


factors to produce images 


Hal hues eal sue a Sometimes an image is identical to the original apart from its size. 
another figure, but a different 


ane The seale factor tells you how much larger or smaller the image is. 


California Standards: 


The scale factor is a number. You multiply all the lengths in the 
original by the scale factor to get the lengths in the image. 


Key words: So: 
* image 
* multiply 


Solution 
The sides of A are 3 units long. 


Draw an image of square A using a scale factor of 2. HH 


So if you apply a scale factor of 2, the sides of the image will be 
3 x 2 = 6 units long. 


So the image A' is a square with side 


A A\ 
HH length 6 units. 


Check it out: 


A scale factor of 1 leaves the 
shape exactly the same size. 


A BA B' 
What scale factor has been used to enlarge Baa 
ABC to A'B'C'? C 
ey 


Solution 
The scale factor is given by dividing any length in the image by the 
corresponding length in the original. 


Length of A'B' = 9 
Length of AB = 3 


So the scale factor is: 


Length of A'B'=+ Length of AB =9 +3 =3 
Section 3.4 — Comparing Figures 


Check it out: 


Decimals could also be used 
for scale factors. The same 
method applies — multiply 
the original dimension by the 
decimal scale factor to find 
the dimension of the image. 


Vf Guided Practice 
In Exercises 1—5, find the scale factor that has produced each image. 


jee) 0S ES 3. 


Copy the shapes shown in Exercises 6—9 onto graph paper. 
Draw the image produced by applying the given scale factor. 


6. Scale factor 3 Ha 7. Scale factor 2 Q aa 


e 
8. Scale factor 2.5 RE 9. Scale factor 1.5 cs 


A Scale Factor of Less Than 1 Makes a Shape Smaller 


Draw an image of square A using a scale factor of >: A 
Solution | 
The sides of A are 3 units long. 


So if you apply a scale factor of 7 the sides of the image will be 


3 x = = 1 unit long. 


ai 
So the image A’ is a square with side length 1 unit. HF 


(% Guided Practice 


In Exercises 10—14, find what scale factor has produced each image. 


He FH 11. 12. Fy 


ae 
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Ad Hue 


Copy the shapes shown in Exercises 15—18 onto graph paper. 
Draw the image produced by applying the given scale factor. 


15. Scale factor 5 HH 16. Scale factor : EEEEEH 


18. Scale factor ; G 


Don't forget: 


Go back to Lesson 2.3.3 if 
you need a reminder on 
multiplying fractions by 


integers. E 


3 
17. Scale factor a to 


assist 


{% Independent Practice 


In Exercises 1—6, find what scale factor has produced each image. 


1. + HH Z. N Ne a: EH 4 


Ai a 


Copy the shapes shown in Exercises 7—10 onto graph paper. 
Draw the image produced by applying the given scale factor. 


Now try these: ; 


Lesson 3.4.3 additional 
questions — p448 


7. Scale factor 2 He 8. Scale factor ~ H 


9. Scale factor : f 10. Scale factor 1; a 


Round Up 


The scale factor tells you how much bigger or smaller than the original object an image is. You'll use 
scale factors to make and understand scale drawings, which you'll learn about in the next Lesson. 
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Lesson 


3.4.4 


California Standards: 


Measurement and 
Geometry 1.2 


Construct and read 
drawings and models made 
to scale. 


What it means for you: 


You'll learn how to draw 
pictures that accurately 
represent real places or 
objects. You'll also use 
drawings to find information 
about the places or objects 
they represent. 


Key words: 


* scale drawing 
* scale factor 

° measurement 
* distance 

* scale 


Don't forget: 


Scales are often written as 
ratios. Ratios are a way of 
comparing two numbers — 
you should have learned 
about them in grade 6. 

You can also write a ratio as a 
fraction, so the scale can be 


it 1 inch 
written as A feet 


The ratio of the length on the 
drawing to the real-life length 
must be equivalent to the 
scale ratio. That’s why you 
can write the proportion as 


linch x, 
4feet 24 feet 


Scale Drawings 


Scale drawings often show real objects or places — maps are good 
examples of scale drawings. All the measurements on the drawing are 
related to the real-life measurements by the same scale factor. 

So if you know the scale factor, you can figure out what the real-life 
measurements are. 


To Make Scale Drawings You Need Real Measurementss 
To make a scale drawing of an object or place, you need two things. 
First, you need the real-life measurements of what you’re going to draw. 


Second, you need a scale. This will tell you what the distances on the 
drawing represent. The scale is usually written as a ratio. 

If 1 inch on the drawing represents 10 feet in real life, the scale is 

1 inch : 10 feet. 


A rectangular yard has a length of 24 feet and a width of 20 feet. Make 
a scale drawing using a scale of | inch: 4 feet. 


Solution 
You need to find the length and width of the yard in the drawing. 


To convert the real-life length into a length for the drawing, set up a 
proportion using the scale given. 


Let x be the length the yard in the drawing should be. 
Drawinglength  linch = x 
Real-lifelength 4feet 24 feet 


linch x 24feet _ Z DAfeet 


x =z Multiply both sides by 24 ft 
4 feet 2Afeet Pe : 
So, ee = he en, 
> 4 feet 
Repeat the process using y for the width of the drawing and you find: 
neo tae 
4 feet 


You can use these measurements to make a scale drawing. 
eS Gin. 


6 in. along... 


..by 5 in. wide 


scale = 1 inch: 4 feet 
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(&% Guided Practice 


In Exercises 1-4, make the following scale drawings: 


1. A square of side length 4 m, using the scale 1 cm: | m. 

2. A rectangle measuring 40 in. by 60 in., using the scale 1 in. : 20 in. 
3. A rectangular room measuring 6 ft by 12 ft, 

using the scale 1 in. : 3 ft. 

4. A circular pond with diameter 3 m, using the scale 1 cm: 2 m. 


You Can Use Scale Drawings to Find Actual Lengths 


The size of real objects can be found by measuring scale drawings. 


This map shows three towns. 

Find the real-life distances between: 
° Town A and Town B 

* Town A and Town C 


Solution Scale — 1 grid square : 2.5 miles 


The distance between Town A and Town B on the map is 6 grid squares. 


The scale tells us that 1 grid square represents 2.5 miles, so the distance 
between Town A and Town B is 6 x 2.5 miles = 15 miles. 


Town A and Town C are 3 grid squares apart on the map. 
In real life this is equal to 3 x 2.5 miles = 7.5 miles. 


(&% Guided Practice 


This picture shows a scale 

drawing of the living room in 

Lashona’s house. 34 in, 
Chock tou: The scale used is 2 in. : 3 feet. Ding, 


Zin. 
When you're buying new In Exercises 5—8, find the 
furniture, such as kitchen real-life measurements of: 3.2in. eee 
Zin. 


| Bookcase 


units, you might use a scale 


drawing of the room to decide 5. The chair 

where you want the furniture 6. The couch 

(or which furniture would fit). 7. The bookcase 
8. The rug 
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You Can Sometimes Find Real Lengths Without a Scale 


If you know one of the real-life lengths shown on a scale drawing, then 
you can figure out the others without a scale. 


Check it out: 


Another way of doing this is 
to find the scale factor that’s 
been used and use it to find 
the other real-life lengths, as 
you did before. 

The scale factor is the ratio 
between the real-life length 
and the drawing length. 


So in Example 3, the scale 
factor would be 4.2 m+ 3cm, 
which is 1.4 m/cm. 

To find the real-life width of 
room 208, you'd just multiply 
the drawing width by the scale 
factor — 3.5 cm x 1.4 m/cm 

= 4.9 m. This gives the same 
answer as the other method. 


This scale drawing shows three classrooms at 3m . cm 7 
as : ; oom oom 
Gabriel’s school. Gabriel measures the drawing. 


Room | 208 | 209 
His measurements are shown in red. 707 


Gabriel knows Room 207 is 4.2 m wide in real 
life. What is the real-life width of Room 208? 
Solution 
You can find the answer by setting up a proportion, similar to the one 
in Example 1. Use x for the real-life width of Room 208. 
Real-lifewidth 4.2m x 
Drawing width 3cm 3.5cm 


3.5cm _ 


x = 4.2m x 4.9m 


cm 


So the width of Room 208 is 4.9 m in real life. 


&% Guided Practice 


Use the map below to answer Exercises 9-14. 


It is 18 miles from Town D to Town E. Calculate the distance from: 


9. Town D to Town F 10. Town F to Town G 
11. Town G to Town J 12. Town H to Town J 
13. Town D to Town G 


14. Find the number that completes the following sentence: 
The scale on this map is | grid square : miles. 
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(/ Independent Practice 


1. A sail for a boat is in the shape of a right triangle. The actual height 
of the sail is 18 feet, and it has a base of 12 feet. Make a scale 
drawing of the sail using a scale of 1 cm: 3 ft. 


2. This sketch of a house has not been drawn to scale. 


Make a scale drawing of the house 
using a scale of 1 cm: 6 ft. 


36 feet 


3. A scale model of a town uses a scale of 1 inch : 30 feet. 
Find the actual height of a building that is 2.5 in. tall in the model. 


4. On a map, 2 inches represents 45 miles. What does one inch 
represent on this map? 


Amanda is drawing a plan of her bedroom using a scale of 1 in. : 2 ft. 
Exercises 5—7 show objects from the plan. 

Calculate the real-life dimensions of the objects. 

AZO Ne 


Bk ve ol 6. —— | 
= Cs 


o.5lln 


1.5in. Chest of drawers 


The scale drawing below shows part of a zoo. The parrot enclosure 
measures 40 m by 24 m. Find the following real-life measurements: 


8. The length and width of the sea lion 
enclosure. 


9. The length and width of the lemur 
enclosure. 


Now try these: 


Lesson 3.4.4 additional 
questions — p448 


10. The perimeter of the turtle enclosure. 


11. The area of the cobra enclosure. 


Round Up 


Pictures that are drawn to scale can be very useful. [f maps weren't made to scale, they would be 
much harder to use. And ff plans and blueprints for buildings or machines werent done as scale 
drawings, it would be difticult to build them the right size and shape. 


Section 3.4 — Comparing Figures 


California Standards: 


Measurement and 
Geometry 1.2 

Construct and read 
drawings and models made 
to scale. 


Measurement and 
Geometry 2.0 

Students compute the 
perimeter, area, and volume 
of common geometric 
objects and use the results to 
find measures of less 
common objects. They know 
how perimeter, area, and 
volume are affected by 
changes of scale. 


What it means for you: 
You'll see the effect that 
multiplying by a scale factor 
has on perimeter and area. 


Key words: 
* perimeter 

* area 

* scale factor 
* image 


Don't forget: 


The formula for the perimeter 
of a rectangle is P = 2(/+ w). 

For more about perimeter see 
Section 3.1. 


Check it out: 


You'll need to use the 
Pythagorean theorem to help 
you find the perimeter of 
these triangles. 

See Section 3.3 for more. 


Perimeter, Area, and Scale 


So far you've been looking at how length and width are altered by 
applying a scale factor. In this Lesson, youre going to see how 
applying scale factors affects perimeter and area. 


Applying a Scale Factor Changes the Perimeter 


When you change the size of a shape, the perimeter changes too. 


Gilberto draws an image of rectangle A using a scale 
factor of 2. Find the perimeter of rectangle A. 
What is the perimeter of the image A"? 


a 


Solution 


Rectangle A is 3 units wide and 4 units long. iA! 
So A' will be 2 x 3 = 6 units wide and 
2 x 4=8 units long. 


The perimeter of A is 2(3 + 4) =2 x 7= 14 units. 
The perimeter of A' is 2(6 + 8) =2 x 14 = 28 units. 


In the example above, the perimeter of the image is double the perimeter 
of the original. This is because all the lengths that you add together to 
find the perimeter have been multiplied by 2. 


The perimeter of the image is the perimeter of the original multiplied by 
the scale factor. This is true for any shape and any scale factor, so: 


(% Guided Practice 


In Exercises 1—6, find the perimeter of the image you would get if you 
applied the given scale factor to the figure shown. 
Give your answers in units. You do not need to draw the images. 


2. Scale factor 3 3. Scale factor 5 


5. Scale factor 2.5 6. Scale factor : 


Si inst 


1. Scale factor : 
te 
4. Scale factor 2 


V 


Section 3.4 — Comparing Figures — 


Don't forget: 
The formula for the area of a 
triangle is A = 3(b xh). 


For more about area see 
Section 3.1. 


Areas Also Change When You Apply Scale Factors as 


Area also gets larger or smaller as a figure changes size. 


Chelsea uses a scale factor of 2 to draw an image of H 
triangle H. Find the area of H and of the image H'. 

Solution 

Triangle H has a base of 5 units and height of 4 units. 


So the base of H' will be 2 x 5 = 10 units and its 
height will be 2 x 4 = 8 units. 


The area of H is 5(5 x 4) = 5 x 20 = 10 units’. 


The area of H!' is 5(10 x 8) = 5 80 = 40 units’, 


In the example above, the area of the image is 4 times the area of the 
original. The lengths that you multiply together to find the area have 
both been multiplied by 2, so the area is multiplied by 2 x 2 = 4. 


The area of the image is the area of the original multiplied by the scale 
factor squared. This is true for any shape and any scale factor. 


Alejandra draws an image of shape J. She uses a scale factor of 3. 
If the area of shape J is 5 cm’, what is the area of the image J'? 


Solution 


The area of the image= (area of the original) x (scale factor) 
= 5 cm’ x 3? 
=5 cm’ x 9= 45 cm’ 


(% Guided Practice 


In Exercises 7—12, find the area of the image you would get if you 
applied the given scale factor to the figure shown. 
Give your answers in units’. You do not need to draw the images. 


7. Scale factor 4 8. Scale factor 3 9. Scale factor 10 


KT EEE 7 
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10. Scale factor 2 11. Scale factor 5 12. Scale factor 20 
N PN H Q 


Vo Independent Practice 


Roger draws a figure with a perimeter of 8 units. 

Find the perimeter of the image if Roger multiplies his figure by: 
1. Scale factor 2 2. Scale factor 11 

3. Scale factor 4.5 4. Scale factor 0.25 


Daesha draws a figure with an area of 10 cm’. 

Find the area of the image if Daesha multiplies her figure by: 
5. Scale factor 2 6. Scale factor 3 

7. Scale factor 7.5 8. Scale factor 0.5 


In Exercises 9-10, find the perimeter of the image you would 
get if you applied the given scale factor to the figure shown. 
Give your answers in units. You do not need to draw the images. 


9. Scale factor 9 10. Scale factor 7 


In Exercises 11—12, find the area of the image you would 
get if you applied the given scale factor to the figure shown. 
Give your answers in units”. You do not need to draw the images. 


11. Scale factor 2 12. Scale factor 7 


Now try these: 

Lesson 3.4.5 additional 

questions — p449 
What scale factor has been used in the following transformations? 
13. Perimeter of original = 13 cm, perimeter of image = 26 cm 

14. Perimeter of original = 22 in., perimeter of image = 77 in. 

Don't forget: 15. Perimeter of original = 50 in., perimeter of image = 5 in. 

You'll need to find square 16. Perimeter of original = 15 cm, perimeter of image = 3.75 cm 

roots in some of these ce _ a) f ‘ = a5) 

Exercises” Vanlearnedabout 17. Area of original = 10 in’, area o image = 90 in 

them in Section 2.5. 18. Area of original = 1 cm’, area of image = 36 cm? 
19. Area of original = 8 in’, area of image = 128 in’ 
20. Area of original = 5 cm’, area of image = 125 cm? 


Round Up 


The eftects of scale factor on perimeter and area can be contusing, but they do make sense. 
Try to remember them, because understanding them /s an important part of geometry in general. 
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California Standards: 


Measurement and 
Geometry 3.4 

Demonstrate an 
understanding of 
conditions that indicate two 
geometrical figures are 
congruent and what 
congruence means about 
the relationships between 
the sides and angles of the 
two figures. 


What it means for you: 
You'll learn the meaning of 
the terms congruent and 
similar. You'll find out how to 
tell if two shapes are 
congruent, similar, or neither. 


Key words: 


* congruent 
¢ similar 

* size 

* shape 

* scale factor 


Don't forget: 


If a shape is flipped over, it’s 
called a reflection. A shape 
and its reflection are 
congruent. 


Congruence and Similarity 


Congruent figures are shapes that are exactly the same size and shape 
as each other. That means that if you could lift ther off the page, 
there would always be a way to make ther fit exactly on top of each 
other, just by flipping them over or turning them around. 


Congruent Figures Have the Same Size and Shape 


Two figures are congruent if they match perfectly when you place them on 
top of each other. 


They can be turned around or flipped over, but they always have the 


same size, shape, and 
A 


length of each dimension. 
Which of these pairs of shapes are congruent? Which are not, and why? 


Uva 


Solution 


These pairs of shapes WwW 
are all congruent. 


In pairs 1 and 4, each shape is identical to the other, but upside down. 
So pairs 1 and 4 are congruent. 


Pair 2 is also congruent, as each shape is a mirror image of the other. 


The rectangles in pair 3 are the same shape but they’re not the same size, 
so they’re not congruent. 


& Guided Practice 


In Exercises 1—8, say whether or not each pair of shapes is congruent. 
If they are not, give a reason why not. 


S eam = 
‘ed AA SL 
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Check it out: 


The angles of congruent 
polygons have the same 
measures, in the same order. 
Suppose that, going 
clockwise around its vertices, 
a quadrilateral has angles of 
70°, 80°, 100°, and 110°. 
Then a congruent polygon’s 
vertices will have the same 
measures in the same order, 
either clockwise or 
counterclockwise. 


Congruent Polygons Have Matching Sides and Angles — 


Sometimes two polygons might look quite alike. You can tell for sure if 
they’re congruent if you know the measures of their sides and angles. 


Which two of these quadrilaterals are congruent? 


10cm 


Solution 


Quadrilaterals 1 and 2 look alike, but you can see from the angle 
measures and side lengths that they’re not identical. 


The angle measures tell you that Quadrilateral 3 is a mirror image of 
Quadrilateral 2. 


So Quadrilaterals 2 and 3 are congruent. 


(% Guided Practice 


In Exercises 9-12, say which two out of each group of shapes are 
congruent. Give a reason why the other one is not. 
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Similar Figures Can Be Different Sizes 


Similar figures have angles of the same measure and have the same shape 
as each other, but they can be different sizes. 


So two figures are similar if you can apply a scale factor and get a 
congruent pair. 


Which of these pairs of shapes are similar? 


2 34 
CT a° / 


Solution 


Pair | is a similar pair. They are both squares, and the only difference 
is the size. 


Pair 2 is not a similar pair. The shapes are different — 
they have different angles. 
Check it out: 


You could also turn pair 4 
from Example 3 into a 
congruent pair by applying a 


Pair 3 is not a similar pair. You can’t multiply either of them by any 
scale factor to get a rectangle congruent to the other one. 


Pair 4 is a similar pair. If you multiply the smaller triangle by a scale 


scale factor of 7 factor of 2, you will get a triangle congruent to the larger one. 


& Guided Practice 


In Exercises 13—18, say whether or not each pair of shapes is similar. 


9 On ir 
y| aN” SGD 
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(%/ Independent Practice 


Use the triangles shown below to answer Exercises 1-4. 


1. Which triangle is congruent to triangle 1? 

2. Which triangle is similar to triangle 6? 

3. Which triangle is congruent to triangle 4? 

4. Which two triangles are similar to triangle 3? 


In Exercises 5—8, identify each pair of shapes as congruent, similar, or 
neither. Explain your answers. 


: 6 Ms 
12m 
foo} Jo) 18 in. 


36 in. 


8. 13. cm 12cm 
5cm 5cm 


12cm 13. cm 


Now try these: 9. Explain the difference between congruency and similarity when 
Lesson 3.4.6 additional examining two figures. 


Ses DS eas 10. Triangle ABC has sides measuring 5 in., 6 in., and 8 in. Write the 


side lengths of a triangle that would be similar to ABC. 


11. "You can tell whether two shapes are congruent just by looking at 
the lengths of the sides. It is not necessary to look at the measures of 
the angles." 

Is this statement true or false? Give a reason why. 


Round Up 


You'll learn more about congruence and similarity — particularly with triangles — in later grades. 
For now, make sure you know what each term means, and don‘ forget which is which. 
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Section 3.5 
Constructing Circles 


You already know a lot about circles. Earlier in this Chapter, you 
Moacurementand learned about the radius, diameter, circumference, and area of circles. 
Geometry 3.1 In this Lesson, you'll learn some more words relating to circles. 
Identify and construct basic You'll also draw circles and mark features on them using a compass. 
elements of geometric 
figures (e.g., altitudes, 
midpoints, diagonals, angle 
bisectors, and perpendicular A Compass Can Help You to Draw Shapes 
bisectors; central angles, 

radii, diameters, and chords 


California Standards: 


of circles) by using a You might have used a compass in math lessons in earlier grades. 
compass and straightedge. A compass is a tool that can help you draw many types of shape. 
What it means for you: The easiest shape to draw with a compass is a circle. 


You'll learn what chords and 
central angles of circles are, 
and how to draw them. 


Use a compass and ruler to construct a circle with radius 3 cm. 


Key words: 


* circle 

* compass 

* radius 

* chord 

* central angle 
° arc 


Solution 
Step 1: Draw a point that will be the center. 


+ Step 2: Draw another point 3 cm away from 
0 tom 2 3 4 the center. 


Step 3: Open the compass to the length between the two 
points. This length is the radius of the circle. 


Don't forget: 


360° is the measure of a full 
circle. 


Step 4: Slowly sweep the pencil end of the compass 360°. 


Keep the pointed end of the 
compass on top of the 
center point. 


Make sure the ends of the 
curve join to make a 
complete circle. 


Check it out: 


The part-circle you make if 
you don’t join the ends of 
your curve in a full circle is 


called an arc. 
HU bd e e 
Don't forget: & Guided Practice 
You open your compass to 
nS ae the radius — not Use a compass and ruler to construct the following circles: 
e diameter. F 3 
iiroiteadediciana 1. Radius 4cm Zi Radius 2 cm 
circle with a certain diameter, 3. Diameter 10 cm 4. Diameter 7 cm 


halve it to find the radius. 
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A Chord Joins Two Points of a Circle 


Chock oa: A chord is a line segment that joins two points on the circumference of a 
Ali circle. The length of a chord can be less than or equal to the length of the 
ine segment is a straight 


line between two points. diameter. 

You'll learn more about line 

segments next Lesson. A compass can help you to 
draw chords. 


Use a compass and ruler to construct a circle, then draw a chord of 
length 3 cm. 


Solution 
Step 1: Start by drawing a circle. 


Remember that the length of the chord is less than or 
equal to the diameter. So the diameter must be at 
least 3 cm — which means the radius must be at 

oe 2OM,) least3 +2 =1.5 em. 
A circle of radius 2 em will do nicely. 


Step 2: Mark a point on the circle. 
This will be one endpoint of the 
chord. 


Step 3: Open the compass to a length of 3 em — the 
length of the chord you want to draw. 


Step 4: Put the pointed end of the compass on the 
point you marked on the circle. 
Draw an arc that crosses the circle. 


Check it out: 


In step 4 of this method, there 
will be two possible places 
where your arc could cross 
the circle. You only need it to 


Step 5: Draw a straight line from the point 
cross at one of these points. 


you drew in Step 2 to the point where the arc 
crosses the circle. Measure the chord you’ve 


drawn to check that it is 3 cm long. 


(&% Guided Practice 


In Exercises 5—10, use a ruler and compass to construct the following 
circles and chords 

5. Circle of radius 3 cm, chord of length 5 cm 

6. Circle of radius 1.5 cm, chord of length 2 cm 

7. Circle of radius 2.2 cm, chord of length 3.5 cm 

8. Circle of diameter 11 cm, chord of length 10 cm 

9. Circle of diameter 6.8 cm, chord of length 4 cm 

10. Circle of diameter 5.2 cm, chord of length 3.2 cm 
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A Central Angle is Formed by Two Radii 


Don't forget: A central angle of a circle is an angle made by two Radius 


Radii is the plural of radius. radii of the circle. em 


The size of a central angle is between 0° and 360°. 


Central 
When a circle is divided by radii, the parts that it angle 
splits into are called sectors. (This central 
angle is 110°.) 


Construct a central angle of a circle with a measure of 130°. 
Solution 
Don't forget: 


1. Place the baseline of the 
protractor on the radius, with 


the middle of the baseline 
on the center of the circle. \ 


Step 1: Start by using a compass to draw a circle. 


Step 2: You can now use a ruler or straightedge 
to join any point on the circle to the center. 

This is a radius of the circle. 

2. Count around to 


130° on the scale 


: her 
iis eel ee Step 3: Use a protractor to make anothe 


radius at an angle of 130° to the first one. 


&% Guided Practice 


For each of Exercises 11—16, construct a circle and draw central 
angles with the following measures: 


11. 90° 14, W5° 13. 45° 
14, 125° ISS, ISK 16. 10° 

3. Make a dot next to the 

correct number of degrees. ‘i 

4. Join this dot to the center of vi Independent Practice 

the circle with a straight line. In Exercises 1—2, draw the following onto a circle of radius 5 cm: 
1. A chord of length 7 cm 


2. A central angle measuring 60° 


In Exercises 3-4, draw the following onto a circle of diameter 5.8 cm: 
3. A chord of length 3.5 cm 


Now try these: 
4. A central angle measuring 85° 


Lesson 3.5.1 additional 
questions — p450 5. Terrell is constructing a circle with a diameter of 6 inches. 
He opens his compass so that it is 6 inches wide. 
Explain what error Terrell has made. 


6. Identify the chords in this circle. eee 
lz 
C 
H 
| J 
Round Up 


/f you need to draw a circle, always use a compass. It’s pretty much impossible to draw a perfect 
circle without one. Practice drawing circles, chords, and central angles until you're really confident. 


Section 3.5 — Constructions 


Constructing Perpendicular 
Bisectors 


You should have gotten used to using a compass to draw circles and 


California Standards: chords in the last Lesson. Now you can start using /t for more 
Measurement and complex drawings that don’t have anything to do with circles. For 
eoomeny S| ; starters, this Lesson shows you a neat way to use a compass to divide 
Identify and construct basic : : 

elements of geometric a line segment exactly in halt. 


figures (e.g., altitudes, 


peer ee aaice@ amie: A Line Segment is Part of a Line 


bisectors; central angles, 


fadidiamerereanctenards If you join two points on a page using a straightedge, you make what 


of circles) by using a you'd normally call a line. But to mathematicians, a line carries on 
compass and straightedge. forever in both directions. 

What it means for you: When you join two points, you draw part of a line. 

ol Wien Cine die erlnus In math that’s called a line segment. 

and perpendicular bisectors 

are, and how to draw them. This line segment joins points A and B. -————* 


A and B are called the endpoints. 
The line segment is called AB. 
Key words: 


You can use a compass to make an accurate copy of a line segment 
* line segment 


+ midpoint without measuring its length. 

+ bisect 

* perpendicular bisector 

* right angle 
Use a compass and straightedge to copy the line =>? 
segment JK. Label the copy LM. J K 
Solution 


Step 1: Draw a line segment longer than JK. —_—__ 


Check it out: Label one of its endpoints L. 


This method of constructing 
line segments will be used for 
other more complex drawings 
over the next few Lessons. 


Step 2: Open up your compass to the length of JK. 


J K 


Step 3: With the compass point on L, draw 
an arc that crosses your new segment. 


| Step 4: The point where the arc crosses the line 
L Segment is point M, the second endpoint of your 
new line segment. 


& Guided Practice 


In Exercises 1-4, use a ruler to draw a line segment with the length 
i th it usi : 
given, then copy it using a compass raion eeatine 


1.5 cm 2.6.5 cm segments again for Guided 
3.3.9 cma 4.2.6cm Practice Exercise 11. 


Section 3.5 — Constructions i 


Don't forget: 


A right angle m 
Right angles ar 
usually marked 
with a little 
square. 


easures 90°. 


_d 


The Midpoint Splits a Line Segment in Half 


The midpoint of a line segment is the point that divides it into two line 
segments of equal measure. Dividing a line segment into two equal parts 
like this is called bisecting the line segment. 


all In this diagram, C is the midpoint of the 
ry line segment AB. 
4cm 4cm ‘ . : 
—_—_—S ay >, < AB is bisected into two line segments of 
A C B equal length, AC and CB. 


(&% Guided Practice 


5. The line segment DE is 8 in. long. F is the midpoint of DE. 
How long is the line segment DF? 


6. Which is the midpoint of line segment 36m 4com 2cm Sem 


PT — point Q, point R, or point S? Pp Q eS T 
Use the diagram below to answer Exercises 7—10. 
Siti Si. Wii. Zia 2 in. Jin. 
A B CD Te E G 


7. Which point is the midpoint of line segment AG? 
8. Which point is the midpoint of line segment BE? 
9. Which point the midpoint of line segment DF? 

10. Which line segment is point B the midpoint of? 


A Perpendicular Bisector Crosses the Midpoint at 90> 


Two lines are perpendicular if the angles that are made 
where they cross each other are right angles. 


A bisector is a line or line segment that 
® crosses the midpoint of another line segment. 


In this diagram, C is the midpoint of AB, so 
E DE isa bisector of AB. 


A perpendicular bisector of a line segment 
is a bisector that passes through the 
midpoint at a right angle. 


In this diagram, FG is a perpendicular 
bisector of AB. 


Section 3.5 — Constructions 


You need a compass to draw a perpendicular bisector. 


Use a compass and straightedge to draw W 
the perpendicular bisector of VW. ee 
Label the bisector YZ. Vy 


Solution 
Step 1: Place compass point on V. 
Open the compass more than half the length of VW. 
Ww 
W Vv 


Step 2: Sweep a large arc that goes above and 
yV below line segment VW. 


Check it out: 


This method has two uses. 

It is the way to draw a 
perpendicular bisector using a 
compass and straightedge, 
but it also shows you where 


the midpoint is. : F 
Step 3: Keeping the compass open to the same width, 
Ww 


place the compass point on W and repeat step 2. 


The two arcs should cross in two places. y 
If they don’t you might need to extend them. 
Y 
Step 4: Draw a line segment that passes through 
w_ the points where the arcs cross. 


This is the perpendicular bisector of VW, so label 
V its endpoints Y and Z. 


The bisector crosses VW at the midpoint, x. 


(% Guided Practice 


11. Use a compass and straightedge to draw the perpendicular 
bisectors of each of the line segments you copied in Exercises 1-4. 
Label the midpoint of each line segment. 


Ve Independent Practice 
S is the midpoint of line segment RT. The length of RS is 12.6 in. 


N : 1. What is the length of RT? 2. What is the length of ST? 
ow try these: 
Lesson 3.5.2 additional In Exercises 3-8, draw a line segment of the given length, then 
questions — p450 construct its perpendicular bisector. Mark the midpoint X. 

3.8 cm 4. 5 in. 5. 4.5 cm 

6.9.3 cm Ve spa bu 8. 6.5 in. 


Round Up 


A compass Isn't just useful for drawing circles and arcs. You also use it to tind midpoints and draw 
perpendicular bisectors. This is something else that you need to practice until you are happy with tt. 


Section 3.5 — Constructions 


California Standards: 


Measurement and 
Geometry 3.1 

Identify and construct basic 
elements of geometric 
figures (e.g., altitudes, 
midpoints, diagonals, angle 
bisectors, and perpendicular 
bisectors; central angles, 
radii, diameters, and chords 
of circles) by using a 
compass and straightedge. 


What it means for you: 
You'll learn what 
perpendiculars, altitudes, and 
angle bisectors are, and how 
to draw them. 


Key words: 


* perpendicular 
* altitude 
* triangle 
* angle bisector 


Don't forget: 


If you need a reminder of 
how to construct a 
perpendicular bisector, look at 
Lesson 3.5.2. 


Perpendiculars, Altitudes, 
and Angle Bisectors 


Last Lesson you learned to draw perpendicular bisectors, which cross 
other line segments exactly in their center, at 90’. Now youve going 
to use the skills you learned to draw other perpendiculars too. 


Youre also going to learn about angle bisectors. These do just what it 
sounds like they do — divide an angle exactly in half. 


Perpendicular Line Segments Meet at Right Angles 


You’ve seen how to construct a perpendicular bisector. That’s a line 
segment that crosses the midpoint of another line segment at a 90° angle. 


A line or line segment that makes a 90° angle with another line segment, 
but isn’t a bisector, is sometimes called a perpendicular. 


You can construct a perpendicular that passes through a specific point 
using a compass and straightedge. 


Use a compass and straightedge to construct a line 
A C B segment perpendicular to AB that passes through 
point C. 


Solution 
Step 1: Put the compass point on C. 
Open the compass to a length between C and the 


nearest end of the line segment — B in this case. & C S 


a |, | Step 2: Draw an arc that crosses AB twice. 
A \ © —/ ® (In fact, you only need to draw the parts of this 
Nee oe arc where it cross AB — see the next step.) 


Step 3: Follow the steps for constructing a perpendicular bisector. 
Use the points where the arc crosses the line segment as endpoints. 


Only the parts of the arc that 
cross AB are now shown. These are 
at equal distances from C. 


Section 3.5 — Constructions 


The point you need to pass through isn’t always on the line segment you 
want to cross. 


a Use a compass and straightedge to construct a line 


segment perpendicular to AB that passes through 


o—________- point D. 


A 

Solution ? 

Step 1: Put the compass point on D and draw an 

arc that crosses AB twice. Call the points where — ey 

AB crosses the arc E and F. _—— 
De Step 2: With the compass point on E, draw 


an arc on the opposite side of AB to point D. 


Step 3: Move the compass point to F Keep 
the compass setting the same and draw an arc 
that crosses the one you drew in step 2. Call 
the point where the two arcs cross G. 


Step 4: Draw a line segment passing 
through D and G. NE 


> 


(% Guided Practice 


Draw a line segment, JK, that is 12 cm long. Mark the following 
points on the line. Draw a perpendicular through each of those points. 
1. Point L, 3 cm away from J 2. Point M, 2 cm away from K 

3. Point N, 5 cm away from J 4. Point O, 5.5 cm away from K 


5. Draw a line segment, PQ, that is 8 cm long. Draw one point, S, 
above PQ and one point, T, below PQ. Construct a perpendicular to 
PQ that passes through S and another that passes through T. 


An Altitude is a Line Showing the Height of a Triangle 


An altitude of a triangle is a line segment that starts 
from one corner of the triangle and crosses the 
opposite side at a 90° angle. 


The way to construct an altitude is very similar to 
the method for constructing a perpendicular 
through a point not on the line — just use the 


corner of the triangle as the point. 
Section 3.5 — Constructions 


Check it out: 


Drawing an altitude from one 
of the acute corners of an 
obtuse triangle is a little more 
tricky. You need to extend the 
opposite side of the triangle 
for the method to work. 


extended 
line 


Don't forget: 


An acute triangle has three 
angles of less than 90°. 

A right triangle has one angle 
of exactly 90°. 

An obtuse triangle has one 
angle of more than 90°. 


Use a compass and straightedge to construct an 
altitude from P through RQ. 


Solution 


Step 1: Put the compass point on P. 
Draw an arc that crosses RQ in two places. 


R AQ 


Step 2: Keep the compass open the same width. 
Put the compass point at one of the points where 
the arc crosses RQ. Draw an arc below RQ. 


Step 3: Repeat step 2 from the other point 
where the arc and RQ cross. 


Make sure the two new arcs cross. 
P 


Step 4: Draw a line segment from P to the 
e Xe opposite side of the triangle, toward the point 
where the two arcs cross. 


&% Guided Practice 


In Exercises 6—8, you need to draw triangles. Start each one by 
drawing a line, AB, that is 6 cm long. Choose the lengths of the other 
sides to suit the question. 

6. Draw an acute triangle ABC. Construct an altitude from C. 

7. Draw a right triangle ABC. Construct an altitude from C. 

8. Draw an obtuse triangle ABC. Construct an altitude from C. 


An Angle Bisector Divides an Angle Exactly in Halt 


An angle bisector is a line or line segment that divides an angle into two 
new angles of equal measure. 


o 
F: 
r. 
we’ Angle 
bisector 


20 pe ta 


Section 3.5 — Constructions 


Example ; 4 


Use a compass and straightedge to 
bisect the angle ABC. 


Solution 


Check it out: 


The method for constructing 
an angle bisector works for 
any angle — acute, obtuse, or 


right. Step 1: Put the compass point on B and draw 


an arc that crosses the line segments AB and BC. B C 
Step 2: Put the compass point where the arc crosses AB and draw a new 
arc in the middle of the angle. Keep the compass open at the width 
you’ve just used. 


Step 3: Using the same compass width, 
repeat step 2 with the compass point at the 
spot where the first arc crosses BC. Make 
sure the two new arcs cross. 


Step 4: Join point B to the point where the two 
arcs cross. The angle ABC has been bisected 
into two equal angles, ABD and DBC. 


&% Guided Practice 


Use a protractor to draw the following angles. Bisect them using a 


compass and straightedge. 
9. 90° 10. 65° 11, 20° 1221292 


ivf Independent Practice 


1. Draw a 10 cm long line segment UV. 

Mark two points on the line segment, and label them W and X. 
Mark a point Y above the line. 

Draw perpendiculars to UV through W, X, and Y. 


2. Draw an acute triangle and an obtuse triangle. Construct altitudes 
from all three corners of each triangle. What is different about the 
Now try these: points where the three altitudes meet (or will meet if extended)? 


cian ae 3. Draw one acute, one right, and one obtuse triangle. Start each one 
: ‘ by drawing a line that is 5 cm long. Construct an angle bisector for 
the largest angle in each triangle. 


Round Up 


This Lesson gives you two methods for the price of one. The method for drawing an altitude of a 
triangle Is the same as for drawing a perpendicular through a point that’s not on the line. 
Remember, watch out tor those tricky obtuse triangles, where you might need to extend one side. 


Section 3.5 — Constructions — 


California Standards: 


Mathematical Reasoning 
1.2 

Formulate and justify 
mathematical conjectures 
based on a general 
description of the 
mathematical question or 
problem posed. 


Mathematical Reasoning 
2.4 


Make and test conjectures 
by using both inductive and 
deductive reasoning. 


Measurement and 
Geometry 3.3 

Know and understand the 
Pythagorean theorem and 
its converse and use it to 
find the length of the 
missing side of a right 
triangle and the lengths of 
other line segments and, in 
some situations, empirically 
verify the Pythagorean 
theorem by direct 
measurement. 


What it means for you: 


You'll make conjectures, or 
“educated guesses,” about 
problems and use 
counterexamples and 
reasoning to decide whether 
your conjectures are true or 
false. 


Key words: 


* conjecture 

* limiting case 
¢ justifying 

* reasoning 

* instance 


Check it out: 


There’s no real right or wrong 
answer with conjectures. 

The only rule is that you 
should be able to explain why 
you've made that conjecture, 
and why you think it’s likely to 
be true. 


Geometrical Patterns 
and Conjectures 


In this Lesson, youre going to learn about testing and justifying 
conjectures. You make conjectures all the time in math, and also in 
everyday life. A conjecture (s just an educated guess that is based on 
some good reason. 


A Conjecture is an Educated Guess 


A conjecture is what’s called an educated guess or an unproved opinion, 
such as, “‘it’ll rain soon because there are gray clouds.” This is unproved 
because we don’t actually know whether it will rain soon or not. 


You can make conjectures about mathematical situations such as patterns 
or data. For example, given the pattern 2, 4, 6... you could make a 
conjecture that the pattern increases by 2 each time. 


There are two main types of conjecture in mathematical patterns: 


¢ Specific conjectures about a new instance of a pattern. 
* General conjectures about a pattern. 


Make three specific conjectures and three general conjectures about the 
pattern below. 


e 
e e 
Qo eee eeeee 
e e 
e 
Instance | Instance 2 Instance 3 


Solution i: 
These are specific conjectures 


Specific conjectures: because they describe 
1. Instance 4 will have 13 dots. ae instances 4 and 5 only. 
2. Instance 4 will be in the shape of a cross. 
3. Instance 5 will have 17 dots. 


General conjectures: ee 
1. Each instance is the shape of a plus sign. 

2. Each instance has rotational symmetry. 

3. Each instance has four more dots than the instance before it. 


These are general 
conjectures because 
they describe the 
entire pattern. 


There are usually lots of conjectures you could make about a pattern, and 
you have to select which you think are the most important to mention. 


Not every conjecture has to be true, but if you make a conjecture you 
should either think it is true, or think it has the possibility of being true. 
So, although we don’t know that instance 4 will definitely have 13 dots, we 
make the conjecture because it seems the most sensible guess based on 
what we know so far. 


Section 3.6 — Conjectures and Generalizations 


(% Guided Practice 


1. Below is the first three instances of a dot pattern. 
Make at least one specific and one general conjecture. 


eee 

eee oS @ 

eee @ @ e@ ie) 
Instance | Instance 2 Instance 3 


A Counterexample Shows that a Conjecture is False 


It only takes one instance where the conjecture doesn’t apply to show that 
the conjecture is not true. For example, if you made the conjecture that it 
never rains on Mars, only one drop of rain would have to fall on Mars to 
prove you wrong. 


You can show that some math conjectures aren’t true by finding a 
counterexample. A counterexample is a single case that makes a 
Don't forget: conjecture false. 


Limiting cases are generall i : : ; ‘ 
ihe nee ‘batare ae see To find a counterexample, consider some instances of the situation. Try 


the ordinary. to think about any extreme or limiting cases. These may be cases such as 


ley Cochlear negative numbers, zero, or the most regular or irregular shapes. 
case for the parallelogram is 


the rhombus, which has all 
sides the same length. 


Test the following conjecture about rectangles: 


“The diagonals of a rectangle are never perpendicular.” 
Solution 
Perpendicular means that the lines are at 90° to each other. 
First find the limiting cases. 
For rectangles, try the case where the rectangle is very long and thin, 
and the case when the rectangle is square. 


== x 


For the conjecture to be true, it must be true er every uate case. 
So if this conjecture is true, it must hold for every possible rectangle. 


The special case of the long and thin rectangle clearly does not have 
perpendicular diagonals. But the special case of the square does have 
perpendicular diagonals. 


So the conjecture is false since it isn’t true for every case. 
The square is a counterexample. 


Deciding whether a conjecture is true or not by looking at specific limiting 
examples is called justifying through cases. 


Section 3.6 — Conjectures and Generalizations 


&% Guided Practice 
Don't forget: 2. Consider the following conjecture: 


Quadrilaterals are four-sided “All quadrilaterals have four right angles.” 
shapes. 


Decide whether it is false or could possibly be true by examining 
limiting cases. 


You Can Justify Conjectures Through Reasoning 


It’s hard to show that a conjecture is definitely true — there could always 
be an example that you haven’t found that would disprove the conjecture. 


Justifying through reasoning means that you use algebra or 
principles to show that a conjecture is true for all possible cases. 


Test the following conjecture about rectangles: 
“The diagonals of a rectangle are congruent.” 


Solution 


Congruent means the same in size and shape. 
Split the rectangle along both the diagonals to make 4 triangles, where 
each diagonal becomes the hypotenuse of a right triangle. 


B C 
Triangle 2 
+ 


B 


Triangle 1 


Triangle 4 


Don't forget: 


Go back to Lesson 3.3.1 if 
you need a reminder of the 
Pythagorean theorem. 


The Pythagorean theorem says that the square of the length of the 
hypotenuse is equal to the sum of the squares of the two legs. 


Triangle 1:(BD)? = (AB) + (AD)” 
Triangle 3:(AC)? = (AB) + (BC)? = (AB)? + (AD) 


AN 


Rectangles have two pairs 
of equal sides, so BC = AD. 


(BD) = (AC)’, so BD and AC must be the same length. 


This means the diagonals of the rectangle are the same length, and 
so they’re congruent. 


Section 3.6 — Conjectures and Generalizations 


Check it out: 


You can use the Pythagorean 
theorem to justify whether this 
conjecture is true or false too. 


Now try these: 


Lesson 3.6.1 additional 
questions — p451 


Round Up 


(&% Guided Practice 


3. Consider the following conjecture: 


“The vertical height of a cone will be 4 cm, if the base 
has diameter 6 cm and the slant height is 5 cm.” 


Decide whether the conjecture is true or false by 
justification through reasoning. 


ive Independent Practice 


1. Make two specific conjectures and two general conjectures about 
the following number sequence. 


pas HP 2 Pa bs Per 


Use some of your conjectures to find the next two numbers in the series. 


2. If is an odd number, make a conjecture about n + 1. 


The pattern below shows the first three instances of a pattern. 
Use the pattern to answer Exercises 3-5. 


Instance 1 Instance 2 Instance 3 


3. Make three specific conjectures about the pattern. 
4. Make three general conjectures about the pattern. 
5. Draw the next two instances of the pattern. 


6. Consider the following conjecture: 
“Parallelograms never have a line of symmetry.” 


Decide if this conjecture is true or false by testing limiting cases. 


7. Consider the following conjecture: 


“There are exactly three ways that you can split a 
rectangle into four smaller rectangles, so that all four 
smaller rectangles are congruent to each other.” 


Show that the conjecture is false by finding a counterexample. 


So that’s conjectures. You'll make conjectures about all kinds of things in math — often without 
even thinking about tt — and you might have to show whether they ‘re true or not using 
counterexamples or careful reasoning. 


Section 3.6 — Conjectures and Generalizations i 


California Standards: 


Algebra and Functions 1.1 
Use variables and 
appropriate operations to 
write an expression, 

an equation, an inequality, or 
a system of equations or 
inequalities that represents a 
verbal description (e.g., three 
less than a number, half as 
large as area A). 


Mathematical Reasoning 
2.2 

Apply strategies and 
results from simpler 
problems to more complex 
problems. 


Mathematical Reasoning 
3.3 

Develop generalizations of 
the results obtained and the 
strategies used 

and apply them to new 
problem situations. 


What it means for you: 
You'll learn how to generalize 
a pattern from simple 
examples so that you can find 
any given instance of that 
pattern. 


Key words: 


* generalization 

* number pattern 

* number sequence 
* conjecture 


Don't forget: 


It's always a good idea to test 
your generalizations. With 
patterns, do this by checking 
that a generalization or 
formula works on a new 
instance. 


& Guided Practice 


Expressions and 
Generalizations 


You met specific and general conjectures in the previous Lesson. 


A generalization is a special kind of general conjecture. [t allows you to 
work out quickly what any instance of a pattern will be. 


A Generalization Comes from a General Conjecture 


A generalization is a way of extending a general conjecture. 


Making a generalization means finding some kind of expression or 
formula that you could use for any instance. Generalizations can be 
mathematical expressions or word descriptions. 


You might use the first three instances of a pattern to make a the 
generalization that would tell you how to find the nth instance — the nth 
instance could be any instance whatsoever. 


Make a generalization for the number of dots in instance n of this 
pattern: 


e e°e eee 
eo eco eooe0e 
Instance 1 Instance 2 Instance 3 
Solution 
Look at what happens in each instance. 
Instance 1 has 1+ 1+1=3 dots. ae 
Instance 2 has 1+ 2+2=5 dots. ES 


Instance 3has1+3+3=T7dots. $8 
We can therefore say that Instance n will have 7 +n+n=2n+ 1 dots. 


Check this is correct by testing on instance 2: 
2n+ 1=(2 x 2)+1=5 dots, which is correct. 


Test on instance 4: 


2n+1=(2x4)+1=9 dots. <yriy e©eee 
This is what you would have expected. SHE- ee2e0e08 


1. Make a generalization of the pattern below by writing an expression 
for the number of dots in instance n. 


eeee 
eee a e@ 
ee e e e e 
ee eee eeee 
Instance 1 Instance 2 Instance 3 Instance 4 


Section 3.6 — Conjectures and Generalizations 


Use Generalizations to Solve Problems 


In the pattern below, find the number of dots in instance 10. 


Instance 1 Instance 2 Instance 3 
Solution 
In Example 1 we found a generalization for this pattern. 


This was that the number of dots in instance n is 2n + 1. 
Instance 10 therefore has 2n + 1 =(2 x 10)+ 1 =21 dots. 


Another way to do this is to notice that the top line has the same number 
of dots as the instance number, and the bottom line has one more dot 
than the top line. The top line of instance 10 will have 10 dots, and the 
bottom line will have 10 + 1 = 11 dots. The total number of dots is 

10+ 11 =21 dots. 


Don't forget: 


The examples opposite ask 
you to find expressions for the 
numbers in patterns. 

One way to do this is to When you look at a pattern, there can be more than one generalization to 
compare each instance make 

number with the . 
corresponding value in the 
pattern. 

A table can help you do this. 
For example: 


By making a generalization about the pattern below, find the sum of the 
7th line of the pattern. 


1=1 
1+3=4 
14+3+5=9 


Solution 

The pattern is the sum of consecutive odd numbers, adding one more 
odd number each line. You could say that the sum of the 7th line will be 
the sum of the first 7 odd numbers. A generalization would be that the 
sum of the nth instance is the sum of the first n odd numbers. 


You could also generalize that the sum of each of the lines is the square 
of the instance number. So the nth line will sum to n’. 


So for line 7, the sum will be n? = 7? = 49. 


Check it out: 


It’s often useful to make a table 
of simple cases. For example, 
a table for Exercise 2 would 
look like this: 


(% Guided Practice 


2. Use a generalization to find the 50th odd number. 
3. Use a generalization to find the 9th term in the following pattern: 
4, 6, 8, 10, 12... 


Section 3.6 — Conjectures and Generalizations 


(% Independent Practice 


Use the dot pattern below to answer Exercises 1-3. 


() Cm ) eee 
e Cm ) eee 
Instance | Instance 2 Instance 3 


1. Generalize the pattern using words. 


2. Generalize the pattern by finding an expression for the number of 
dots in the nth instance. 


3. Draw Instance 10. 


4. Maggie created a pattern in which the nth instance had 5n — 1 dots 
init. Draw the first three instances of Maggie’s pattern. 


Use this pattern to answer Exercises 5—6. 


2=2 
2x2=4 
2x2x2=8 


5. Extend the pattern for two more lines. 


6. Find a generalization and use it to find the product of the 9th line. 


For Exercises 7—9 use the pattern of numbers: 
7, 10, 13, 16, 19... 
7. Describe the pattern in words. 
Now try these: 8. Write an expression for the mth number in the pattern. 


Lesson 3.6.2 additional 9. Find the 30th number in the sequence. 
questions — p451 


Use this pattern for Exercises 10-12: 


1 
S71 3—3 
7+9+11=27 


10. Find the next line of the sequence. 
11. Find an expression for the sum of the nth line. 
12. Find the sum of the 10th line. 


Round Up 


Generalizing Is really useful in problem solving. If you're asked to tind the 100th instance in a 
pattern, itll take you ages to write or draw all 100 out — better to start simple and then generalize. 


Section 3.6 — Conjectures and Generalizations 


Chapter 3 Investigation 


Designing a House 


Before starting expensive construction, architects will make scale drawings, so that the size and 
shape of everything /s cleat. Often, constructions will be complex, rather than regular shapes. 


You work for an architect company, which is designing single-floor, one-bedroom houses. 
The houses will have one bedroom, a living area/eat-in kitchen and one bathroom. 
They must have a floor area of 900 square foot. 


An example layout 


is shown here. Closet 
Bedroom Oo ‘@: 


Bathroom 


Hf ” Eat-in Lo window 


kitchen 
living a 
area a 
= 
Part 1: 


Design a house that satisfies these requirements. Be sure to include the dimensions of each room. 


Part 2: 
Calculate the area of each room. Add up the area of each room to check that it comes to 
900 square feet. 


Things to think about: 

* You don’t have to design a rectangular or square house — you could make it a complex shape. 

* Try to make the room dimensions seem reasonable — a bathroom that is a 2-foot by 2-foot 
square wouldn’t be usable. 

* Be sure to include doorways, windows and other useful things, like a closet. 


Extensions 
1) Make a scale drawing of the house using a scale of 1 cm: 2 feet. 


2) Make a scale drawing of the house using a scale of your own choosing. 


Open-ended Extensions 


1) One buyer wants the bathroom to be accessible from the bedroom and the living area. 
He also wants a separate kitchen. Design a house that would incorporate this concept. 


2) A second buyer wants the rooms in the house to flow from one into the other, but to still 
offer privacy. Design a house that uses partial walls to separate rooms. 


Round Up 


When youre designing something, you'll often have certain limitations — like the area that the 
house should be. But you also have to think about how to make It usable — for exarmple, you 
need enough space for a bed in the bedroom. But after that, you can take preferences into 
account — like where youd prefer to put the door and the kitchen sink. 


Chapter 3 Investigation — Designing a House §3R} 


Chapter 4 


Linear Functions 


Section 4.1. Exploration — Block Patterns ..................:000:ceeeeeees 215 
Graohing Linear EQUATGNS  siscceccidcctsccsveshssteeudcedvaces 216 
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Section 4.3 Units and Measures ..............:cccccceeeeeeeeeeeeeeeeeeeeeeeeeeees 241 
Section 4.4 More on Inequalities .......... eee ee eeeeeeeseeeeeeeeeeeeeeees 254 


Chapter Investigation — Choosing a Route...............0.0::000eeeeeeeeeeeeees 264 


Section 4.1 introduction — an exploration into: 


Block Patterns 


/n this Exploration, you'll use pattern blocks to make patterns that could carry on forever. 
These patterns all result in different straight lines when graphed on the coordinate plane. 


Pattern | is developed using pattern blocks. Describe the pattern and record it in a table. 


Eee Bee 
Solution 


The pattern of 1, 3, 5, 7... continues on forever. => 
Two blocks are added each time. Number of blocks 


Ve Exercises 


1. Describe each pattern and record it in a table. 


i: SH 
“Es Rh 


The numbers from each pattern can be graphed on the coordinate plane. 
This data can be used to make predictions about other figures in the pattern. 


Pattern 1 
Graph the data for Pattern 1 and predict the number of blocks 


in the fifth figure in the pattern. 
Solution Number 6 


f 
Reading from the graph as shown, there will be Biocks © 


9 blocks in the fifth figure. 


123 45 6 
Figure in pattern 


Ve Exercises 
2. Graph the data for each pattern in Exercise 1. 
3. Predict the number of blocks in the fifth and sixth figures of each pattern. 
4. Find the slope of the graph of each pattern. What do you notice about each slope? 


Round Up 


The figures in each pattern increase by the same number of blocks each time. So, when you plot 
the data, you get straight line graphs. You can use these to predict later figures in each pattern. 


Section 4.1 Exploration — Block Patterns PxiR 


California Standards: 


Algebra and Functions 1.5 
Represent quantitative 
relationships graphically, 
and interpret the meaning of 
a specific part of a graph in 
the situation represented by 
the graph. 


Algebra and Functions 3.3 
Graph linear functions, 
noting that the vertical change 
(change in y-value) per unit of 
horizontal change (change in 
x-value) is always the same, 
and know that the ratio ("rise 
over run") is called the slope 
of a graph. 


What it means for you: 
You'll learn how to plot linear 
equations on a coordinate 
plane. 


Key words: 


¢ linear equation 
* variables 
* graph 


Check it out: 


The y = mx + b equation 
represents a “function.” 

A function is a rule that 
assigns each number to one 
other number. If you put a 
value for x into the function, 
you get one value for y out. 


Don't forget: 


Ordered pairs are often called 
coordinates, or coordinate 
pairs. 


Check it out: 


There are an infinite number 
of points on a line. So there 
are an infinite number of 
solutions to a linear equation. 


Section 4.1 


Graphing Equations 


Equations like y = 3x, y=x+t 1,and y = 2x + 3 are known as linear 
equations because If you plot them on a grid, you get straight lines. 
/n this Lesson you'll learn how to plot linear equations. 


Linear Equations Have the Form y = mx +b 


A linear equation can have one or two variables. The variables must be 
single powers, and if there are two variables, they must be in separate terms. 


Linear Equations 


Nonlinear Equations 


A linear equation can always be written in the form below (but you might 


have to rearrange it first): 
mand b are constants, so 


they're numbers like 1 or 3. 


y isa variable. 


x is a variable too. 


The m and b values can be 0, so y = 3x and y = 4 are linear equations too. 


&% Guided Practice 


In Exercises 1—6, state whether the equation is a linear equation or not. 
1. y=2x—-5 2. 7y —9x =-1 3.y=x°+4 
4.2y=4x+3 5. yp=x-1 6.y=x 


Every Point on the Line is a Solution to the Equation 


The graph of a linear equation is always a straight line. Every point on 
the graph is an ordered pair (x, y) that is a solution to the equation. 


This is the graph of the equation y=x + 1. 
The point (1, 2) lies on the graph, so x = 1, 
y = 2 must be a solution to the equation. 


You can test this by substituting the x- 

and y-values into the equation and checking 
that they make the equation true: 

y=xtl 5 2=11 

This makes the equation true, so x = 1, 

y =2 1s a solution to the equation. 


Section 4.1 — Graphing Linear Equations 


Check it out: 


You only really need two 
ordered pairs to draw a 
straight-line graph. 

But you should work out at 
least one more than this to 
make sure you haven't made 
any errors. 


&% Guided Practice 
Show that the following are solutions to the equation y =x + 1. 
7, x=3,y=4 8. x=-3,y=2 


Using the graph on the previous page, explain whether the following 
are solutions to the equation y=x + 1. 
9. x=l,y=4 10. x=—4, y=-3 


Find Some Solutions to Plot a Graph : 


To graph a linear equation, you need to find some ordered pairs to plot 
that are solutions to the linear equation. 


You do this by putting some x-values into the equation and finding their 
corresponding y-values. 


Find the solutions to the equation y = 2x + 1 that have x-values of 
—2,—-1, 0, 1, and 2. 
Use these to write ordered pairs that lie on the graph of y = 2x + 1. 


Solution 


Step 1: Draw a table that allows you to fill in the y-values next to the 
corresponding x-values. Make a column to write the ordered pairs in. 


Ordered Pair (x, y) 


Step 2: Substitute each x-value into the equation, to get the 
corresponding y-value. Here are a few examples: 


For x = —2: : 
Ordered Pair (x, 
y=ax+1=2(-2)+1=—3 [x | | Ordered Pair ( »)_ ated Fall 
For x =-1:  -2|-3| ( ) 
y=2xt+1=2(-1)+1=-1 2 : 


Step 3: Write each set of x- and 
y-values as an ordered pair (x, y). 


(0, 1) 


on 
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(% Guided Practice 


11. Find the solutions to the equation y = 5x — 4 that have x-values 
equal to —2, -1, 0, 1, and 2. Use your solutions to write a set of 
ordered pairs that lie on the graph of y = 5x — 4. 


12. Find the solutions to the equation y = 2x — 6 that have x-values 
equal to —6, —3, 0, 3, and 6. Use your solutions to write a set of 
ordered pairs that lie on the graph of y = 2x — 6. 


Check it out: 


If your points aren't ina 
straight line, you must have ; . ‘ F 
made a mistake — go back You draw the graph of an equation by first plotting ordered pairs that 
and check. represent the solutions to the equation. They should lie in a straight line. 
That's why you need more 
than two points — you 
wouldn't know if you’d made a 
mistake if you only had two 
points to join up. 


Plot the Points and Join Them Up 


Draw the graph of y = 2x + 1 by plotting the ordered pairs you found in 
Example 1. 


Solution 


The ordered pairs that fit the equation are (—2, —3), (1, —1), (0, 1), 
(1, 3), and (2, 5). 


Plot these points and draw a straight line through them. 
=2x+1 
Check it out: a » 


Always label your graph with 
its equation. 


Section 4.1 — Graphing Linear Equations 


Plot the ordered pairs (1, 1), (2, 3), (3, 5), and (4, 7). 
Do these ordered pairs lie on a linear graph? 


Solution 


Plot the points on a coordinate plane. 


When you join the points together, 
you get a straight line. 


So, the coordinates do lie on a linear 
graph. 


(In fact, they lie on the graph of 
y=2x—-1.) 


& Guided Practice 
13. Plot the graph of the function y = 5x — 4. 
You found some x and y pairs in Guided Practice Exercise 11. 


14. Plot the graph of the function y = 2x — 6. 
You found some x and y pairs in Guided Practice Exercise 12. 


(% Independent Practice 


In Exercises 1—3, use the values of x to evaluate the following 
equation: y = 2x -—9 
1. x=4 2.x =-6 3.x =-10 


4. Fill in a table for the equation y = —5x + 3 ready for it to be graphed 
on a coordinate plane. Use the x-values —1, 0, 1, and 2. 


In Exercises 5—6, determine whether the set of ordered pairs lies on a 
linear graph. 


SA( O01) Gl 3423). 1BRS) O11) (2,256.38), (4.4): 
Now try these: ae the point D with coordinates (4, —6) is on the line 


Lesson 4.1.1 additional 
questions — p452 8. Construct a table to find some points on the graph of y = 3x —5. 
Plot the values on a coordinate plane and draw the graph. 


9. Construct a table to find some points on the graph of y = ox - 6. 


Plot the values on a coordinate plane and draw the graph. 


Round Up 


When you draw a graph of a linear equation you always get a straight line, and all the points on the 
graph represent solutions to the equation. It’s important to understand this when you look at 


solving systems of equations in the next Lesson. 
Section 4.1 — Graphing Linear Equations 1 


California Standards: 
Algebra and Functions 1.1 


Use variables and 
appropriate operations to 
write an expression, an 
equation, an inequality, or 

a system of equations or 
inequalities that represents 
a verbal description (e.g., 
three less than a number, half 
as large as area A). 


Algebra and Functions 1.5 


Represent quantitative 
relationships graphically 
and interpret the meaning 
of a specific part of a graph 
in the situation represented 
by the graph. 


What it means for you: 
You'll learn what systems of 
linear equations are and 
understand how their 
solutions are shown by 
graphs. 


Key words: 


* system of equations 
* linear equation 

* solving 

* intersection 


Systems of Linear 
Equations 


In the last Lesson you graphed linear equations and saw how every 
point on a line /s a solution to the equation of the line. In this Lesson 
youll use this (dea to solve a systern of equations. 


A System is a Set of Linear Equations 


A system of linear equations is a set of two or more linear equations in the 
same variables. The equations y = 2x + 2 and y = —3x — 8 are a system of 
equations in the two variables x and y. 


Write a system of linear equations to represent the following statement: 
“y is three times x and the sum of y and x is 8” 


Solution 


You need to write two equations that both need to be true for the 
statement to be true. 


The first part says, “y is three times x,” so y = 3x. 
The second part says, “the sum of y and x is 8,” soy+x=8. 


These two equations form a system of linear equations. 


The solutions to a system of equations have to satisfy all the equations at 
the same time. So the solution to the system of equations y = 3x 
andy+x=8 isx=2 and y=6. These values make both equations true. 


&% Guided Practice 


Write systems of equations to represent the following statements. 

1. x subtracted from y is 3, and y is twice x. 

2. Bob buys two melons at $y each and three avocados at $x each. 
He is charged $9 altogether. Melons cost $2 more than avocados. 


You Can Solve Systems of Equations Graphically 


All points on the graph of a linear equation have x- and y-values that 
make that equation true. Points on the graph of another linear equation 
in a system have x- and y-values that make that equation true. 


Where the graphs of two linear equations in a system intersect, the x- and 
y-values satisfy both equations. This intersection point is a solution to 
both equations, and so is the solution to the system. 
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\ this is the graph of 


This is the graph of one , 
another linear equation. 


Check it out: linear equation... 


Two straight lines that aren't 
parallel, or exactly the same, 
can only intersect each other 
once. So there will only ever 
be one solution to a system 
of linear equations like this. 
Parallel lines never cross, so 
there would be no solution. 


And if the lines are the same, The solution to a system of linear equations in two variables 


there would be infinitely man ; P ; ; 
Solutions: ee is the point of intersection (x, y) of their graphs. 


At this point, both equations are 
satisfied, so (-1, -1) is the solution 
to the system of equations. 


So you can solve a system of linear equations by plotting the graph of 
each equation and finding out where they cross. 


Solve the following system of equations by graphing: 
y= 2x=— 1 vq a=2 
Solution 


Draw tables to find coordinates of some points on each graph. 


ep fe Ordered Fair (x, y) Gra Ordered Fair (x, y) 


Don't forget: 


This is the same method that 
you learned last Lesson for 
plotting linear equations. 

If you can’t remember the 
steps, go back and do a bit 
more practice on graphing 
equations first. 


Te (1,1) 
epa[ on 


Now plot both graphs on 
the same coordinate plane. 


EEE 


Read off the point of intersection — it is (—1, —3). 
So 1, -3), or x =-1, y =-—3, is the solution to the system of equations. 
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% Guided Practice 


Solve the systems of equations in Exercises 3-4 by graphing. 
3. y=x+2 and y=-2x+5 
4. y=x-6 and y=-x+2 


Always Check Your Solution 


It’s easy to make mistakes when graphing, so you should always test the 
solution you get by putting it into both equations and checking it makes 
them both true. 


Check that (—1, —3) is a solution to the system of equations 


't forget: 
Don't forge y=2x-landy=x—-2. 


The first number in an 
ordered pair is always the 
x-value — (x, y). 


Solution 

Check the solution by substituting the x- and y-values into both equations: 
Equation 1: y=2x-1 => -3=2¢-1)-1 > -3=-3 true 
Equation 2: y=x-2 => -3=-1-2 => -3=-3 — true 

So (1, —3) is a solution to the system of equations. 


&% Guided Practice 


5. Check your answer from Guided Practice Exercise 3 by substituting it 
back into the equations. 


6. Check your answer from Guided Practice Exercise 4 by substituting it 
back into the equations. 


ivf Independent Practice 


1. Explain whether it is possible to have two solutions to a system of 
two linear equations. 


2. Describe the situation in which there is no solution to a system of two 
linear equations. 


Now try these: 3. Solve the following system of equations by graphing. 
Lesson 4.1.2 additional Check your solution by substituting. 
questions — p452 y=xt+3 y=-x-1 


4. Graph the following two equations. Explain why this system of 
equations has no solution. 
VS VS =o 


Round Up 


In this Lesson you learned how to write systems of linear equations, and how their single solution can 
be read trom a graph. In grade 8 you'll also solve systerns of linear equations algebraically. 


Section 4.1 — Graphing Linear Equations 


California Standards: 


Algebra and Functions 3.3 


Graph linear functions, 
noting that the vertical 
change (change in y-value) 
per unit of horizontal 
change (change in x-value) 
is always the same, and 
know that the ratio ("rise 
over run") is called the 
slope of a graph. 


What it means for you: 
You'll learn what the slope of 
a graph is and how to 
calculate it. 


Key words: 
* slope 

* steepness 

* ratio 


Check it out: 


The distance you go across a 
graph is known as the “run,” 
and the distance you go up is 
known as the “rise.” So the 


changeiny . ft 
change in x eoten 
called the “rise over run.” 


ratio 


Check it out: 


You can use any points on the 
line to calculate slope — it’s 
normally easiest to choose 
points that have integer x- and 
y-values though. 


Slope 


Over the past few Lessons you've been graphing linear equations — 
which have straight-line graphs. Some straight-line graphs you've 
drawn have been steep, and others have been more shallow. 
There's a measure for how steep a line is — slope. In this Lesson 
youll learn how to tind the slope of a straight-line graph. 


The Slope of a Line is a Ratio 


change in y 


For any straight line, the ratio is always the same — it doesn’t 


change in x 


matter which two points you choose to measure the changes between. 


y 
10. ; 
7 Lee 1 
9 (ee en | ee eee 


change iny 


change inx ~ 


6 ana 
5 : change Iny 


change in x 


change in y 


This ratio is the slope of the graph. 


> change in x ’ 


Slope is a Measure of Steepness of a Line 


: , _ change iny 
A larger change in y for the same change in x makes the ratio =~ 


bigger, so the slope is greater. 


change in x 


change in y 
change in x 


This line is steeper, and 
it has the bigger slope. 


changeiny 2 1 


change in x 7 ae 2D 


12 3 4 5 6 7 8 9 10 
So a slope is a measure of the steepness of a line — steeper lines 


have bigger slopes. 
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Slopes Can Be Positive, Negative, or Zero 


y 


[ale ae A positive slope is an “uphill” slope. 
fe ENG (Gee FE The changes in x and y are both positive 
[a | | | || 


— as one increases, so does the other. 


ist 
<— 
S 
= 
= 
©. 
© 


San 
[J 


ape 


A negative slope is a “downhill” slope. 
The change in y is negative for a positive T [eI 
change in x. y decreases as x increases. i 


ech 


niles 


Check it out: 


The slope of a vertical line is 
undefined. There’s a change 
of zero on the x-axis, and you 
can’t divide by zero. 


J, 


A line with zero slope is horizontal. 
There is no change in y. 


Se 


(&% Guided Practice 


1. Plot the points (1, 3) and (2, 5) on a coordinate plane. 
Find the slope of the line connecting the two points. 


2. Does the graph of y = —x have a positive or negative slope? 
Explain your answer. 


Compute Slopes from Coordinates of Two Points 


Check it out: 
iuoccent mater wAlchipolnic Instead of counting unit squares to calculate slope, you can use the 


you use for (x,, y,) and coordinates of any two points on a line. There’s a formula for this: 
(x5, ¥>). But you have to make 
sure you subtract both the 
x-and y-values of one pair 
from the x- and y-values of 
the other pair. 
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Don't forget: 


Subtracting a negative 
number is the same as 
adding a positive number. So 
3 —(-1) is the same as 3 + 1. 
Be careful with this when 
you’re calculating slopes. 


Don't forget: 


You can always count the 
units on the graph to check — 
but be careful. The scale 
might not always be 

one square to one unit. 


Check it out: 


Always check your answer is 
reasonable. 

Look at the graph you’re 
finding the slope of, and 
check that if it's downhill, your 
slope is negative, and if it’s 
uphill, your slope is positive. 


Solution 


(x, ¥) = C1, -) 
(x, ¥,) = CL, 3) 


vo Ji 


| 
This is the change iny. 


Slope = 


Start by drawing a triangle 
connecting two points on the graph. 


Choose two points that are easy to 
read from the graph, for example: 


N3-(C0) _ 


The graph below is the graph of the equation y = 2x + 1. 
Find the slope of the line. y 


3+1_4_, 


wood 


This is the change in x. 


Solution 


formula for slope: 


yo Ji 


Slope = 
Slope = -3 


&% Guided Practice 


%—2, 1-9 3 


IF you plot these points and draw a line YP 


through them, you can see that the slope 
is negative (it’s a ‘downhill’ line). 


So the slope of the graph is 2. 
l+1 2 P da a 


Find the slope of the line connecting the points C (—2, 5) and D (1, -4). 


You don’t need to draw the line to calculate the slope — you are given 
the coordinates of two points on the line. 


Ge¥)— C2 sy and @,y,)—U—). 


Substitute the coordinates into the 


(-2,5)y 


4-5  -9 


3. Plot the points (—2, 3) and (2, 5) on a coordinate plane. 
Find the slope of the line connecting the two points. 


4. Plot the graph of the equation y = 4x — 2 and find its slope. 
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( Independent Practice 


1. Identify whether the slope of each of the lines below is positive, 
negative, or zero. 


On a coordinate plane, draw lines with the slopes given 
in Exercises 2—5. 


23 3.6 4.-1 5.—4 

In Exercises 6—9, find the slope of the line passing through the two 
points. 

6. W (3, 6) and R (2, 9) 7. Q (G5, -7) and E (11, 0) 

8. A (—12, 18) and J (—10, 6) 9. F (2, 3) and H (+4, 6) 


10. The move required to get from point C to D is up six and left 
eight units. What is the slope of the line connecting C and D? 


11. Point G with coordinates (7, 12) lies on a line with a slope of 7 


Write the coordinates of another point that lies on the same line. 


12. On the coordinate plane, draw a line through the points 

E (2, 5) and S (4, 1). Find the slope of this line. 

On the same plane, draw a line through the points 

P (—2, —2) and N (4, -6). Find the slope of this line. 

What can you say about the two lines you have drawn and their slopes? 


13. Consider the statement: “The slope of a line becomes less steep if 
the distance you have to move along the line for a given change in y 
Now try these: increases.” Determine whether this statement is true or not. 


Lesson 4.1.3 additional 14. Is it possible to calculate the slope of a vertical line? 
questions — p452 Explain your answer. 


Round Up 


The slope of a line is the ratio of the change in the y-direction to the change in the x-direction 
when you move between two points on the line — It’s basically a measure of how steep the line Is. 
Positive slopes go “uphill” as you go trom left to right across the page, and negative slopes go 
“downhill.” Slope is actually a rate — and you'll be looking at rates over the next few Lessons. 
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Section 4.2 introduction — an exploration into: 


Pulse Rates 


In this Exploration, you'll measure your pulse rate and convert it to several different unit rates. 


A rate is a comparison of two amounts that have different units of measure. 


100 miles 


For example: 100 miles in 2 hours or v hours ° 


A unit rate is a rate where the second amount is 1. 
You find a unit rate by dividing the first amount by the second. 


A car travels 100 miles in 2 hours. What is its unit rate? 


Solution 
100 miles 


Shana “=> Unit rate = 50 miles/hour, or 50 miles per hour 


VA Exercises 


1. Write the unit rate for each. 
a. 90 words in 3 minutes b. 10 feet for 2 inches of height —_c. 100 miles on 4 gallons 


You'll now make some measurements involving heart rate. Work with a partner for this. 


Find your pulse on your left wrist, using two fingers of your right 
hand, as shown. When you’ve found your pulse, your partner 
should start the stopclock and say “go.” Count how many pulse 
beats you feel, until your partner calls “stop,” after 15 seconds. 
Write this number down. 


Now swap, so that your partner counts his or her pulse, and you time 15 seconds for them. 


Ve Exercises 


2. Write your results in this form: beats in 15 seconds. 


Now change it into a unit rate. 


. Pulse rate is usually given in beats per minute (bpm). 
Calculate your unit pulse rate in beats per minute. 


. Approximately how many times will your heart beat in: 
a. | hour b. 1 day c. 1 week d. 1 year (365 days in a nonleap-year) 


Round Up 


The unit rate fs generally more useful than other rates — it makes tt easier to compare things. 
For example, It’s difticult to compare 18 beats in 15 seconds with 23 beats in 20 seconds — 
it’s much easter to compare 72 beats per minute with 69 beats per minute. 


Section 4.2 Exploration — Pulse Rates bby, 


California Standards: 


Measurement and 
Geometry 1.3 

Use measures expressed as 
rates (e.g., speed, density) 
and measures expressed as 
products (e.g., person-days) 
to solve problems; check 
the units of the solutions; 
and use dimensional analysis 
to check the reasonableness 
of the answer. 


What it means for you: 
You'll learn what rates are 
and how you can use them to 
compare things — such as 
which size product is better 
value. 


Key words: 


* rate 

* ratio 

¢ fraction 

¢ denominator 
* unit rate 


Don't forget: 


You can simplify ratios by 
dividing both numbers by a 
common factor. 

Rates can be simplified in the 
same way. For example — 
you can divide top and bottom 
3 inches 

9 years pyrene 
1 inches 

3 years * 


of the rate 


get 


Check it out: 


You must always write the 
units after a rate. 

The unit miles per hour could 
also be written as miles/hour. 


Section 4.2 
Ratios and Rates 


Rates are used a lot in dally life. You often hear people talk about 
speed in miles per hour, or the cost of groceries in dollars per pound. 

A rate tells you how much one thing changes when something else 
changes by a certain amount. Imagine buying apples for $2 per pound 
— the cost will increase by $2 for every pound you buy. 


Ratios are Used to Compare Two Numbers 


You might remember ratios from grade 6. Ratios compare two numbers, 
and don’t have any units. For example, the ratio of boys to girls in a class 
might be 5: 6. There are three ways of expressing a ratio. 

The ratio 5 : 6 could also be expressed as “5 to 6” or as the fraction >. 


There are four nuts between three squirrels. 
What is the ratio of nuts to squirrels? 


Solution 


There are 4 nuts to 3 squirrels so the ratio 
of nuts to squirrels is 4: 3. 


: . 4 
This could also be written “4 to 3” or re 


Rates Compare Quantities with Different Units 


A rate is a special kind of ratio, because it compares two quantities that 


have different units. For example, if you travel at 60 miles in 3 hours you 


: 60 mil 
would be traveling at a rate of — 
3 hours 


You'd normally write this as a unit rate. That’s one with a denominator 


60 miles 20 miles 


of 1. So sigue ke 20 miles per hour. 


John takes 110 steps in 2 minutes. What is his unit rate in steps per minute? 
Solution 


110 steps in 2 minutes means a rate of: 
55 steps 


110 steps = 55 ¢t ac 
2 minutes 1 minute i le aa 


Section 4.2 — Rates and Variation 


Numerator + Denominator Gives a Unit Rate 


Dividing the numerator by the denominator of a rate gives the unit rate. 
Check it out: 


Fase domihavacaibe So, if it costs 2 dollars for 3 apples, the unit rate is the price per apple, 


expressed as fractions or 
whole numbers. Rates can which is ee 2 dollars +3 apples = 0.66 dollars per apple. 
also be decimals. 3 apples 


A car goes 54 miles in 3 hours. Write this as a unit rate in miles per hour. 
Solution 


Divide the top by the bottom of the rate. 
Check it out: 


The unit rate that’s calculated 
here is average speed — 
there’s more on this in Lesson 
Vas). 


54 miles ; 
ZT ~»= (54 + 3) miles per hour = 18 miles per hour. 
3 hours 


, : 16, 
This is a unit rate because the denominator is now 1 (it’s equivalent to a mi/h). 


18 mi/h Paces 


Example ; 4 
If a wheel spins 420 times in 7 minutes, what is its unit rate in 
revolutions per minute? 


Solution 
. 420 . . 
The rate is ae revolutions per minute. 


Divide the top by the bottom of the rate. 


(420 + 7) revolutions per minute = 60 revolutions per minute. 


This is a unit rate because 6O revolutions per minute has a denominator of 1 (60 = = a 


(% Guided Practice 


In Exercises 1—3, find the unit rates. 
1. $3.60 for 3 pounds of tomatoes. 
2. $25 for 500 cell phone minutes. 
3. 648 words typed in 8 minutes. 


4. Joaquin buys 2 meters of fabric, which costs him $9.50. 
What was the price per meter? 


5. Mischa buys a $19.98 ticket for unlimited rides at a fairground. 
She goes on six rides. How much did she pay per ride? 


Section 4.2 — Rates and Variation ji 


Use Unit Rates to Find the “Better Buy” 


Stores often sell different sizes of the same thing, such as clothes 
detergent or fruit juice. A bigger size is often a better buy — 

meaning that you get more product for the same amount of money. 

But this isn’t always the case, so it’s useful to be able to work out which is 
the better buy. 


You can do this by finding the price for a single unit of each product. 
The units can be ounces, liters, meters, or whatever is most sensible. 


Check it out: 


There are situations where 


the “better buy” is not actually 
the most sensible option. 

For example, a store might 
sell a product at a much 
cheaper unit price when you 
buy 20 — but if you only want 
1 of the product, it’s silly 


A store sells two sizes of cereal. 
Which is the better buy? 


$3.20 for 16 ounce box 
$4.32 for 24 ounce box 


Solution 


3.20 dollars 


16 ounce box: Rate is ; 
16 ounces 


Unit rate = (3.20 + 16) dollars per ounce = $0.20 per ounce 


paying the extra if you’re not 
going to use it all. 


4.32 dollars 
24 ounces * 


Unit rate = (4.32 + 24) dollars per ounce = $0.18 per ounce 


24 ounce box: Rate is 


The 24 ounce box is the better buy — the price per ounce is lower. 


(&% Guided Practice 


6. Determine which phone company offers the better deal: 
Phone Company A: $40 for 800 minutes. 
Phone Company B: $26 for 650 minutes. 


7. Determine which is the better deal on carrots: $1.20 for 2 lb or 
$2.30 for 5 lb. 


vf Independent Practice 


In Exercises 1—6, write each as a unit rate. 


1. $4.50 for 6 pens 2. 100 miles in 8 h 3. 200 pages in 5 days 


Now try these: 4. 120milesin 2h “5.8400 for lOitems 6.936 in 6 hours 


Lesson 4.2.1 additional 
SMEE ONS ene) 7. Peanuts are either $1.70 per pound or $8 for 5 pounds. 


Which is the better buy? 


8. Lemons sell for $4.50 for 6, or $10.50 for 15. 
Which is the better buy? 


9. “$40 for 500 pins or $60 for 800 pins.” Which is the better buy? 


Round Up 


Rates compare one thing to another and always have units. A unit rate fs a rate that has a 
denominator of one. In the next Lesson you'll see how rate /s related to the slope of a graph. 


Section 4.2 — Rates and Variation 


California Standards: 


Algebra and Functions 3.4 


Plot the values of quantities 
whose ratios are always the 
same (e.g., cost to the 
number of an item, feet to 
inches, circumference to 
diameter of a circle). 

Fit a line to the plot and 
understand that the slope 
of the line equals the ratio 
of the quantities. 


What it means for you: 


You'll learn how to graph two 
quantities in a ratio or rate 
and understand what the 
slope means in this context. 


Key words: 

¢ straight-line graph 
* slope 

sirate 


Check it out: 


When one quantity in a ratio 
is zero, the other quantity 
must be zero also. So you 
know a graph of quantities in 
a ratio must go through the 
point (0, 0). 


Graphing Ratios and Rates 


When you're buying apples, the price you pay increases steadily 

the more apples you buy. lf you plot a graph of the weight of apples 
against the cost, you get a straight line. The slope of this line Is the 
same as the unit rate — the cost per pound. 


Quantities in Ratios Make Straight-Line Graphs 


When you increase one quantity in a ratio or rate, the other quantity 
increases in proportion with it. 


For example, if flour cost $0.50 per pound, you know that two pounds of 
flour would cost $1. This is because if you double the amount of flour, you 
also double the cost. In the same way, if you buy ten times as much flour, 
it costs ten times as much. 10 


You can represent the cost of different 
amounts of flour on a graph: 


2 For every extra 
<= 52 pounds, the 
price rises by $1. | 


O 4 8 12 16 CO 
Founds of flour 


By joining these points you get a straight-line graph. You get a 
straight-line graph whenever you plot quantities in a ratio or rate. 


Suzi the decorator earns $50 per hour. Plot a graph to show how the 
amount Suzi earns increases with the amount of time she works. 


Solution Step 1: You know she earns $50 per hour. 
Draw a table of her earnings for different 
numbers of hours. 


500, 

© 400 

8 

‘§ 300 

e 

E 200 
Step 2: Plot a graph from your table 
to show the number of hours worked "°° 
against the amount she earns. 

O- 2 4 6 6 0 


Number of Hours 


Section 4.2 — Rates and Variation 


&% Guided Practice ——_<@£@<@  —m— —————x—“— 


1. You can buy 5 kg of sand from a toy store for $3.00. If the sand 
always costs the same amount per kilogram, draw a graph to represent 
the relationship between the cost and the mass of sand. 


2. It costs $1 to run an electricity generator for half an hour. Draw a 
graph to represent the relationship between cost and time. 


Use the Graph to Find Unknown Values 5 


Once you’ve drawn a graph, you can use it to find unknown values. 


Suzi the decorator worked for 5 hours on Monday. 
Use the graph in Example | to work out how much she earned. 


500, 
Solution _ 
. = 400 
She worked for 5 hours, so find 5 3 
h the horizontal axis. = 
ours on the horizontal axis F 500 
Go up to the line, and then across = 
to find the amount earned for E 200 


5 hours’ work. 


On Monday Suzi earned $250 for 
5 hours’ work. o 


Number of Hours 


A car rental company charges $0.25 per mile driven. 
Plot a graph to show this rate and use it to find how 


far you could drive for $4.50. 
Solution 


Draw a table that will allow you to plot a straight-line 
graph of miles traveled and price charged. => 


= 
& 


Check it out: 


You could use the graph to 


<= Plot the graph on a coordinate plane. 


Go across to the line, and read off the 
corresponding number of miles. 


find the cost for any distance So , . 
driven — for example, 5.3 = To find the number of miles you could 
miles. In reality, the company 8 A S25 Sher ap drive for $4.50, find $4.50 on the 
sacra ghangentontie I, vertical axis. 
@ 
| 


You can drive 18 miles for $4.50. 
Miles 


Section 4.2 — Rates and Variation 


Check it out: 


The slope of a distance-time 
graph (with time on the 
horizontal axis) is always 
speed. 


&% Guided Practice 


3. Rita is filling a sand box at the day camp where she works. She 
needs 8 kg of sand. Use your graph from Guided Practice Exercise 1 
to find the approximate cost of the sand. 


4. Use your graph from Guided Practice Exercise 2 to find the 
approximate price of running the generator for 3 hours. 


The Slope of the Graph Tells You the Rate 


The slope of a graph of two quantities is the unit rate. It tells you how 
much the quantity on the vertical axis changes when the quantity on the 
horizontal axis changes by one unit. 


The slope of a straight-line graph is found using this formula: 
change in y 


Slope = 
change in x 


Example 


This graph shows the progress of Selina, who is traveling at a 
constant rate. = _ 


Use the graph to find how many = 
miles per hour Selina is traveling at. 2 

ny 

& 
Solution 8 
The slope is the change in y E 
divided by the change in x. 
On this graph, this is the distance 


traveled divided by the time taken, Time taken (hours) 
which is a unit rate in miles per hour. 


Find two points on the line, and find the vertical change and the 
horizontal change between them by drawing a triangle onto the graph. 
Change in y = 150 miles 

Change in x = 6 hours 


change iny 150 miles 


So, Slope = ; 
change in x 6 hours 


Rate = (150 + 6) miles per hour 
= 25 miles per hour 


Selina is traveling at 25 miles per hour. 


Section 4.2 — Rates and Variation 


&% Guided Practice 


5. The y-axis of a graph shows the cost of hiring an engineer, and the 
x-axis shows the number of hours you get the engineer’s services for. 
What does the slope of the graph tell you? 


6. The graph on the right shows the price of 
carrots in a grocery store. Use the graph to 
find the unit rate for the price of carrots. 


& 
rg | ama ae eee ° gaat 
S Weight of carrots (Ib) 
= 4 7. The graph on the left shows the 
zZ number of feet against the equivalent 
2 number of yards. Use the graph to 
find the number of feet in a yard. 
O 1 2 % va 


Number of Yards 


Vo Independent Practice 


1. Water is dripping into an empty tank from a pipe. The water depth 
is increasing by a depth of 4 inches every 24 hours. Draw a graph and 
use it to find the depth of water in the tank after 36 hours. 

Use the graph to find the unit rate of water depth increase. 


2. A store earns about $100,000 over seven months. Draw a graph and 
use it to estimate the store’s earnings for a year. 


3. There are 12 inches in a foot. Draw a graph and use it to find the 
number of inches in 9 feet. Then use it to estimate the number of feet 
in 50 inches. 


4. The graph on the right shows the number of 


Now try these: miles John drives, and the number of gallons 
Lesson 4.2.2 additional of gas he uses. Find the number of miles 60 
questions — p453 John’s car does per gallon. 


5. Plot a graph of circle diameter against 
circumference. Put diameter on the 
horizontal axis. Find the slope of the graph. 
What does this slope represent? 


Number of miles driven 
aN 
{S) 


1 2 se 
Gas used (gallons) 


Don't forget: 


Circumference = x x diameter 
Diameter = 2 x radius 


6. Plot a graph of circle radius against circumference. Put radius on 
the horizontal axis. Compare the slope of your graph to the slope of 
your graph from Exercise 5. Explain any differences. 


Round Up 


When you graph quantities that are always in the same ratios you get straight-line graphs. 
You can use these graphs to convert trom one quantity to another. They aren’t the only way to 
convert quantities — the next Lesson /s about conversion factors, which are another way. 


Section 4.2 — Rates and Variation 


California Standards: 


Algebra and Functions 4.2 


Solve multistep problems 
involving rate, average 
speed, distance, and time or 
a direct variation. 


What it means for you: 


You'll learn the formula for 
speed, and how to use it to 
solve problems. 


Key words: 
* speed 

* distance 

* time 

¢ formula 


Check it out: 


Gila might not have walked at 
a steady speed for the entire 
8 hours. That’s why we have 
to calculate average speed. 


Check it out: 


Miles per hour is often 
shortened to mi/h or mph. 


This means the same as 
miles 
hours * 


miles + hours, and 


Don't forget: 


Speed can be measured in 
any unit of distance per 
unit of time. If you divide a 
distance in kilometers by a 
time in hours, your answer will 
be in kilometers per hour. 


Distance, Speed, and Time 


Speed Is a rate — it’s the distance you travel per unit of time. 

55 miles per hour is the speed limit on some roads. If you drive 
steadily at this speed, you'll travel 55 miles every hour. 

There’s a formula that links speed, distance, and time — and youve 
going to use It in this Lesson. 


Speed is a Rate 


Speed is a rate. It is the distance SD isied 
traveled in a certain amount of time. re) 
10 miles per hour 


Speed can be measured in lots of 
different units, such as miles per hour, 
meters per second, inches per minute... 


20 miles 


The formula for speed is: 


Gila walked 6 miles in 8 hours. What was Gila’s average speed? 


Solution 
Use the formula, and substitute in the values from the question. 


distance 
speed = ———— 
time 
_ 6 miles 
8 hours 
= (6 + 8) miles per hour 
= 0.75 miles per hour 


Gila’s average speed was 0.75 miles per hour. 


Rearrange the Equation to Find Other Unknowns 


You can rearrange the speed formula, and use it to find distance or time. 


distance 


To change the equation speed = into an equation that gives 


time 
distance in terms of speed and time, multiply both sides of the equation 
by time. 


distance x tine 
tunie 


Section 4.2 — Rates and Variation 


speed x time = 


Check it out: 


Formula triangles help you 
find the formula you want. 
The formula triangle for 
speed-distance-time is shown 


below. ; 
distance 


speed time 


To use it, cover up the thing 
you want to find, and the 
equation is what’s left. 


So if you want to find distance, 


cover up “d” and you're left 

with “s x 7.” 

If you want to find time, cover 

up “¢” and you’re left with “ ao 
Ss 


Alyssa runs for 0.5 hours at a speed of 11 kilometers per hour. 
How far does she run? 


Solution 


Use the formula for distance, and substitute the values for speed and time. 


Distance = speed x time 
= 11 kilometers per hour x 0.5 hours 


= 5.5 kilometers 


You can find the equation for time in terms of speed and distance in a 
similar way. 


Andy is planning a walk. He walks at an average speed of 3 miles per 
hour, and plans to cover 15 miles. How long should his walk take him? 


Solution 


You need to rearrange the speed formula first. 
distance = speed x time 


distance _ speed’x time 


Divide both sides by speed 


speed speed 


Now you can use the formula to answer the question: 


: distance 15 miles 
time = = - 
speed 3 miles per hour 


time = (15 + 3) hours = 5 hours 


Andy’s walk should take him 5 hours. 


&% Guided Practice 


1. Juan ran in a marathon that was 26 miles long. 
If his time was 4 hours, what was his average speed? 


2. Moesha goes to school every day by bike. The journey is 6 miles 
long, and takes her 0.6 hours. What is her average speed? 


3. Monica travels 6 miles to work at a speed of 30 miles per hour. 
How long does the journey take her each morning? 


Josh has been walking for 5 hours at a speed of 4 miles per hour. 
4. His walk is 22 miles long. How far does he have left to walk? 
5. How much longer will he take if he continues at the same speed? 


Section 4.2 — Rates and Variation 


Some Problems Might Need More than One Step 


Example ; 4 


On a three-hour bike ride, a cyclist rode 58 miles. The first two hours 
were downhill, so the cyclist rode 5 miles per hour quicker than she did 
for the last hour. 

a) What was her speed for the first two hours? 

b) What was her speed for the last hour? 


Solution 


Let the cyclist’s speed for the first two hours be (x + 5) miles per hour. 
So her speed for the last hour = x miles per hour. 
You need to write an equation using the information you’re given. 


: _ distance traveled distance traveled 
Total distance= .... . 
in first two hours in last hour 
58 = (x+S) x2 + (x) x 1 
58 = 2x+10+x RA 
58 = 3x+10 distance = speed x time 


48 =3x > x=16 


a) The speed for the first two hours was (x + 5) = 16+ 5 = 21 mi/h 
b) So the speed for the last hour was x = 16 mi/h 


Check it out: 


This answer seems 
reasonable — the cyclist rode 
5 mi/h faster for the first two 


hours. 21 mi/h and 16 mi/h fit ° ° 
this and sound reasonable ve Guided Practice 
speeds for a cyclist. 


6. Train A travels 20 mi/h faster than Train B. Train A takes 3 hours to 
go between two cities, and Train B takes 4 hours to travel the same 
distance. How fast does each train travel? 


{% Independent Practice 


1. A mouse ran at a speed of 3 meters per second for 30 seconds. 
How far did it travel in this time? 


2. A slug crawls at 70 inches per hour. 
How long will it take it to crawl 630 inches? 


3. A shark swims at 7 miles per hour for 2 hours, and then at 


9 miles per hour for 3 hours. How far does it travel altogether? 
Now try these: 
fecenn 4b addtional 4. Bike J moves at a rate of x miles per hour for 2 hours. 


questions — p453 Bike K travels at 0.5x miles per hour for 4 hours. 
Which bike travels the furthest? 


5. On a two-day journey, you travel 500 miles in total. On the first day 
you travel for 5 hours at an average speed of 60 mi/h. On the second 
day you travel for 4 hours. What’s your average speed for these 4 hours? 


Round Up 


You need to remember the formula for speed. If you know this, you can rearrange it to figure out 
the formulas for distance and time when you need them — so that’s two less things to remember. 


Section 4.2 — Rates and Variation 


California Standards: 


Algebra and Functions 4.2 


Solve multistep problems 
involving rate, average 
speed, distance, and time or 
a direct variation. 


What it means for you: 


You'll learn how to use the 
fact that two things are in 
proportion to solve problems. 


Key words: 


¢ direct variation 

* proportion 

* ratio 

* variables 

* constant of proportionality 


Check it out: 


You could also divide the 
quantities the other way 
around (x + y) to geta 
different constant of 
proportionality. 


Check it out: 


Corresponding lengths in 
similar shapes show direct 
variation. If you divide a 
length on one shape by the 
corresponding length on 
another, you get a constant 
that’s the same whichever 
length you pick — this is the 
scale factor. 

See Lesson 3.4.3. 


Check it out: 


You could have divided n by m 
to get a constant of 
proportionality, x, of 0.5. 
This means your equation is 
n 

—=k. 

m 


A n 
This rearranges to m= re so 


when you substitute in & = 0.5 
and n = 8, you still get 16. 


Direct Variation 


Direct variation 1s when two things change in proportion to each other 
— this means that the ratio between the two quantities always stays 
the same. For example, if fencing is sold at $15.99 per meter, then 
you can say that the length of fencing bought and the cost show direct 
variation. 


Direct Variation Means Proportional Change 


Two quantities show direct variation if the 


ratio between them is always the same. 


If you have two quantities, x and y, that show direct variation, the ratio 


a as 
between them, ee is always the same — it’s a constant. 


If you call this constant x, then Y =k This rearranges to y = kx. 
x 


k is known as the “constant of proportionality.” 


You’ve seen things that show direct variation 
before when you learned about rates. 

For example, imagine a store selling bananas 
at a certain price per banana. The price per 
banana is constant and doesn’t change no 
matter how many bananas you have: 


What your bananas cost = price per banana < number of bananas. 


What your bananas cost and the number of bananas are the variables, and 
the price per banana is the constant of proportionality. 


If m and n show direct variation, and m = 4 when n = 2, 
find m when n = 8. 


Solution 


m 
First find the constant of proportionality: k= a a 4+2=2 


The constant of proportionality, k = 2. 
The formula rearranges to m = kn. 
So substitute in the value for & and the new value for n. 
m=kn 
=2x8=16 


So m = 16 when n = 8. 


Section 4.2 — Rates and Variation 


Check it out: 


The line of a direct variation 
graph always crosses the 
origin (0, 0). If one quantity is 
0, the other quantity will be 0 
too. 


A person’s earnings and the number of hours they work show direct 
variation. An employee earns $600 for 40 hours’ work. 
Find their earnings for 60 hours’ work. 


Solution 
First write a direct variation equation: 
k = earnings + number of hours worked 


Now substitute in the pair of variables you know and find k: 
k = $600 = 40 hours 
k= $15 per hour. 


The direct variation equation rearranges to: 
Earnings = 4 x number of hours worked 


So, earnings for 60 hours = $15 per hour x 60 hours 
= $900 


(&% Guided Practice 


1. y and x show direct variation and y = 4 when x = 6. 
Find x when y = 9. 


2. s and ¢ show direct variation and s = 70 when f= 10. 
Find s when ¢ = 7. 


3. The cost of gas varies directly with the number of gallons you buy. 
If 10 gallons of gas costs $25, what is the cost per gallon of gas? 
What does 18 gallons of gas cost? 


Direct Variation Graphs are Straight Lines 


Graphs of quantities that show direct variation are always straight lines 
through the point (0, 0). 


y 
The slope of this direct variation graph is 


v 
lito: 
equal to © 


(0, 0) AS - =k, the slope is the same as 


the constant of proportionality, x. 


Section 4.2 — Rates and Variation 1 i 


If y and x show direct variation, and x = —1 when y = 2: 
a) Write an equation relating x and y. 

b) Graph this equation. 

c) Find the value of y when x = 1. 


Solution 


a) Because y and x show direct variation, Yak. 
x 


Now you need to find out the value of k: k= 


Check it out: 


You could have found the 
value of y when x = 1 from 
the equation. 

y=-2x, soifx=1, 

then y = —2(1) = -2. 


So Y=-2, or y=-2x. 
x 


b) The graph of y = —2x must go through (0, 0). 
Because x = —1 when y = 2, it must go 

through (-1, 2). 

The slope of the line is equal to k, and k = —2. 


c) Reading from the graph, when x = 1, y =—2. 


&% Guided Practice 


When you add a weight to the end of a spring, the spring stretches. 
The amount of weight you add (w) and the distance the spring 
stretches (d) show direct variation (until you have added 100 pounds). 


4. If 30 pounds causes a stretch of 25 centimeters, write an equation 
relating w and d. 

5. Graph the direct variation. Use the graph to estimate how far the 
spring stretches when 50 pounds is added. 


{% Independent Practice 


Now try these: In Exercises 1—2, x and y show direct variation, with y = kx. 
ieee ona 4 addtional 1. If y = 36 and x = 6, find &. 2. If y= 12 and k= 2, find x. 


SLUSSUToInS Janse 3. You can buy 6 pounds of apples for $4.50. Given that the cost and 


weight show direct variation, find the cost of 5 pounds of apples. 


4. The graph of a line crosses the y-axis at 1. Explain whether the line 
could represent a direct variation. 


5. The stopping distance of a toy cart varies directly with its mass. 

A 2 kg cart stops after 30 cm. Write an equation linking the stopping 
distance and the mass of the cart. Graph this equation and find the 
stopping distance of a 3.5 kg cart. 


6. A graph showing direct variation is drawn on the coordinate plane. 
The line goes from top left to bottom right. What can you say about 
the constant of proportionality? 


Round Up 


If two things vary directly, the ratio between them is constant. Most rates are examples of direct 
variation, like the price of something per kilogram — the price and weight stay in proportion. 


Section 4.2 — Rates and Variation 


California Standards: 


Measurement and 
Geometry 1.1 


Compare weights, 
capacities, geometric 
measures, times, and 
temperatures within and 
between measurement 
systems (e.g., miles per hour 
and feet per second, cubic 
inches to cubic centimeters). 


What it means for you: 


You'll learn how to convert 
between different units of 
length, weight, and capacity 
in the customary and metric 
systems. 


Key words: 


* customary system 
* metric system 
* conversion table 


Don't forget: 


“Capacity” is often called 
“volume.” 


Don't forget: 


You'll often see units 
abbreviated — for instance, 
mL for milliliters. 

The strangest one is the pound 
— which is abbreviated to Ib. 


Section 4.3 . 
Converting Measures 


There are lots of circurnstances where you might want to convert from 
one unit to another. For instance — say you have 2 pounds of flour 
and you want to know how many cakes you can make that each need 
6 ounces of flour. This Lesson is about how you convert between 
difterent units of measuremert. 


The Customary System — Feet, Pounds, and Pints 


The customary system includes units such as feet, pints, and pounds. 


To convert between the different units in the customary system you can use 
a conversion table. A conversion table tells you how many of one unit is 
the same as another unit. 


LENGTH 
1 foot = 12 inches 

lyard = 3 feet 

1 mile = 5280 feet 
1 mile = 1760 yards 


The ratio of feet 
to inches is 
1:12 or, 
12 


1 pint = 2 cups 
1 quart = 2 pints 


The ratio of cups 1 gallon = 4 quarts 


to fluid ounces is 
1:6o0r iy 
VA Guided Practice 


In Exercises 1—6, find the ratio between the units. 
1. yards : feet 2. quarts : pints 3. tons : pounds 
4. ounces : pounds 5. yards : miles 6. quarts : gallons 


Metric Units Have the Same Prefixes 


The meter, the liter, and the gram are metric units, and the prefixes 
“kilo-,” “centi-,’ and “milli-” are used in this system: 


“kilo-” means “a thousand” 


10 millimeters = 1 centimeter 
100 centimeters = 1 meter 
1000 meters = 1 kilometer 


1000 milligrams = 1 gram 
1000 grams = 1 kilogram 


1000 milliliters = 1 liter 


“milli-” means “a thousandth” 


“centi-” means “a hundredth” 


Section 4.3 — Units and Measures 


&% Guided Practice 


In Exercises 7—12, find the ratio between the units. 

8. liters : milliliters 
10. kilometers : meters 
12. grams : milligrams 


7. millimeters : meters 
9. grams : kilograms 
11. milliliters : liters 


Convert Between Units by Setting Up Proportions 


You might remember proportions from grade 6. They’re a good way of 
converting between different units. 


Don't forget: 


To cross-multiply the following 
proportion: a_c 

b d 
1. Multiply both sides of the 
equation by 4, and cancel. 


8 r= — xh => a=<xb 
a d d 


2. Multiply both sides of the 
equation by d, and cancel. 


axd=_xbxd 
+ 


=> axd=cxb 


So if “= ©, then axd=cxb 
b d 


How many yards are equivalent to 58 feet? 


Solution 
Step 1: The ratio of yards to feet is 1 : 3 or :: 


Step 2: You want to find the number of yards in 58 feet. 
So write another ratio — the ratio of yards to feet is x : 58, 
where x stands for the number of yards in 58 feet. 


You know that the ratios 1 : 3 and x : 58 have to be equivalent — 
which means they simplify to the same thing, because 
there are always 3 feet in every yard. 


So you can write these ratios as an equation — 
this is called a proportion. 


oe 

3 58 
Step 3: Solve the proportion for x using cross-multiplication. 
1x58=3 xx 
58 = 3x 


£=38 >3 = 19333. — 193 


So 58 feet is approximately equivalent to 19.3 yards. 


Step 4: Check the reasonableness of your answer. 
The conversion table tells you that there are 3 feet in every yard, so 
estimate: 


20 yards x 3 ft per yard = 60 feet. 


The estimation is close to the answer — so the answer is reasonable. 


Section 4.3 — Units and Measures 


Check it out: 


Make sure you set up your 
proportion correctly. In this 
example, meters are on the 
top on both sides of the 
proportion, and kilometers 
are on the bottom. 


1000 m = 7890 m 
1km x km 


Now try these: 


Lesson 4.3.1 additional 
questions — p454 


Round Up 


How many kilometers are equivalent to 7890 meters? 


Solution 

There are 1000 meters in a kilometer, so the ratio of meters to kilometers 
; 1 

is 1000: 1 or 


Write a proportion where there are x kilometers in 7890 meters: 


1000 _ 7890 


1 x 


Cross-multiply and solve for x: 


1000 x x = 7890 x 1 
1000x = 7890 
x = 7890 = 1000 = 7.89 


So 7.89 kilometers is equivalent to 7890 meters. 


Check the reasonableness: there are 1000 meters in a kilometer, so 
estimate 8 km x 1000 m = 8000 m — the answer is reasonable. 


{&% Guided Practice 


In Exercises 13-18, find the missing value. 


13.6 miles=? feet 14.40 tons=? pounds 15. 18 quarts =? pints 
16. 4560 ml =? 1 17. 45 g=?kg 18. 670 km =? m 


vf Independent Practice 


In Exercises 1—6, find the ratio between the units. 

1. gallons : quarts 2. ounces : pounds 3. cups : pints 

4. meters : centimeters 5. liters: milliliters 6. milligrams : grams 
In Exercises 7-12, find the missing value. 

7. 560 cm =? m 8.8.2kg=?¢ 9.9.671=? ml 

10. 20 inches =? feet 11.5 cups=?pints 12.5 pounds =? tons 


13. A recipe uses 8 ounces of butter and 12 ounces of flour. 
The supermarket sells butter and flour by the pound. How many 
pounds of butter and flour do you need for the recipe? 


14. Jackie wants to drink 2 liters of water a day. She sees a bottle of 
water that contains 250 milliliters. How many bottles would she need 
to drink in order to get the full 2 liters? 


There are two main systems of measurement — the customary system and the metric system. 
You can convert between units in a system by setting up proportions and solving them. 
Youll often have to convert between the systerns too, which you'll learn about in the next Lesson. 


Section 4.3 — Units and Measures 


California Standards: 


Measurement and 
Geometry 1.1 


Compare weights, 
capacities, geometric 
measures, times, and 
temperatures within and 
between measurement 
systems (e.g., miles per hour 
and feet per second, cubic 
inches to cubic centimeters). 


What it means for you: 


You'll learn how to convert 
from a unit in one 
measurement system to a 
unit in another measurement 
system. You'll also convert 
between temperature scales 
using a formula. 


Key words: 


* customary system 
* metric system 

* conversion table 

° Celsius 

¢ Fahrenheit 


Check it out: 


This is exactly the same 
method that you used in the 
previous Lesson to convert 
measures within either the 
customary or metric system. 


Converting Between 
Unit Systems 


Lots of countries use the metric system as their standard system of 
measurement — for example, distances on European road signs are 
often given in kilometers. So if you ever go abroad you'll find it useful 
to be able to convert the metric measures into the customary units 
that youre more familiar with, 


Convert Between the Customary and Metric Systems 


Here’s a conversion table that tells you approximately how many 
customary units make a metric unit. 


linch (in.) = 2.54 centimeters (cm) 


1 mile (mi) = 1.6 kilometers (km) 
lyard (yd) = 0.91 meters (m) 


1 gallon (gal) = 3.785 liters (I) 
\liter (I) = 1.057 quarts (qt) 


You can convert between customary and metric units by setting up and 
solving proportions. 


How many gallons are equivalent to 29 liters? 


Solution 


The ratio of gallons to liters is 1 : 3.785 or re 


Write a proportion where there are x gallons in 29 liters: 


Cross-multiply and solve for x: 
29% 1=3.785 % x 
29 = 3, 785% 
A= 20 3.783 = 1.06 Ls 
So there are approximately 7.66 gallons in 29 liters. 


Check the reasonableness: | gallon is around 4 liters. 
So 8 gallons is about 8 x 4 = 32 liters. 
This estimation is close to the answer, so it is reasonable. 


Section 4.3 — Units and Measures 


Check it out: 


For conversions like these, you 
need to use the metric and 
customary conversion tables 
from the last Lesson too. 


&% Guided Practice 


In Exercises 1—6, find the missing value. 


1, 235 lb =? kg 2. 9.3 mi =? km 3. 500 cm = 7 in. 
4.5.7m=?yd §. 7.32 kg =? Ib 6. 76 qt=71 


Convert Twice to Get to Units That Aren’t in the Table 


Only the most common conversions are in the conversion table. 
There are lots more you could make. For example, you might 
want to convert centimeters into feet, or liters into cups. 


Find how many feet are in 30 centimeters. 


Solution 
There’s no direct conversion from centimeters to feet listed in the table. 
But there are conversions from centimeters to inches, and inches to feet. 


Step 1: Convert 30 centimeters to inches. 
The ratio of inches to centimeters is 1 : 2.54. So set up a proportion 
and solve it to find x, the number of inches in 30 cm. 


Set up a proportion... | ee 
2.54 30 
1x 30 =x x 2.54 ..-cross-multiply to solve 


x = 30+ 2.54 = 11.81102... +11.8 
So there are approximately 11.8 inches in 30 centimeters. 


Step 2: Now convert 11.8 inches to feet. 
The ratio of feet to inches is | : 12. Set up a second proportion and 
solve it to find y, the number of feet in 11.8 inches. 


1 


a4 
Set up a proportion... 12. 118 
1x118=yx12__ ...cross-multiply to solve 
y=11.8+ 12=0.98 =1 


This means that there’s approximately 1 foot in 30 centimeters. 


(% Guided Practice 
In Exercises 7—12, find the missing value. 
7. 235 kg =? tons 8. 0.08 mi =? cm 9. 500 cm = ? yd 
10. 12.3 m=? ft 11. 7.32 kg =? oz 12. 0.05 qt=? ml 


Section 4.3 — Units and Measures 1a 


There’s a Formula to Convert Temperatures 


There are two common units for temperature — degrees Fahrenheit (°F) 
and degrees Celsius (°C). 


Converting from one to the other is more complicated than other 
conversions because the scales don’t have the same zero point. 


Cheak d oul: 0 degrees Celsius is the same as 32 degrees Fahrenheit. 


Water freezes at 0 °C or 32 °F. i a 
It boils at 100 °C or 212 °F. (Qe the Celsius scale 
i the Fahrenheit scale 
32<-———712” 


180° 


So to convert from degrees Celsius to degrees Fahrenheit, you have to 
use this formula: 


Where Fis the temperature in degrees Fahrenheit 
and Cis the temperature in degrees Celsius. 


What is 30 °C in degrees Fahrenheit? 


Solution 


Don't forget: 9 
Use the formula: F = 5 C+ 32 


Remember the order of 
operations, PEMDAS. You’ve 


got to do the 2C bit first and You know C, so put this into the formula and work out F. 


then add 32 to the result — or 9 
else you'll get the wrong F=-— x304+32=54+ 32 =86 °F 
answer. 5 


Rearrange the Formula to Convert °F to *C 


You can rearrange the formula so that you can convert from degrees 
Fahrenheit to degrees Celsius: 


9 
1. Take 32 from both sides: F-32= 5 C 


2. Multiply both sides by 5: 5% (FP =32)=9C 


5 
3. Divide both sides by 9: 9 x (F-32)=C 


Where Fis the temperature in degrees Fahrenheit 
and Cis the temperature in degrees Celsius. 


Section 4.3 — Units and Measures 


Example ; 4 
What is 52 °F in degrees Celsius? 


Solution : 
Use this formula: C= 9 (F — 32) 


You know F, so put this into the formula and work out C. 


5 5 
C= 9 x (52 — 32) = 9 *20= 11.11 11.. -10 Se. 


(% Guided Practice 
In Exercises 13—18, find the missing value. 
19.212 °F =? °@ 14,0 °C=? °F 15. 88 °F =? °C 
16. 132°C =? °F 17. -273 °C =? °F 18.—15 °F =? °C 
Vf Independent Practice 


In Exercises 1—3, find the missing value. 
1.128 ft=?m 2.340 miles=?km 3.75kg=? 1b 


4. The weight limit for an airplane carry-on is 18 kilograms. 
The weight of Joe’s carry-on bag is 33 pounds. 
Will Joe be able to take his carry-on on the airplane? 


5. A car has a 10-gallon tank for gasoline. How many liters of 
gasoline are needed to fill the tank? 


6. Javine has set up the following proportion to convert 70 km to mi: 
ees 0 


16 x 
Explain whether Javine has set up the proportion correctly. 
7. A car is traveling at 50 miles per hour. 
How fast is this in kilometers per hour? 


8. A recipe needs 180 ounces of apples. 


Sein aNie ta ; 
Now try these: What is this in kilograms? 


Lesson 4.3.2 additional In Exercises 9—11, find the missing value. 
eee As C= 78 WO 108°F=2°C° 11, 5727°C= 9 


12. Josie has a new baby. She reads that the ideal temperature of a 
baby’s bath is between 36 °C and 38 °C, but her thermometer only 
shows the Fahrenheit temperature scale. Advise Josie on the ideal 
temperature for her baby’s bath in degrees Fahrenheit. 


Round Up 


Conversions between different systerns of length, mass, and capacity don’t need a formula because 
they all start at the same point — O kg = O/6, etc. The Fahrenheit and Celsius scales start at 
difterent places — O “C = 32 *, so you need to use a formula for these conversions. 


Section 4.3 — Units and Measures 


California Standards: 


Algebra and Functions 4.2 


Solve multistep problems 
involving rate, average 
speed, distance, and time or 
a direct variation. 


Measurement and 
Geometry 1.3 


Use measures expressed as 
rates (e.g., speed, density) 
and measures expressed as 
products (e.g., person- 
days) to solve problems; 
check the units of the 
solutions; and use 
dimensional analysis to 
check the reasonableness 
of the answer. 


What it means for you: 
You'll learn how to use 
dimensional analysis to check 
the units of your answers to 
rate problems. 


Key words: 


¢ dimensional analysis 
¢ formulas 
* canceling 


Check it out: 


A person-day is a unit that 
means the amount of work 
done by 1 person working for 
1 day. Units separated by 
hyphens are products. 


Dimensional Analysis 


This Lesson is about dimensional analysis. Dimensional analysis /s a 
neat way of checking the units in a calculation. It shows whether or 
not your answer /s reasonable. 


Dimensional Analysis — Check Your Units 


You can use dimensional analysis to check the units for an answer to a 
calculation. 


For example, if you were trying to calculate a distance and dimensional 
analysis showed that the units should be seconds, you know something 
has gone wrong. 


You can cancel units in the same way that you can cancel numbers. 
For example, 
The units on both sides 


70 miles 
——— x 6 heufs = 210 miles <= of the calculation must 
2 hours balance — so the answer 


must be a distance in miles. 


Jonathan earns 10 dollars per hour. 
How much does he earn for 40 hours’ work? 


Solution 


You need to multiply Jonathan’s hourly rate by the number of hours he 
works. 


Earnings = 10 dollars per hour x 40 hours 
= 400 dollars 


You can use dimensional analysis to check your answer is reasonable: 


dollars 


10 x 40 heufs = 400 dollars 


It takes 12 person-days to tile a large roof. If there are three workers 
working on the roof, how many days will it take them to tile it? 


Solution 
Number of days = total person-days + number of persons 
=12+3=4 days 


You can use dimensional analysis to check your answer is reasonable: 
3 persons x 4 days = 12 person-days 
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You are organizing a three-legged race. You need 2.5 feet of ribbon for 
every two people. You have 660 inches of ribbon. 
How many people can join in the race? 
Solution 
First convert the length of the ribbon from inches to feet. 
You need to set up a proportion. 12 inches = 1 foot, so: 
12 _ 660 
1 X <0 x =lengthin feet 
12x=660x1 => x=55 feet 
So 660 inches is equivalent to 55 feet. 
You can check this by dimensional analysis: 


7 660 inehes x 1 foot 


Paes Aaa = 55 feet 

Now divide the length of ribbon by the amount you need per person: 
2.5 feet 2 people 

30 feet = 3 people: = 55 feet > 5 feet 44 people 


&% Guided Practice 


In Exercises 1—2, find the missing unit. 


WOT ee G9) BAS inches x=" 5" 67,31 2 


mile 1 inc 


1. 4 milesx 


Checking Formulas with Dimensional Analysis 


Dimensional analysis is useful for checking whether a formula is 
reasonable. The units on each side of a formula must balance. 


Example | 4 


A formula says that speed (in meters per second) multiplied by 
time (in seconds) is equal to the distance traveled (in meters). 
Use dimensional analysis to check the reasonableness of the formula. 


Check it out: 


A unit of meters per second 
means “meters + 1 second.” 
This is the number of meters 
traveled in 1 second. When 
you get a unit with the word 
“per” in it, you know that you 
can write the unit as a 
fraction. 


Solution 
Write out the formula suggested and include the units. 


m 


speed 7 x time (sj = distance (m?) 


So the seconds cancel and leave units of meters. 
This means that the formula is reasonable since the units on 
each side of the equation match. 
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It is suggested that the slope of this 


graph is equal to density, which is 


measured in kg per m’. 


Mags (kg) 


Is this a reasonable suggestion? 


Solution 


change in y 


ae change in x 


Volume (m*?) 
change in mass (kg) 


= density 


ml 
m 


k 
So the unit of the slope of the graph is [Xs : 


oh change in volume (m’) 


This is the same as kg per m’. 


So it’s reasonable that the slope is equal to density, since it 
has the right units. 


(% Guided Practice 


3. Find eight different units of speed, if speed = distance + time. 


4. The formula for acceleration is “change in speed ~ time.” 
Which of the following could be a unit for acceleration: 


in. cm? s km 
A. 4H? B. ae C; mn D. 2 
Vf Independent Practice 
In Exercises 1-4, find the missing unit. 
1. 15 tomatoes x uu 3? 2. $56 x Eb 72.8? 
1 tomato $1 
£0.53 
By sad ays) 4, $500 x === = 265? 
Now try these: 5. Use dimensional analysis to check that this expression is reasonable. 
Lesson 4.3.3 additional Use it to find the number of seconds in an hour. 


ous 
questions =>, pies 60 minutes 60 seconds 
1 hour = 1 hour x 4 


1 hour 1 minute 


6. You need to save up $240 for a ski trip. You earn six dollars per hour 
babysitting. How many hours do you need to work to pay for the trip? 
Check your answer using dimensional analysis. 


Round Up 


So dimensional analysis 1s basically making sure your units balance — It’s useful for checking you've 
worked out what you think you have. Try to get into the habit of using it for all types of problems. 


Section 4.3 — Units and Measures 


California Standards: 


Measurement and 
Geometry 1.1 


Compare weights, capacities, 
geometric measures, times, 
and temperatures within and 
between measurement 
systems (e.g., miles per 
hour and feet per second, 
cubic inches to cubic 
centimeters). 


What it means for you: 


You'll learn how to convert 
from one unit of speed to 
another unit of speed. 


Key words: 


* conversion 
¢ dimensional analysis 


Don't forget: 


1 is the multiplicative identity. 
See Lesson 1.1.4. 


Check it out: 


If you don’t end up with the 
units you wanted, your 
conversion fraction may be 
upside down. 


Check it out: 


You'll need to look back at the 


conversion tables in Lessons 
4.3.1 and 4.3.2 for these. 


Converting Between 
Units of Speed 


There are a lot of units that can be used for speed — kilorneters per 
hour, miles per hour, meters per second, inches per minute. 


Speed units are all made up of a distance unit divided by a time unit. 
This makes them a bit tougher to convert than other units. 


You Can Set Up Conversion Fractions Equal to74 


When you multiply something by 1, it doesn’t change. 
Fractions with the same thing on the top and the bottom, such as 2, are 


equal to 1, so whatever you multiply by them doesn’t change either. 


60 seconds = | minute, so the fraction a has the same on the top 
minute 


and the bottom, so it’s equal to 1 too — this is called a conversion fraction. 


Use Conversion Fractions to Convert Units 


You can use a conversion fraction equal to 1 to convert from 
one unit to another. Here’s how a time can be converted: 


A ship takes 1.75 days to reach its destination. How many hours is this? 


Solution 

24 hours = | day 

24 hours _ 1 day 
1 day 1 day 

24 hours 
1 day 


Start with a conversion equation 


Divide both sides by 1 day 


=1 <Q Younow havea fraction that is equal to 1. 


24 hours 
1 day 


So, whatever you multiply by the fraction won’t change. 


1.75 ae 24 hours 
I day 


=1.75 x 24 hours = 42 hours Cancel the units 


1.75 days is equivalent to 42 hours. 


(% Guided Practice 


Convert each of the following by multiplying by a conversion fraction. 
1. 6 inches to centimeters 2. 45 minutes to seconds 
3. 12 miles to kilometers 4. 6 liters to quarts 


Section 4.3 — Units and Measures i 


Speed Units May Have Two Parts to Convert 


A speed unit is always a distance unit divided by a time unit. 


If you want to change both of these parts, you need to do two separate 
conversions. For instance, if you were converting centimeters per minute 


, to inches per second, you might do the following conversions: 
Check it out: 


You could also convert centimeters per minute (=> inches per minute => inches per second 
centimeters per minute to 
centimeters per second, 
before finally converting this 
to inches per second. 


A train travels 1.2 miles per minute. 
What is the speed of the train in kilometers per hour? 


Solution 
Break this down into two stages — 
Stage 1: Convert from miles per minute to miles per hour. 


First, you have to write a conversion fraction: 


60 minutes = | hour Start with a conversion equation 
eine = uber Divide both sides by 1 hour 
1 hour 1 houf 
GO comnts =! You’ve now got a fraction equal to 1 
1 hour 


60 minutes 


So, whatever you multiply by the fraction 


1.2 miles . 60 minutés _ 
1 minute 1 hour 


Thor Won't change. 
Check it out: 

Dimensional analysis shows 
that the product should have 
units of miles per hour — 
that’s the unit we are aiming 
for at this stage. 


i 
(1.2 x 60)——~ Cancel the units 
hour 


= 72 miles per hour 


Stage 2: Convert from miles per hour to kilometers per hour. 
Write another conversion fraction: 

1 mile = 1.6 kilometers Start with a conversion equation 

I mite 1.6 kilometers 
1 mite 1 mile 


_ 16 kilometers 


Divide both sides by 1 mile 


- You’ve now got a fraction equal to 1 
1 mile 


Check it out: So, whatever you multiply by the fraction “2S#2™"""= won't change. 


1 mile 
Using dimensional analysis : . : 
here shows that the product 72 miles x 1.6 kilometers = (72 x go Cancel the units 
should have units of 1 hour 1 mite hour 


kilometers per hour — that’s 


the unit we want. = 115 kilometers per hour 
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(% Guided Practice 


5. Convert 18 miles per hour into kilometers per hour. 
6. Which is faster — 56 miles per hour or 83 kilometers per hour? 
7. Convert 14 inches per minute into the unit feet per second. 


8. Which is faster — 22 centimeters per minute or 500 inches per hour? 


(% Independent Practice 


Write conversion fractions from the equations given below. 
1.3 feet = 1 yard 

2. 1 kilometer = 1000 meters 

3. 3600 seconds = | hour 


Convert the following by multiplying by a conversion fraction. 
4.3 feet into inches 

5. 4.5 hours into seconds 

6. 36 miles into kilometers 

7. Jonah and Ken were both running separate races. 


Jonah ran 100 meters in 12 seconds, and Ken ran 100 yards in 0.18 
minutes. Who ran faster? 


8. A snail managed to crawl 50 centimeters in 14 minutes. 
A slug crawled 40 inches in 0.5 minutes. Which was faster? 
Convert the following speeds into the units given. 

9. 25.6 kilometers per hour into miles per hour 

10. 36 inches per hour into centimeters per minute 


11. 7 feet per minute into yards per hour 


12. A boat travels 20 miles in 4 hours. 


Now try these: How fast is this in kilometers per hour? 
Lesson 4.3.4 additional 
questions — p455 A car travels 0.6 miles in two minutes. 


13. How fast is this in kilometers per hour? 
14. How fast is this in meters per hour? 


Round Up 


Speed units have two parts — a distance part and a time part. That’s why you often have to do 
two separate conversions to convert a speed into different units. Multiplying by a conversion fraction 
/s a useful way of converting any units. But it’s real important that you always check your work 


using dimensional analysis. 
Section 4.3 — Units and Measures 


California Standards: 


Algebra and Functions 1.1 


Use variables and 
appropriate operations to 
write an expression, an 
equation, an inequality, or 

a system of equations or 
inequalities that represents 
a verbal description (e.g., 
three less than a number, half 
as large as area A). 


Algebra and Functions 4.1 


Solve two-step linear 
equations and inequalities in 
one variable over the 
rational numbers, interpret 
the solution or solutions in 
the context from which they 
arose, and verify the 
reasonableness of the 
results. 


What it means for you: 
You'll solve inequalities by 
addition and subtraction using 
the same methods that you 
used for solving equations. 


Key words: 
* inequality 

* addition 

* subtraction 


Section 4.4 


Linear Inequalities 


/n Chapter 1 you learned what inequalities were and how to write 
them. In this Lesson, you'll review some of the things you've already 
seen, and learn how to solve inequalities using the same kind of 
method that you used to solve equations. 


Inequalities Have an Infinite Number of Solutions 


Inequalities have more than one solution. The inequality x > 4 tells you 
that x could take any value greater than 4, whereas the equation x = 4 
tells you x can only take the value of 4. 


This means “x is 
greater than 4.” 


“y > 4” “y= 4” 
Remember the four inequality symbols you learned in Chapter 1: 


The Inequality Symbols 


99 66 


more than,” or “over” 

“<” means “less than” or “under” 

“>” means “greater than or equal to,’ “minimum,” or “at least” 
“<’ means “less than or equal to,” “maximum,” or “at most” 


“>” means “greater than, 


99 66 


Show Solutions to an Inequality on a Number Line 


The solution to an inequality with one variable can be shown on a number 
line. A ray is drawn in the direction of all the numbers in the solution set. 
So for x > 4, the ray should go through all numbers greater than 4. 


X This number line shows “x > 4.” 


86-42 0 2 4 6 8 


X This number line shows “x <-2.” 


-8-6-4-2 0 2 4 6 8 


An open circle © means the number is not included in the solution; 
a closed circle @ means the number is included in the solution. 


Section 4.4 — More on Inequalities 


Don't forget: 


You’ve done problems like 
this before in Section 1.3. 
To write inequalities that are 
given in words, look for the 
key words given in the table 
of inequality symbols on the 
previous page. Then think 
about which way around the 
expression should go. 


Write and plot an inequality to say that y must be a minimum of —3. 


Solution 


The word “minimum” tells you that y = —3. 
You need to use a closed circle, because —3 is included in the solution 
set. 


The ray goes in the direction 
of all values greater than -3. 


4-3-2-10 123 4 


(% Guided Practice 


In Exercises 1-4, write the inequality in words. 


liza 2.y>-10 

3.x <-l 4.n2=89 

In Exercises 5—8, plot the inequality on a number line. 
aK 8 6.7 22.5 

7.as—-4 8.d<-50 


9. To go on Ride A, children must be at least 1 m tall. Write this as an 
inequality, and plot the inequality on a number line. 


pontine You Can Write Systems of Inequalities 


You wrote systems of 
equations in Lesson 4.1.2. 
Systems of inequalities are 
similar, but are likely to have a 
range of solutions. 


A system of inequalities is a set of two or more inequalities in the 
same variables. The inequalities x > 2 and x — 1 < 6 make a system 
of inequalities in the variable x. 


The solutions to a system of inequalities have to satisfy all the 
inequalities at the same time. 


So if x is an integer, the solution set of the system of inequalities 
x >2andx-1<6, must be {3, 4, 5, 6,7}. These values make both 
inequalities true. 


Write a system of inequalities to represent the following statement: 
“3 times y is greater than 5, and 2 plus y is less than or equal to 7.” 


Solution 


You need to write two inequalities that both need to be true for the 
statement to be true. 


The first part says “3 times y is greater than 5,” so 3y > 5. 
The second part says “2 plus y is less than or equal to 7,’ so2+y<7. 


These two equations form a system of inequalities. 


Section 4.4 — More on Inequalities SH 


Check it out: 


When you're solving 
inequalities by addition and 
subtraction, treat the 
expression like an equation, 
but with the inequality sign in 
the middle. 


Check it out: 

You might see this solution 
set written as {y: y < 14} — 
it means the same. 


&% Guided Practice 


10. dis an integer, andd>-1, andd< 4. 
What values of d would make this system of inequalities true? 


In Exercises 11—12, write a system of inequalities to represent each 
statement: 
11. z is less than 0, and the sum of z and 4 is greater than —12. 


12. A third of p is less than or equal to 0, and the product of p and —3 
is less than 30. 


Solve Inequalities by Reversing Their Operations & 


To solve an inequality you need to get the variable by itself on one 
side — you do this by “undoing” the operations that are done to it. 
This means doing the “opposite.” 


So, if a variable has a number subtracted from it, you undo this by 
adding the same number to it. Remember — you have to do exactly the 
same to each side of the inequality. 


—6>16 
+e(* ee as 


xe 22 


Solve the inequality y+ 7 < 21. 


Solution 
yt7-7821-7 


ysl4 Simplify 


You might get word problems that ask you to solve inequalities. 


Example ; 4 


A number increased by 3 is at most 9. Write and solve this inequality. 


Solution 
“A number increased by 3” means x + 3. 


“at most 9” means “less than or equal to 9” so < 9. 

This means the inequality isx +3 <9. 

Now solve the inequality by subtracting 3 from each side: 
x+3-3<9-3 


x <6 


Section 4.4 — More on Inequalities 


Subtract 7 from each side of the inequality 


An elevator has a weight of 1250 pounds already in it. If the maximum 
load for the elevator is 2500 pounds, write and solve an inequality to 
find the amount of additional load that can be put in the elevator safely. 


Solution 
“maximum” load of 2500 pounds means < 2500 pounds. 


1250 pounds plus the additional load that can be added, x, must be less 
than or equal to 2500 pounds. 


1250+x < 2500 
x + 1250 — 1250 < 2500 — 1250 Take 1250 from both sides 
x < 1250 


The load that can be added is a maximum of 1250 pounds. 


(% Guided Practice 


In Exercises 13—20, solve the inequality for the unknown. 
13.2+5<17 14.y-10>-10 15.2+x<-1 16.p+45<76 
17.h-6>3 18.-6+A>3 19.144+x212 20.1+y<1 


21. A number decreased by 17 is at least 16. Write and solve an 
inequality to find the number. 


22. Sophia must complete at least 40 hours of training to qualify. 
She has already completed 32 hours of training. Write an inequality 
and solve it to find the remaining hours of training she must complete. 


{% Independent Practice 


In Exercises 1—4, plot the inequality on a number line. 
Lx 3 2. ¢< 14 a.m | 422-2) 


5. An elevator has a safe maximum load of 2750 pounds. 
Write an inequality that shows the safe load for this elevator. 


6. Write a system of inequalities to represent this statement: 
4 plus fis greater than 14, and the product of fand 6 is less than 14. 


Now try these: In Exercises 7—14, solve the inequality for the unknown. 
Meee Teaac A aaonal 1.90 —6 = 10 S27 121 oc 6 W132 12 
questions — p455 V.x+72-7) 12.-12+y>6 13.f—100S—2 14.9+130<12 


15. A number, y, increased by 12 is larger than 12. Write and solve an 
inequality to find the solution set. Plot the solution on a number line. 


16. The area of Portia’s yard is 32 ft’. The area of Gene’s yard is at 
least 4 ft? larger than Portia’s. Write and solve an inequality for the 
area of Gene’s yard. 


Round Up 


Solving inequalities that involve addition and subtraction ts exactly like solving equations. In the next 
Lesson you'll solve inequalities involving multiplication and division — this has an important difference. 


Section 4.4 — More on Inequalities 


California Standards: 


Algebra and Functions 4.1 
Solve two-step linear 
equations and inequalities 
in one variable over the 
rational numbers, interpret 
the solution or solutions in the 
context from which they 
arose, and verify the 
reasonableness of the 
results. 


What it means for you: 
You'll get more practice at 
solving linear inequalities and 
learn how to multiply and 
divide inequalities by negative 
numbers. 


Key words: 

* inequality 

* multiplication 

¢ division 

* inequality symbol 


Check it out: 


You can’t do this if you’re 
multiplying or dividing by a 
negative number. 

There’s a different rule for 
negative numbers, which 
you'll come to next. 


More on Linear 
Inequalities 


So far you've set up and solved linear inequalities that use addition 
and subtraction. The next step /s to use muttiplication and division. 
This (s a bit trickier, because you need to remember to swap the 
inequality symbol when you multiply or divide by a negative number. 


Multiplying and Dividing by Positive Numbers 


The rules for multiplying and dividing inequalities by positive numbers 
are the same as for multiplying and dividing equations. The inequality 
symbol doesn’t change. 


The main thing to remember is to always do the same thing to both sides. 


3 
x>4 —_> |. —s3x>12 


Solve the inequality 4x < 32. 
Solution 
Ax 32 
— < — 
4 
x<8 


Divide both sides of the inequality by 4 


x 
Solve the inequality 9 245. 


Solution 


> 9>45 x9 Multiply both sides of the equation by 9 
x 2405 


(% Guided Practice 


In Exercises 1-4, solve the inequality for the unknown. 


if g 
> — —— << 
ioe 105 2. 3p > 63 a? a Se 
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Multiplying and Dividing by Negative Numbers 


You know that a number and its opposite are the same distance away 
from zero on a number line. So 4 and -4 are both 4 units from zero. 


When you multiply a number by —1 you are effectively “reflecting” the 
number about zero on the number line. 


For example, 4 x -1 =—4 and -4 x -1 = 4. 


Check it out: “mirror line” on the number scale. — 


You could think of the 
negative scale as a reflection x 
of the positive scale about —8 -6 4-2 246 8 


zero on the number line. ! 
t 


You can use this idea to understand what happens when you multiply or 
divide an inequality by —1 on the number line. 


For example, consider the inequality —x > 4. This is saying that some 
number, —x, can be anywhere in the region greater than 4 on the number 
line. 

i 

1 x 


Ewer Pa ee de 
—8 -6 4-2 24 6 8 


x >4 


You want to solve the inequality to find x, so you need to 
divide both sides of the inequality by —1. 


Reflect the inequality about the origin of the number line to see what the 
solution looks like. 


+X —x 


Xx 
—§ —6 4-2 } 246 8 
xK)}4 — -=xe)4 


The inequality symbol is reflected too. 


So if —x is greater than 4, then x is less than -4. 


This “reflection” idea works for all inequalities, so there’s a rule: 


When you multiply or divide by a negative number, 


always reverse the sign of the inequality. 
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Check it out: 


If you’re finding all this stuff 
really tricky, you can 
sometimes avoid multiplying 
and dividing by a negative 
altogether. 

Take the inequality —4x < 32. 
Add +4x to both sides: 

—4x + 4x < 32 + 4x. 

So, 0 < 32 + 4x 

Now take 32 from both sides: 
—32 < 32-324 4x 

—32 < 4x 

Now divide by 4: 

—-8 <x 

This is your answer. 

It's the same as x > -8. 


Solve the inequality 4x < 32. 

Solution 

Divide both sides of the equation by -4. As you’re dividing by a 
negative number, reverse the symbol of inequality. 

Sa 6-4-0 2 AG & 


x>-8 —4x < 32 
x >-8 x <8 


Example ; 4 
xX 
Solve the inequality 7 <3; 
Solution 


You need to multiply both sides of the equation by —6. As you’re 
multiplying by a negative number, reverse the symbol of inequality. 


24 +x = 

—6 20 -15 -10 5” 0 5 10 15 20 
x>3x-6 x2-18 —x £18 
x2-18 


(% Guided Practice 
In Exercises 5—12, solve the inequality for the unknown. 


Bee eG 100 ee 8. — <-l 


k 
9, 5 >-6 10.-100x<-25 1. > <3 12,-17d > 34 


( Independent Practice 


In Exercises 1—8, solve the inequality for the unknown. 


1.2g>4 2.500 = 112 520) 15 4.-8x > 12 
Now try these: a y 
ae Cee 5.2k>-6 6. -13p $39 Tia SAS Sa 


questions — p456 
9. Write and solve the inequality that says that twice the negative of a 
number is no more than 14. 


Round Up 


So that’s how to solve inequalities that involve multiplication and division. You've got to remember to 
switch the direction of the inequality symbol each time you multiply or divide by a negative number. 


Section 4.4 — More on Inequalities 


California Standards: 


Algebra and Functions 4.1 


Solve two-step linear 
equations and inequalities in 
one variable over the 
rational numbers, interpret 
the solution or solutions in 
the context from which they 
arose, and verify the 
reasonableness of the 
results. 


What it means for you: 
You'll learn how to solve 
two-step linear inequalities. 


Key words: 
* inequality 
* system of inequalities 


Don't forget: 


You learned how to set up 
two-step inequalities in 
Section 1.3. Now you’re 
going to solve them too. 


Don't forget: 


You've used PEMDAS to 
remember the order of 
operations when evaluating 
expressions. Don’t be 
tempted to use this when 
solving equations and 
inequalities. The calculation 
is often simpler if you add and 
subtract first so that you only 
have one term on each side 
of the inequality before 
multiplying and dividing. 


Solving Two-Step 
Inequalities 


So far in this Section you've learned how to solve one-step linear 
inequalities, and why you have to reverse the inequality whenever you 
multiply or divide by a negative number. Two-step inequalities follow 
the same rules, but you need to do two steps to solve them. 


Two-Step Inequalities Have Two Different Operations 


A two-step inequality contains two different operations. So you need to 
do two steps to solve the inequality. 


2xx+12>10 
first operation A YW second operation 


You need to get the variable by itself on one side of the inequality, so you 
must undo whatever has been done to it. It’s usually best to undo 
additions and subtractions first, and multiplications and divisions 
second. That way, you only have to multiply or divide one term. 


Solve the inequality 2x + 12 > 10. 


Solution 
¢ First subtract 12 from both sides of the inequality: 


2x+ 12-12 >10-—12 
2x > -2 
¢ Then divide both sides by 2: 
2x+2>2+2 


x>-l 


Don’t forget to reverse the sign when you multiply or divide by a negative. 


x 
Solve the inequality ie 2< 14. 
Solution 
¢ First add 2 to both sides of the inequality: 


Zee 
—4 


¢ Then multiply both sides by -4, remembering to reverse the sign: 
x > -—64 
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Don't forget: 


You're reversing the sign of 
the inequality because you’re 
dividing both sides by a 
negative number. Remember 
you need to reverse the sign 
whenever you multiply or 
divide by a negative number. 


Don't forget: 


You've got to interpret your 
answer in the context of the 
question here. Look back at 
what x represents and what 
units you need to use in your 
answer. 


Solve the inequality —5x — 2 > 103. 


Solution 
¢ First add 2 to both sides of the inequality: 


—5x-2+2<103+2 


—5x < 105 
¢ Then divide both sides by —5, remembering to reverse the sign: 
x2105+-5 
x2-21 


&% Guided Practice 


In Exercises 1—6, solve the inequality for the unknown. 


1.4c-2>6 Peer e356 3303-16 
1 ig See 6.-12¢+4<12 
Say GaP 12¢ 


Solve Real Problems with Inequalities ey 


There are lots of real-life problems that involve inequalities. The key is in 
interpreting the question and coming up with a sensible answer in the 
context of the question. 

Example ; 4 


Two students decide to go to a restaurant for lunch. They order two 
drinks at $2 each, then realize they only have a maximum of $20 to 
spend between them. 


If they want one meal each, what is the maximum price they can 
spend on each meal? Assume their meals cost the same amount. 


Solution 
First you have to write this as an inequality. 


Call the price of each meal x. They want two equally priced meals, 
which is 2x. The price of the meals plus the two drinks they have 
already bought must be no more than $20. 


So, 2x + 4 < 20. This is your inequality. 

Now you have to solve the inequality to find x, the price of each meal. 
2x+4< 20 
2x < 16 


x<8 


Subtract 4 from both sides 
Divide both sides by 2 


So the maximum price of each meal is $8. 
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Joaquin goes to a fair. He buys an unlimited ticket that costs $30 and 
allows him entry to all the rides that normally cost $4 each. 

The ticket also gives him one go on the coconut shy, which normally 
costs $2. How many rides does Joaquin need to go on in order to have 
made buying the unlimited ticket worthwhile? 


Solution 
First you have to write this as an inequality. 


Call the number of rides that Joaquin goes on x. So the amount that 
Joaquin would normally spend on the rides is $4 x x, or 4x. 


For buying the ticket to have been worthwhile, the total value of the rides 
plus the value of the go on the coconut shy must be at least the price of 
the unlimited ticket. 


So, 4x +2 > 30. 
Now solve the inequality to find the number of rides, x. 
4x = 28 Subtract 2 from both sides 


x27 Divide both sides by 4 


Joaquin needs to go on at least 7 rides in order to get his money’s 
worth. 


(% Guided Practice 


7. Anne-Marie is saving up to buy a concert ticket by babysitting for 
$5 an hour. Anne-Marie owes $15 to her mother already, and the 
concert ticket costs $25. How many hours does she need to work in 
order to be able to buy the ticket and pay her mother? 

Show how you reached your solution using an inequality. 


{% Independent Practice 


Done In Exercises 1—6, solve the inequality for the unknown. 


Remember that multiplying by 45-35 2.7x+12<19 3.—-6x-6 > 6 
0.5 is the same as dividing by x o 
2. If in doubt, convert 0.5 into woe sa 
Sisalon ARE 4.0.5¢g+326 Sh ee a= 15 6. 8 +14<-2 

7. Juan runs a salsa class on a Wednesday night. Entrance to his class 
Now try these: is $3 each. If the venue costs $50 and the music equipment costs $10 
Lesson 4.4.3 additional to hire, what is the minimum number of people needed to attend the 


SRO ae class in order for Juan to make his money back on the night? 


Round Up 


The trick with real-life inequality problems is understanding what the question /s telling you. 
Try to break the question down into parts, and work out what each part means in math terms. 


Section 4.4 — More on Inequalities — 


Chapter 4 Investigation 


Choosing a Route 


Rates compare one quantity to another. There are rates involved in driving to places — 
roads have speed limits in miles per hour, and when driving at a steady speed, you travel a 
particular number of miles per gallon of gas. “Per” just means “for each.” 


Derek is starting a new job next week in a different town. He wants to get to work quickly, but also 
doesn’t want to put a lot of miles on his car. He looks at a map to examine all of the possible routes. 


5 miles 


(12 miles) (12 miles) 


0 tails) 55 mph road (18 miles per gallon) 


40 mph road (20 miles per gallon) 


E 30 mph road (25 miles per gallon) 


(9 miles) 


Find the shortest and the quickest routes that Derek could take. 
Decide which route you think is the best overall. Explain your reasoning. 


Things to think about: 

The best route should be a balance between time and distance. A route that is 15 miles long and 
takes 15 minutes might be less desirable than a route that is 10 miles long and takes 20 minutes. 
Compare different scenarios before picking the best route. 


Extensions 


1) Derek is concerned about the effect of burning gas on climate change. 
Determine how many gallons of gas are used driving the route you have chosen. 
Are there any other routes that would reduce the amount of gas he uses? 


2) Determine the minimum yearly cost of Derek’s commute. 
Assume he drives to work and back home again on 250 days each year, and that the average 
price for a gallon of gas is $2.80. 


Open-ended Extensions 


1) Using a map of your town or city, examine different routes from your school to a major 
town landmark. Which do you think is the best route? Consider factors such as distance, 
speed limit and time of travel. 


2) Convert the scale, distances, and speed limits on this map to the metric system. 


Round Up 


Real-life decisions are often not straightforward. There's often no perfect right answer — 
you have to decide what's most important to you, or tind the best compromise. 


7 Chapter 4 Investigation — Choosing a Route 


Chapter 5 


Powers 


section 5.1. ‘Operations ON POWGTS sasiievicisicesdcesaceviseriastcericerioasieess 266 
Section 5.2 Negative Powers and Scientific Notation .................. 275 
section 5.3. Exploration — MOnOMalS ssssicésievsccessvescditesevesitesicess 287 
PUPONIO MMe S scccceccatcenedecanccecensconstutanonsuscucenstitunonsuseucesote: 288 
Section 5.4 Exploration — The Pendulum ...........ccccccccceeeesseeeeeeees 301 
Graphing Nonlinear Functions ................::::ceeeeeeeeeeees 302 


Chapter Investigation — The Solar System ..............2..:::::eeeeeeeeeeeeees O13 


Section 5.1 


Multiplying with Powers 


When you have to multiply powers together, like 5° * 5%, there’s a rule 
you can use to simplity the calculation. But it only works with powers 
that have the same base. 


California Standards: 


Number Sense 2.1 
Understand negative whole- 
number exponents. Multiply 
and divide expressions 


involving exponents with a A Power is a Repeated Multiplication 
common base. 


Number Sense 2.3 In Chapter 2 you saw that a power is a product that results from 
Multiply, divide, and simplify repeatedly multiplying a number by itself. 

rational numbers by using . . 

exponent rules. You can write a power in base and exponent form. 

Algebra and Functions 2.1 The base is the number that 5” The exponent tells you how many 
Interpret positive whole- is being repeated as a factor 7 - times the base is repeated as a 
number powers as repeated in the multiplication. factor in the multiplication. 
multiplication and negative 

whole-number powers as For example 7 * 7 = 7’, and 3 *°3*°3°3°3=3°. 


repeated division or 
multiplication by the ° ° 
multiplicative inverse. Simplify (% Guided Practice 


and evaluate expressions Write the expressions in Exercises 1—4 in base and exponent form. 
that include exponents. 

1.323 Zo les ties ilest te aie 10 
What it means for you: AGG ier NIC 5) 1a) 


You'll see how to use a rule 
that makes multiplying powers 
easier. 


The Multiplication of Powers Rule 


Look at the multiplication 2? * 2*. When you write it out it looks like this: 
Key words: 


pee DeD eDe De De D=DeDrPeDeDeDeD 
* exponent 2 factors 4 factors 6 factors 


The solution is also a repeated multiplication. 2 is repeated as a factor 
six times, so it’s the same as writing 2°. 


That means you can write 2? * 2* = 2°. 


In the multiplication expression the two exponents are 2 and 4, and in the 
solution the exponent is 6. If you add the exponents of the original powers 
together you get the exponent of the solution — the base stays the same. 


Check it out: 


The variables a, m, and n 
could stand for any numbers 
AMIEL Ceti When you are multiplying two powers with the 
numbers they are, the 
equation will still be true. 


Multiplication of Powers Rule: 


same base, add their exponents to give you the 
exponent of the answer. 


qreqt= qtr) 
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Don't forget: 


(—5)? is not the same as —(57). 
(-5)? = (-5) + (8) = 25 
—(5*) =-(5 ° 5) =—25 


Don't forget: 


Any number to the power 1 is 
just the number itself. So an 
expression like 2° ¢ 2 can also 
be written as 2°« 2". 


Only Use the Rule If the Bases are the Same | 


It’s important to remember that this rule only works with powers that have 
the same base. You can’t use it on two powers with different bases. 


¢ You could use the rule to simplify 5° ¢ 5‘ as the bases are the same. 


¢ You couldn’t use it to simplify 3° ¢ 4° because the bases are different. 


What is 37 * 3°? Give your answer in base and exponent form. 

Solution 

You could write the multiplication out in full 

32 ‘ 36 

=(3°3)°(3°3*3*3*3e3) 3 is repeated as a factor & 
times in the multiplication. 

= 38 

But these two powers have the same base. So you can use the 

multiplication of powers rule. 

32 . 36 

= 32+6— 38 


What is (—5)'* « (—5)!4? Give your answer in base and exponent form. 
Solution 

The powers have the same base. Use the multiplication of powers rule. 
(-5)2 « (-5)4 

= (_5)(12+14) = (_5)26 

(This is the same as 5”°, since the exponent is even.) 


(&% Guided Practice 


Evaluate the expressions in Exercises 5-12. Use the multiplication of 
powers rule and give your answers in base and exponent form. 


5,222? 6. 919 « 98 

7. 614 © 62 87) 7) 
9. 108+ 10! 10. 55+ 5 

IL. Bek 12. (-1)'4* (-#)"” 


Section 5.1 — Operations on Powers 


Check it out: 


Write yourself out a table 
showing the first few powers 
of all the numbers up to ten. 
Use it to help with problems 
like Example 3. You'll begin 
to remember some of the 
more common powers — 
then you'll know them when 
you see them again. 


Now try these: 


Lesson 5.1.1 additional 
questions — p457 


Round Up 


Multiplication of Powers Can Help with Mental Math 


Sometimes changing numbers into base and exponent form and using the 
multiplication of powers rule can make mental math easier. 


What is 16 * 8? 


Solution 

16 and 8 are both powers of 2, so you can rewrite the problem in base 
and exponent form: 

16°8=2++ 2? 

Now use the multiplication of powers rule: 

94 e 93 = 94 +3) _ 27. 

27=128. So 16*8=128. 


If you knew lots of powers of 2, this could make your mental math faster. 


(&% Guided Practice 


Evaluate the expressions in Exercises 13—16 using the multiplication 
of powers rule. 

13.927 14. 10 + 100,000 

15. 4° 64 16. 125 + 25 


Vo Independent Practice 


Write the expressions in Exercises 1-4 in base and exponent form. 
re a) alien ely el jel 7 «7, 
3.9°9°qd°G°q fy aay 

5. Can you use the multiplication of powers rule to evaluate 8° * 9°? 
Explain your answer. 


Evaluate the expressions in Exercises 6-13. Use the multiplication 
of powers rule and give your answers in base and exponent form. 


6.5! 0:57 FA? 

8. (-15) * (-15)° 9. (23)! « (-23)7 
10.95 °9 Meh 

12. (-b)? * (-d)!"! 13.a**a@’ 


14. A piece of land is 2° feet wide and 2’ feet long. What is the area of 
the piece of land? Give your answer as a power in base and exponent 
form. Then evaluate the power. 


15. Evaluate 81 times 27 by converting the numbers to powers of three. 


Using the multiplication of powers rule makes multiplying powers with the sare base much easter. 
Just add the exponents together, and you'll get the exponent that goes with the answer. 


= Section 5.1 — Operations on Powers 


California Standards: 


Number Sense 2.1 
Understand negative whole- 
number exponents. Multiply 
and divide expressions 
involving exponents with a 
common base. 


Number Sense 2.3 

Multiply, divide, and simplify 
rational numbers by using 
exponent rules. 


What it means for you: 
You'll learn about a rule that 
makes dividing powers easier. 


Key words: 


* power 
° base 
* exponent 


Don't forget: 

You can rewrite any division 
problem as a fraction. 

x +yis the same as - 

So x" + y"is the same as 


n 


x 


m 


Y 


Check it out: 


The variables m and n could 
stand for any numbers, and a 
could stand for any number 
except zero. 

Whatever numbers they are, 
the equation will still be true. 


Dividing with Powers 


In the last Lesson you saw how you can use the multiplication of 
powers rule to help simplify expressions with powers in them. There's 
a similar rule to use when youre dividing powers with the same base. 


The Division of Powers Rule 


Look at the division 27 + 2+. ‘ 
If you write it out as a fraction it looks like this: — 


BULE2e 2928292 
er 2t2e2 


Now write out the powers in expanded form: 


If you do the same thing to both the top and bottom of the fraction you 
don’t change its value — you create an equivalent fraction. So you can 
cancel four twos from the numerator with four twos from the denominator. 


LeZeZeZ22+2°2 


p> ae 


Now you can say that 27 + 24= 2°. 


In the division expression the two exponents are 7 and 4, and in the 

solution the exponent is 3. 

When you subtract the exponent of the denominator from the exponent of 
the numerator, you get the exponent of the solution. The base stays the same. 


This is called the division of powers rule: 


Division of powers rule: 


When you are dividing two powers with the 


same base, subtract the second exponent from 
the first to give you the exponent of the answer. 


a" +q'= qQ"-” 


This Rule Only Works for the Same Bases 


Just like with the multiplication of powers rule, it’s important to remember 
that this rule only works with powers that have the same base. You can’t 
use it on two powers with different bases. 


¢ You could use the rule to simplify 5° + 5‘ as the bases are the same. 


¢ You couldn’t use it to simplify 3° + 4° because the bases are different. 


Section 5.1 — Operations on Powers ii 


Don't forget: 


If you do the same thing to 
the top and bottom of a 
fraction its value stays the 
same. This means that if you 
have the same factor in the 


What is 14° + 14°? Give your answer in base and exponent form. 


Solution 


You could write the division out in full 


multiplication expressions on 146 = 143 

the top and bottom of a 

fraction you can cancel them elAeldelAelde 

with each other. It’s the same = Mill ee A 

as dividing the numerator and 14°14*14 

denominator by the same ‘ 

amount. = 4914 914914°14014 = 14 
ee: 444 

For example: ae 


In Example 1 you can cancel 
three fourteens from the top 
with three fourteens from the 


But these two powers have the same base. So you can use the division of 
powers rule. 


bottom. 146 + 148 
=146-)=14 
What is (—5)'* + (—5)!°? Give your answer in base and exponent form. 
Solution 
The powers have the same base. Use the division of powers rule. 
(-5)'8 +5)!" 
= 5 (18 10). — (-5)8 or 58 

Chock Hout: When youw’re using the division of powers rule you must always remember 

the order that vou de the to subtract the exponent of the second power from the exponent of the 

subtraction in is very first power — never the other way around. 

i tant. Fi le: : i 

ae = or ae The commutative property doesn’t apply to subtraction problems. 

Da es If you change the order of the numbers you'll get a different answer. 
1 
see Oa — a5 = 0-04 
The answers are different. &% Guided Practice 


You'll see more about what a 


negate Dowelueane | Evaluate the expressions in Exercises 1-8. Use the division of powers 


Selene rule and give your answer in base and exponent form. 
1. 6° = 6! Zalse 5 
3, 4206 ~ 454 4, (-3)’+(-3/ 
5,27 +27! os 
7. pea! 8. (-w)'* = (-w)y” 
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Division of Powers Can Help with Mental Math 


Like the multiplication of powers rule the division of powers rule can 
come in handy when you’re doing mental math. Convert the numbers into 
base and exponent form and use the rule to simplify the problem. 


What is 1024 + 64? 


Solution 

1024 and 64 are both powers of 4. So you can rewrite the problem in 
base and exponent form: 

1024+ 64=4+ 4. 

Now use the division of powers rule: 

45+ 43 = 463) = 4? 

4=16. So 1024+ 64= 16. 


(&% Guided Practice 


Check it out: Evaluate the expressions in Exercises 9-12. 

343 and 49 are both powers ee : 

of 7. 9. 1024 = 16 10. 100,000 + 100 
512 and 32 are both powers 11. 343 + 49 1145 SA ae 3)? 

of 2. 


Vo Independent Practice 


1. Evaluate 7° + 7* by writing it out in full as a fraction and canceling 
the numerator with the denominator. Check your answer using the 
division of powers rule. 


Evaluate the expressions in Exercises 2-9. Use the division of powers 
rule and give your answer in base and exponent form. 


2 36 37 3.237, 235° 

4, (-8)?? + 8)’ 5. (-41)'? + 41)” 

6. 48 = 4 Td ees 

8. (—p)'"" =P) Oe 
Now try these: 10. A research lab produces 10’ placebos (sugar pills) for a medical 
Heccon 5 12 additional experiment. It distributes the placebos evenly among 10° bottles. 
questions — p457 How many placebos are in each bottle? Give your answer as a power 


in base and exponent form, then evaluate the power. 


11. Evaluate 1296 divided by 216 by converting the numbers to 
powers of six. 


12. What is half of 2”? 


Round Up 


When you have two powers with the same base you can divide one by the other using the division of 
powers rule. Just subtract the exponent of the second power trom the exponent of the first power, 


and you'll get the exponent that goes with the answer. 
Section 5.1 — Operations on Powers 


California Standards: 


Number Sense 2.1 
Understand negative whole- 
number exponents. Multiply 
and divide expressions 
involving exponents with a 
common base. 


Number Sense 2.3 
Multiply, divide, and 
simplify rational numbers 
by using exponent rules. 


What it means for you: 
You'll see how to use the 
rules you saw in Lessons 
5.1.1 and 5.1.2 to simplify 
expressions with fractions in. 


Key words: 
* power 

* exponent 

* base 


Don't forget: 

When you raise a fraction to a 
power it’s the same as raising 
its numerator and denominator 
separately to the same power. 
For example: 


dy 
it 


For a reminder see Section 2.5. 


Fractions with Powers 


The muttiplication and division of powers rules still work ff the bases are 
fractions. But you have to remember that to raise a fraction to a power 
you must raise the numerator and denominator separately to the same 
power — you saw this in Chapter 2. 


The Rules Apply to Fractions Too 


When the bases of powers are fractions, the multiplication and division of 
powers rules still apply, just as they would for whole numbers. 
For example: 


F-G)-G) -G) = Gl 8)- GF -6) 


For the rules to work the bases must be exactly the same fractions. 


(&% Guided Practice 


Simplify the expressions in Exercises 1-4. 
Give your answers in base and exponent form. 


HE) GI “(= 6) 
aemel +l) =) 


If you have an expression with different fractions raised to powers, apply the 
powers to the numerators and denominators of the fractions separately. 
Then use the rules to simplify the expression. 


5 
Look at this expression. e 


1) You can’t use the multiplication of powers 
rule to simplify the expression as it is, 
because the bases are two different fractions. 


5 2 os; 
fraction 1 A e|—| fraction 2 


2) So write out the fractions with the numerators sy (ay Se) 
and denominators raised separately to the powers. 4) (3) 3 3 
3) When you multiply two fractions together, you 52 24 = 52.494 
multiply their numerators and their denominators. 3 34 32034 
eer 52.24 57-24 
4) Now you can apply the multiplication of powers -_— 
rule to the denominator of the fraction. ek 3 
5) The powers in the numerator have different bases. You, , nh gag 
can’t simplify the fraction further without evaluating the =—=—;> = —— 
3° 93 3 


exponents, so leave the answer in base and exponent form. 


Section 5.1 — Operations on Powers 


Don't forget: 


Dividing by a fraction is the 
same as multiplying by its 
reciprocal. 


To divide one fraction by 
another fraction, flip the 
second fraction upside down 
and multiply. There’s more on 
this in Lesson 2.3.4. 


Check it out: 


The number 1 to any power is 
always 1. That’s because 
1° S1,1°1° ei, ae. 
So 1° = 1, and 1+ 34 = 37. 


Simplify the expression A (5) as far as possible, leaving your answer 


in base and exponent form. 


Solution 


I. 2" Apply the exponents to the numerators and 
2? 3‘ denominators separately 


ey : ; . 

= 55" 5e Multiply by the reciprocal of the second fraction 
[P34 The two powers on the bottom of the fraction have the 

~ 93 094 same base. You can use the multiplication of powers rule. 
3° 

a Multiply the numerators and denominators 


&% Guided Practice 


Simplify the expressions in Exercises 5—10. 
Give your answers in base and exponent form. 


s.(3) a) «(3 5) 
AC Rol 


You Can Use Powers to Simplify Fraction Expressions 


Sometimes converting numbers into base and exponent form can help you 
to simplify an expression that has fractions in it. 


For example: 2) < 
3) 9 


2) : 
You can expand the A to = At first this doesn’t seem to help because 
the other fraction doesn’t contain any powers with a base of 2 or 3. 


But 9 is a power of 3: 9 = 37. If you change the 9 in the fraction into 3? 
then the expression becomes: 


(2) -4 _ 21 
3) 9 3 3? 
Now you can use the multiplication of powers rule to simplify the 


denominator. 7 oe ee 
3 3? 3 ‘ 3? 35 


Section 5.1 — Operations on Powers 


1 ’ 
. Leave your answer in base and exponent form. 


Apply the exponent to the numerator and 
denominator separately 


Multiply by the reciprocal of the second fraction 


Convert the numbers in the second fraction into 
powers 


Multiply the numerators and denominators 


&% Guided Practice 


Simplify the expressions in Exercises 11-16. 


Check it out: Fr (2) Pe 9 (4) — 
1296 is a power of 6. eae ei 
343 is a power of 7. (3) = ees 
81 is a power of 3. 13. 1296 (6 14. (3) ° 16 
625 is a power of 5. 2] 4 383 8 (2) 
32 is a power of 2. 15. (7) © 15 16. 32 “\s 
VA Independent Practice 
Simplify the expressions in Exercises 1-4. 
| +3) 
1. g 5] 2. 13) 15 
3) +t3) Ebel 
3. PS: 4, ly) ly 
Simplify the expressions in Exercises 5—10. 
2 2 7 é| (5) (2) 
5: 5] (3) 6. 19) 13 
Now try these: a (3% 7 ish: 
Lesson 5.1.3 additional 7 | (2) 8. | +( 
questions — p457 Al . ay | i) : By 
9. 11} °\6 10. (r) “U6 
Check it out: Simplify the expressions in Exercises 11-16. 
27 is a power of 3. [t} -2 (5) «28 
512 is a power of 8 (and 2). 0 heyy, 12, Ne) 16 
256 is a power of 4 (and 2). 9 3) 2) Bt 
125 is a power of 5. 13. 512 (8 14 A a 
1000 is a power of 10. aye oa} 1000 (7) 
15. 5] "256 16 Som 
Round Up 


If you can spot powers of simple numbers you'll be able to recognize when you can simplity 
expressions using the multiplication and division of powers rules. And that’s a useful thing to be 
able to do in math — whether the bases are whole numbers or fractions. 


Section 5.1 — Operations on Powers 


California Standards: 


Number Sense 2.1 


Understand negative 
whole-number exponents. 
Multiply and divide 
expressions using 
exponents with a common 
base. 


Algebra and Functions 2.1 
Interpret positive whole- 
number powers as repeated 
multiplication and negative 
whole-number powers as 
repeated division or 
multiplication by the 
multiplicative inverse. Simplify 
and evaluate expressions 
that include exponents. 


What it means for you: 
You'll learn what zero and 
negative powers mean, and 
simplify expressions involving 
them. 


Key words: 
* base 

* exponent 

* power 


Don't forget: 


The expression “a + 0” means 
ais not equal to zero. 


Don't forget: 


When you are dividing 
numbers with the same base, 
you can subtract the 
exponents. 


Check it out: 


a° doesn’t change the value 
of whatever it’s multiplied by. 
That’s because it’s equal to 1 
— the multiplicative identity. 


Section 5.2 
Negative and Zero 


Exponents 


Up to now you've worked with only positive whole-number exponents. 
These show the number of times a base /s multiplied. As you've seen, 
they follow certain rules and patterns. 


The eftects of negative and zero exponents are trickfer to picture. 
But you can make sense of them because they follow the sare rules 
and patterns as positive exponents. 


Any Number Raised to the Power 0 is 1 


Any number that has an exponent of 0 is equal to 1. 


So, 2°=1, 3°=1, 10°=1, [5)=1 
2 


You can show this using the division of powers rule. 
If you start with 1000, and keep dividing by 10, you get this pattern: 


1000 = 10 
100 = 10° 
10 = 10! 
1 =10° 


_> Now divide by 10: 10° + 10! = 100-) = 10? 
_> Now divide by 10: 10 + 10'= 10" = 10! 


_> Now divide by 10: 10! + 10' = 100-) = 108 


The most important row is the second to last one, shown in red. 


When you divide 10 by 10, you have 10! + 10! = 10¢-) = 10°. 
You also know that 10 divided by 10 is 1. So you can see that 10° = 1. 


This pattern works for any base. 
For instance, 6! + 6! = 67-) = 6°, and 6 divided by 6 is 1. So 6°= 1. 


You can use the fact that any number to the power 0 is 1 to 
simplify expressions. 


Simplify 3* x 3°. Leave your answer in base and exponent form. 


Solution 
3* x 3° = 34x 1 = 34 
You can use the multiplication of powers rule to show this is right: 
34 x 30 = 34+0— 34 
You can see that being multiplied by 3° didn’t change 3+. 


Add the exponents of the powers 


Section 5.2 — Negative Powers and Scientific Notation 


(% Guided Practice 


Evaluate the following. 


1. 4° 2.5 (4710) So ae a 
4.(7+ 6) 5.+4 6. y+ y’ (vy #0) 
eo oe as ON oa =a (az) 


You Can Justify Negative Exponents in the Same Way — 


By continuing the pattern from the previous page you can begin to 
understand the meaning of negative exponents. 
Carry on dividing each power of 10 by 10: 


1000 =10° 
ow divide by 10: 10? + 10! = 106-) = 10? 


ow divide by 10: 10? + 10! = 10@-!) = 10! 
ow divide by 10: 10'+ 10'= 10¢- = 10° 


Now divide by 10: 10°+ 10'= 10°-) = 107 


Now divide by 10: 10-' + 10' = 10¢-) = 102 


vow divide by 10: 107 + 10' = 10° -) = 10° 


Look at the last rows, shown in red, to see the pattern: 


One-tenth, which is — 197 can be rewritten as To = =10". 


Check it out: 


Two numbers that multiply One-hundredth, which is — 700? C20 be rewritten as ior = = 10°. 
together to give 1 are 

multiplicative inverses. 

6 Glico 6G: One-thousandth, which is —— T000? C22 be rewritten as ips = = 10°. 
meaning 6" is the 

multiplicative inverse or 

reciprocal of 6". This works with any number, not just with 10. 


=i 
But also, 6" eae cee For example: 


6' 6! 
6°=1 6°+61= 6! and 1+6==,s064= <=. 


1 

So, et is the multiplicative i ¥¢ i i ; 
a) _ = 9h as A 

inverse of 6 too. GC =O'=6 and a a 6 6 % Bre == 6° 


You can multiply 6" by either 6! 
This pattern illustrates the general definition for negative exponents. 


Section 5.2 — Negative Powers and Scientific Notation 


{ 
a toget1,so6'= 7. 


Now try these: 


Lesson 5.2.1 additional 
questions — p458 


Round Up 


Rewrite 5“ without a negative exponent. 


Solution 


53= x or = Using the definition of negative exponents 


i Cee . 
Rewrite = using a negative exponent. 
Solution 


Using the definition of negative exponents 


(% Guided Practice 


Rewrite each of the following without a negative exponent. 


10. 7° iso x 70) 
Rewrite each of the following using a negative exponent. 

1 1 1 
13. z 14. a 15. ee (q #0) 


{% Independent Practice 


Evaluate the expressions in Exercises 1-3. 
128702? 2.2° (9 210) 3. 2° — 3° 


Write the expressions in Exercises 4—6 without negative exponents. 
4.45" Saxe (oe 0) 67° —Z2Z > (iy 70 270) 


Write the expressions in Exercises 7—9 using negative exponents. 


1 1 1 
1g 8. = (r #0) 9. Gig’ +949) 


In Exercises 10—12, simplify the expression given. 
10. 54 x 5° lige ce (e70) ify eu) 


13. The number of bacteria in a petri dish doubles every hour. 
The numbers of bacteria after each hour are 1, 2, 4, 8, 16, ... 
Rewrite these numbers as powers of 2. 

inl 


14. Rewrite the numbers 1, ay and sas powers of 2. 


So remember — any number (except O) to the power of O is equal to 1. This is useful when you're 
simplifying expressions and equations. Later in this Section, you'll see how negative powers are used 
in scientific notation for writing very small numbers efficiently. 


Section 5.2 — Negative Powers and Scientific Notation 


California Standards: 


Number Sense 2.1 


Understand negative whole- 
number exponents. Multiply 
and divide expressions 
using exponents with a 
common base. 


Algebra and Functions 2.1 
Interpret positive whole- 
number powers as repeated 
multiplication and negative 
whole-number powers as 
repeated division or 
multiplication by the 
multiplicative inverse. 
Simplify and evaluate 
expressions that include 
exponents. 


What it means for you: 
You'll multiply and divide 
expressions that share the 
same base. This includes 
expressions containing 
negative exponents. 


Key words: 


* base 

¢ denominator 
* exponent 

* numerator 

* power 


Don't forget: 


As with regular addition and 
subtraction of integers, you 
need to be very careful with 
your positive and negative 
signs. 


¢ Adding a negative can be 
thought of as a subtraction. 
For example, 7 + (-3) = 7-3. 
¢ Subtracting a number is the 
same as adding its opposite. 
For example, the subtraction 
6 — (-2) can be rewritten as 
6 +2. 


Don't forget: 


10 can be rewritten as 10’. 


Using Negative Exponents 


Negative exponents might seem a Obit tricky at first. But the rules for 
positive exponents work with negative exponents in exactly the same 
way. This Lesson gives you plenty of practice at using the rules with 
negative exponents. 


Simplifying Expressions with Integer Exponents 


Both the multiplication of powers rule (a” x a" = a”"*") and the division 
of powers rule (a” + a” = a”~") work with any rational exponents — it 
doesn’t matter if they are positive or negative. 


The examples below apply the multiplication and division of powers rules 
to numbers with negative exponents. 


Simplify 54 x 5°. 


Solution 


The bases are the same, so the multiplication of powers 
rule can be applied. 


54 x 53= 54+) — Use the multiplication of powers rule 
= §(-4-3) 


= 57 


Simplify 7° + 7°. 
Solution 
The bases are the same, so the division of powers rule can be applied. 


7° +7*=76-@) — Use the division of powers rule 
— 7(6+2) 


= 7 


&% Guided Practice 


Simplify the expressions in Exercises 1-8. 
15) 5= 2567 <16° 8.10 <10 
a 6.113 TAOE AO? 


Cl ee ae 
$2422 


Section 5.2 — Negative Powers and Scientific Notation 


Check it out: 


Another way to write x ” 


is He 


Don't forget: 


To divide by a fraction, you 
multiply by its reciprocal. 
You find the reciprocal by 
flipping the fraction. 

“a. @ @ oa 
a= SSS Sy 
bd be 


You Can Turn Negative Exponents into Positive Ones) 


This is a different way to tackle the problems on the previous page. 
You can decide which method you prefer to use. 


Some people like to convert negative exponents into positive exponents 
before doing any problems involving them. 


— I 
So when they see a number like 4°, they rewrite it as e 


The examples on the previous page are repeated below using this method. 


Simplify 54 x 5°. 
Solution 
1.1 


5 5? a ye a First convert to positive exponents 
5 


1 
-_ ree Multiply the fractions 


Use the multiplication of powers rule 


Simplify 7° + 7°. 


Solution 
7627? — 75. : a 
° Se eae First convert to positive exponents 

2 

= 7% : To divide by a multiply by its reciprocal 

aT 7° 

a Use the multiplication of powers rule 

— 7 


& Guided Practice 


Simplify the expressions in Exercises 9-16 by first converting any 
negative exponents to positive exponents. 


ONG" Xx Or 10. 4° x 4° M7 1212] 12 
13,3-5°33 14.2)=2° 5. 10?+10° 16.11 °=11> 


Section 5.2 — Negative Powers and Scientific Notation 


Don't forget: 
You could also do this sort of 
calculation by converting the 
negative exponents into 
positive exponents before 
multiplying. 

if ie Bee 1 

Se ace 1 8’ x7?® 
8x7? : ee ee 

1 8°x7° 8°x7?® 


4 3 
2 = 84-2) x 78-8) 
x 


2 


8-2) x 78-8) = 82 x 7 oF S; 


Now try these: 


Lesson 5.2.2 additional 
questions — p458 


Round Up 


Getting Rid of Negative Exponents in Fractions 


You might have to deal with fractions that have negative exponents in the 
4 
numerator and denominator, like - It’s useful to be able to change them 


into fractions with only positive exponents — because it’s a simpler form. 


A number with a negative exponent in the numerator is equivalent to the 

4 
same number with a positive exponent in the denominator => 2° = 7 = a7 
A number with a negative exponent in the denominator is equivalent to the 


1 3) 


same number with a positive exponent in the numerator —> aoa a. 


So: 
2~ gets moved trom the cp?“ 3/ <= 3’ moves from the 


numerator to the denominator, ; 
denominator and becomes 


iBisawet =T ae 
where it is written as 27. 3 2 sai ia esa eIanoR 
ei. Fo ee 
Simplify — 2 
Solution 
F 7? Fee : . 
7*=>= = 5 Multiply the fractions 
8" 8 8 "x 8 
73+(—6)) nee 
=—f Use the multiplication of powers rule 
g(-442) 
7 ine 
= 54 Convert to positive exponents 
8 7 


(% Guided Practice 


Rewrite the expressions in Exercises 17—20 without negative exponents. 


ie os ree: ie 
ie = 18. — 1952 <5 20. 7 
VA Independent Practice 
Simplify the expressions in Exercises 1-3. 
110"= 10- Zor OO: 6 at a 
Rewrite the expressions in Exercises 4—6 using only positive exponents. 
fe a 6.73 x 45 


vost i ae 
Multiply the fractions in Exercises 7—8 and write the answers using 
only positive exponents. 
456? y-5 4 
So oo 
62 idee ie shi 


After this Lesson you should be comfortable with multiplying and dividing expressions with negative 
exponents, Remember — you can only use these rules if the bases are equal. 


Section 5.2 — Negative Powers and Scientific Notation 


California Standards: 
Number Sense 1.1 


Read, write, and compare 
rational numbers in 
scientific notation (positive 
and negative powers of 10), 
compare rational numbers in 
general. 


What it means for you: 
You'll see how you can use 
powers of 10 to make very 
big or very small numbers 
easier to work with. 


Key words: 


* scientific notation 
* numeric form 

* power 

* decimal 

* base 

* exponent 


Don't forget: 


For more about writing large 
numbers in scientific notation, 
see Lesson 2.5.3. 


Check it out: 


You'll come across lots of 
very large and very small 
numbers written using 
scientific notation outside of 
math. For example, large 
numbers like distances 
between planets or 
populations of countries, and 
small numbers like the length 
of a molecule or the weight of 
a speck of dust. 


Scientific Notation 


Scientitic notation 1s a handy way of writing very large and very small 
numbers. Earlier in the book, you practiced using powers of ten to 
write out large numbers. In this Lesson, you'll get a reminder of how 
to do that. Then you'll see that with negative powers, you can do the 
same thing for very small numbers. 


You Can Use Powers of 10 to Write Large Numbers 


In Chapter 2 you saw how to write large numbers as a product of two 
factors using scientific notation. 


The second factor is a power of ten. 
The exponent tells you how many 
places to move the decimal point to 
get the number. 


1,200,000 =(1.2)» (0) 


The first factor is a 
number that is at least 
1 but less than 10. 


The planet Saturn is about 880,000,000 miles away from the Sun. 
Write this number in scientific notation. 


Split the number into the 
appropriate factors. 


Solution 
880,000,000 = 8.8 x 100,000,000 


= 8.8 x 10° miles a Write the power of ten in 
base and exponent form. 


(% Guided Practice 


Write the numbers in Exercises 1—6 in scientific notation. 
1. 487,000,000,000 2. 6000 

3. 93,840,000 4. —1,630,000,000,000 
5. 28,410,000,000,000 6. —3,854,000,000 


You Can Write Small Numbers in Scientific Notation 


Scientific notation is also a useful way to write very small numbers. 
A number like 0.0000054 can be rewritten as a division. 


0.0000054 = 5.4 + 1,000,000 
Using powers of 10 you can write this as 
0.0000054 = 5.4 + 10° 


And remember that 1 + 10°= 77 = 10°, so you can write 


0.0000054 = 5.4 x 10° 
5.4 x 10° is 0.0000054 written in scientific notation. 
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A red blood cell has a diameter of 0.000007 m. Write this number in 
scientific notation. 


Solution Split the number into a 
decimal and a power of ten. 

0.000007 = 7 + 1,000,000 

Check it out: = 7+ 10° <= Write the power of ten in base and exponent form. 


Remember to include the 
units — they’ll be the same as 
in the original number. 


=-7x10°m&— CNaNge aes bya pose power to 
multiplication by a negative power. 


(% Guided Practice 


Write the numbers in Exercises 7—12 in scientific notation. 


7. 0.000419 8. 0.000000000015 
9. 0.00000007 10. 0.000030024 
11. 0.00008946 12. 0.00000004645 


You Can Convert Numbers from Scientific Notation 
Sometimes you might need to take a number that’s in scientific notation, 
and write it as an ordinary number. 

When you multiply by 10, the decimal point moves one place to the right. 


When you divide by 10, the decimal point moves one place to the left. 
Check it out: 


Numeric form means the 
number written out in full. 


You can use these facts to convert a number from scientific notation back 
to numeric form. 


Write 3.0 x 10! in numeric form. 


Solution 
“3.0 x 10''” means “multiply 3.0 by 10, 11 times.” 


To multiply 3.0 by 10!', all you need to do is move the decimal point 
11 places to the right. It might help to write out the 3.0 with extra Os 
— then you can see how the decimal point is moving. 


3.0 x 10" The green line shows the 
= 3.00000000000. x 10!! decimal point moving 11 
~__ places to the right. 


= 300,000,000,000 
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Don't forget: 


Include the correct units in 
your answer. So 0.000028 cm 
written in scientific notation is 
2.8 x 10° cm — not just 

2.8 x 10°. 


Now try these: 


Lesson 5.2.3 additional 
questions — p458 


Check it out: 


1 billion is a thousand million. 
Written out as a number it 
looks like this: 

1,000,000,000 


Round Up 


Example ; 4 


Write 4.2 x 10°! in numeric form. 
Solution 
“4.2 x 10°!” means “divide 4.2 by 10, 10 times.” 


You need to move the decimal point 10 places to the left. 
You can write in extra Os in front of the 4 to help you: 


00000000004.2 x 107” 
= 0.00000000042 


(&% Guided Practice 


In Exercises 13—20, rewrite each number in numerical form. 
1375391 10° 14. 5.91 x 10° 15.2.2. 10° 
16. 4.85 x 10% 1759°023 = 107 18. 6.006 x 107 
19 eS NO” 2057-101 02 


Vo Independent Practice 


Write the numbers in Exercises 1—6 in scientific notation. 

1. 78,000 2. 0.00000091 3. 843,000,000,000 

4. 0.00000000000416 5. 20,057,000,000,000 
6. 0.000000000000000000000100801 


Write the numbers in Exercises 7—12 in numerical form. 
78.0% 107 8. 6.2 x 10° 9.2.18 x 10° 
105310310” 11. 5.0505 = 10? 12. 9.64 x 10° 


13. The planet Uranus is approximately 1,800,000,000 miles away 
from the Sun. What is this distance in scientific notation? 


14. An inch is approximately equal to 0.0000158 miles. Write this 
distance in scientific notation. 


15. The volume of the Earth is approximately 7.67 x 107’ times the 
volume of the Sun. Express this figure in numeric form. 


16. An electron's mass is approximately 9.1093826 x 10°! kilograms. 
What is this mass in numeric form? 


17. In 2006, Congress approved a 69 billion dollar tax cut. 
What is 69 billion dollars written in scientific notation? 


18. At the end of the 20th century, the world population was 
approximately 6.1 x 10° people. Express this population in numeric 
form. How would you say this number in words? 


Scientific notation fs an tmportant real-life use for powers — it’s called scientific notation because 
scientists use ft all the time to save them having to write out really long numbers. 
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Comparing Numbers in 
Scientific Notation 


California Standards: 
Number Sense 1.1 


When you look at two numbers, you can usually tell straightaway 


Read, write, and compare i P P 5 , F 
E which fs larger. If the two numbers are in scientific notation, you 


rational numbers in 


scientific notation (positive might need to think a bit harder. But once you know what part of the 
and negative powers of 10), number to look at first, it becomes much more straightforward. 
compare rational numbers in 

general. 


What it means for you: 
You'll learn how to tell which Look at the Exponent First, Then the Other Factor 


is the larger of any two 


numbers written in scientific ‘ : : : Bh nceies ye 
The problem with comparing numbers written in scientific notation is that 


notation. 

each number has two parts to look at. 

There’s the number between 1 and 10... 2.89 x 10° 

> 6 

Key words: ... and there’s the power of 10. 2.89 x 10 
* scientific notation The first thing to look at is the power. The number with the greater 
pe ponent exponent is the larger number. 
* coefficient 
* power 


Which of the following numbers is larger? 
Don't forget: 4.23 x 108 or 7.91 x 10° 


The expression “a > b” 
means “a is greater than b.” 


Solution 
The exponent in 4.23 x 10° is 8. 
The exponent in 7.91 x 10° is 6. 


8 > 6, so 4.23 x 10° is the larger number. 


If two numbers have the same power of 10, then you need to look at the 
other factor — the number between | and 10. 
The number with the greater factor is the larger number. 


Which of the following numbers is larger? 
4.23 x 108 or 7.91 x 108 

Solution 

The exponents of the power of 10 in these two numbers are the same, so 

you need to compare the other factors. 


7.91 > 4.23, so 7.91 x 10° is the larger number. 


Section 5.2 — Negative Powers and Scientific Notation 


&% Guided Practice 


In Exercises 1—6, say which of each pair of numbers is greater. 


Loe. 10 822 07 2.461% 10°, 105 ~ 10" 
3.3.21 < 1056.8 ~ 107 4. 8.4 x 108, 5.75 x 10’ 
5,0.033 10246 < 107 6.2.6 102.09 10: 


In Exercises 7 and 8, write out each set of numbers in order from 
smallest to largest: 


7,8.34x 10" “7.11 x 10" Sl 10" 9.64 x 10° 
8. 3.8 x 10° 3.09 x 10° 3.41 x 10° 4.12 x 10° 


Be Careful with Negative Exponents | 


You need to take care when you compare numbers in scientific notation 
that have negative powers. 


Check it out: 


It might help to think about 
where the negative numbers 
would be on the number line. 


Ae ean arctan act The number with the greater exponent is still larger — but remember that 


right is always greater. negative numbers can look like they’re getting bigger, when they’re 
For example: actually getting smaller. 
=o) 64 (O72 8} 
3 2 
< u / | | > Which of the following numbers is larger? 
4.23x 10° or 7.91 x 107 
3 2 -l1 O 


Solution 
The exponent in 4.23 x 10° is —5. 
The exponent in 7.91 x 10” is —7. 


—5 >—7, so 4.23 x 10° is the larger number. 


If the negative exponents are the same, then the number with the greater 
coefficient is still larger. 


Example ; 4 


Which of the following numbers is larger? 
4.23x 10° or 7.91 x 10° 
Solution 
The exponents in these two numbers are the same, so you need to 
compare the coefficients. 


7.91 > 4.23, so 7.91 x 10° is the larger number. 


Section 5.2 — Negative Powers and Scientific Notation — 


(% Guided Practice 


In Exercises 9-14, say which of each pair of numbers is greater. 


914% 107, 23% 10° 10. 5.0 x 10°, 4.8 x 10° 
1M 742 102) 389. 10 1D ies NO ers il coe 
13.56.04 * 10°"6,2 «10° 14,9:99% 10 145 x 107 


In Exercises 15 and 16, write out each set of numbers in order from 
smallest to largest: 

15. 4.97 10° 4.52 % 107 3.08 x 10° S18 10 
16. 64x 10% 6.04 x 10-8 6.44 x 10-8 6.14 x 10° 


Vo Independent Practice 


In Exercises 1—8, say which of each pair of numbers is greater. 


1.425% 10 3.89% 10" 2916x1072 64% 10°" 

322 Uo 0 9 0, 4. 8.04 x 10°, 7.96 x 10° 
S022 1070 10 6. 6.861 x 10°, 4.0 x 107! 
eo No NO 8. 3.642 x 10°°°, 1.886 x 10-8 


This table shows the mass of one | Element | Mass of atom (kg) | 
atom for five chemical elements. EE 
Use it to answer Exercises 9-11. 7.95 x 10°76 
9. Which is the heaviest element? 3.44 x 10°25 
10. Which element is lighter, 1.79 x 10-25 
silver or titanium? 

Lithi 1,15 2 19 
11. List all five elements in order 
from lightest to heaviest. Hydrogen 1.674 x 10°77 


This table shows the approximate distance from Earth of six stars. 
Use the table to answer Exercises 12-16. 


12. Which of these stars is pen aa one 
nearest to Earth? Name of Star paki : 
Now try these: eee ee from Earth (miles) 
- . Which of these stars is 
Lesson 5.2.4 additional : 15 
questions — p459 furthest from Earth? iat 
14. How many of these stars 5.04 x 10" 
are nearer than Castor A? 3.50 x 10% 
oo. EE 
ag A 1x10" 
Earth, Peacock or Sirius? eae taal 
15 
16. List all six stars in order nee 


from nearest to furthest. 1.9 x 1016 
Round Up 


If you have two numbers written in scientific notation and you want to know which fs larger, look at 
the two parts of the numbers. First compare their exponents, and then, if necessary, compare their 
other factors. And don't forget to watch out for negative exponents. 


= Section 5.2 — Negative Powers and Scientific Notation 


Section 5.3 introduction — an exploration into: 


Monomials 


A monomial fs a term that /s a constant, a variable or a combination of both. 
In this Exploration, you'll use Algebra Tiles to multiply and divide monomials. 


The tiles you'll use are shown here: | : 
+1) 


When you multiply two numbers, the product is the same as the area 
of the rectangle that has the two numbers as the length and width. 


Monomial multiplication works in exactly the same way. 


Multiply the expression 4 ¢ 2x using algebra tiles. 


Solution 
Put one factor on the top (2x here) 


..and the other down 
the side (4 here) A 


, es ge gear eo ee 
The product (4 « 2x) is the area inside the red box. 


You can use algebra tiles to divide monomials. You are given the area of the rectangle of tiles 
and one of the side lengths. The goal is to find the tiles that match the other side length. 


The thing you're dividing 
by goes on one side of 
Solution the area rectangle. 


Divide the expression 2x” + 2x using algebra tiles. 


2x* is the area, and 2x is the length of one side. 
The tiles that fit into the other side represent the quotient. 


x fits on the other side. So 2x? + 2x =x 
x fits on this side. 


VA Exercises 


1. Use algebra tiles to simplify the expressions. 
a2 93% b, 2x * 2x €.3 * 3x d.x°4 


6.3% f5y=5 g. 4x? + 2x hy 


Round Up 


You know that the area of a rectangle is the length multiplied by the width. Well, if the length 
and width are monomials, then it’s just the same — the area of the rectangle /s their product. 


Section 5.3 Exploration — Monomials ey, 


Section 5.3 


Multiplying Monomials 


California Standarde: In Section 5.1 you saw how to do multiplications like y * y*, or x? X x?. 
Algebra and Functions 1.4 Now you need to know how to multiply together terms that contain 
Use algebraic terminology numbers or more than one variable, like 2x° x 3x3, or 2xy x y’. 

(e.g., variable, equation, Things like 2x° and 2xy are called monomials — and this Lesson is 


term, coefficient, inequality, 
expression, constant) 
correctly. 


Algebra and Functions 2.2 ‘ 
Multiply and divide A Monomial Has Only One Term 


monomials; extend the 


going to show you how to multiply them. 


process of taking powers and A monomial is a type of expression that has only one term — meaning it 
See egies to cag has no additions or subtractions. 

when the latter results ina : : ° ° ° 

monomial with an integer A monomial can include numbers, fractions, and variables raised to 
exponent. whole number powers, but they can only be multiplied together. 


What it means for you: 
You'll learn how to multiply 


together expressions that only whole number powers. 
have only one term. 


8 yy, ae and 5xy? are monomials — expressions with just one term and 


2+y, a+ 4, and y*—9 aren’t monomials — they all have more than one term. 


x, y°, and m° aren’t monomials — they contain powers that aren’t whole 


Key words: aut hers 


* monomial 


* coefficient : F = 
* constant In a Monomial the Number is the Coefficient 


The number that the variable is multiplied by is called the coefficient. 
Don't forget: e In the expression 5y the coefficient is 5. 


The whole numbers are zero 
and all the positive integers: 
Oh eee Shee e In the expression x the coefficient is 1. Multiplying by 1 doesn’t 


change the value of a number, so writing 1x is the same as writing x. 


; eT | 
e In the expression : the coefficient is 5 


Don't forget: 


—9a° means —9 x a°. 


Which of the following expressions are monomials? 
For those that are monomials, what is the coefficient? 


a) 2x, b)z’, c)at+b, d)5n* e) * 


Solution 

a) 2x is a monomial. The coefficient is we Ee ene ean 
b) z2 is a monomial. The coefficient is 1. scl 

c)a+bis not a monomial. Two terms have been added together. 

d) 5n-3 is not a monomial. —3 is not a whole number power because it 
is negative. 


Check it out: 


A monomial that is just a 
number is called a constant, 
since its value can’t change 
(unlike the value of a monomial 
that contains a variable). 


The monomials 2, 6, 3.75, 


4 
1 Pan 
and > are all constants. 


oe : 2s « I F 1 
e) - is a monomial. The coefficient is 3 (since : =F y‘). 


Section 5.3 — Monomials 


Don't forget: 


Multiply powers together by 
adding the exponents: 

x4 x x? = xatb 

For example, x? x x4 = x’. 


This is the multiplication of 
powers rule. You saw it in 
Lesson 5.1.1. 


Don't forget: 


This method works because 
of the commutative and 
associative properties of 
multiplication (which say that 
things can be multiplied 
together in any order and you 
get the same results — see 
Lesson 1.1.5). 


When you work out 4x°y 
multiplied by 6x*y*, you are 
really doing this: 
4exPeprBexteyt. 

By using the method in 
Example 2, you are just 
multiplying them in the most 
convenient order — first the 
numbers, then the powers of 
x, and then the powers of y. 


&& Guided Practice 


In Exercises 1—8, state whether or not the expression is a monomial. 


37 2.35 

a3 a é), xe 

5, oy 6. 3x+y' 

Ie 3 8. a 

State the coefficient of each of the monomials in Exercises 9-12. 
oie 10. 14x)4 

UU. = 12. 9a 


Treat Each Variable Separately When Multiplying 


To multiply monomials you deal with the coefficients and each different 
variable separately. You’ll often need to use the multiplication of powers 


rule too. 


Multiply together 4x°y and 6x*y*. 


Solution 

Multiply the coefficients and each different variable separately. 

¢ Multiply the coefficients: 4 x 6 =24 

* Multiply the powers of x together: x3 * x4 = x’ 

* Multiply the powers of y together: y * y+ = y5 

Now multiply all these results together to form your final answer. 
So 4x3y multiplied by 6x44 gives 24x7y*. 


Sometimes, only one of the expressions contains a particular variable. 


Find 2ab** 4a°c. 

Solution 

Multiply the coefficients and each different variable separately. 

¢ Multiply the coefficients: 2 x 4=8 

* Multiply the powers of a together: a* a? = a° 

* Multiply the powers of b together (only one monomial contains b so 
you just include that power of 5 in your answer): b* 


so just include that power of c in your answer): c 


Now multiply all these results together to form your final answer. 
So 2ab* * 4a’c = 8a*b*c. 


There’s a quick way to work these out — multiply the coefficients and 
add the exponents of each different variable. 


Section 5.3 — Monomials ih 


* Multiply the powers of c together (again, only one monomial contains c 


Example 


Find 6x°y° * 2xy’z. 
Solution 
6x? © Wxy*z = (6 X 2) ext! yt? oz = 12x%y8z 


As always, be extra careful if there are negative numbers or fractions. 


Don't forget: 


When you are multiplying a 
fraction by an integer, just 
multiply the numerator of the 
fraction by the integer, and 


Find —12p’gr* multiplied by 7 prs?. 
Solution 


then simplify it if you can. 3 3 
a eae _ 12 p’qr* . i prs’ = (- 12 x ;] prs? = -9p*gr°s* 
Weenie 
3-— a Sr e e 
6 6 6 2 (&% Guided Practice 
Find the results of each multiplication in Exercises 13-22. 
1320 =x 14. 5y® * 3y’ 
Check it out: 15, 227° 16. —2a * 3a 
You can multiply three (or 7.346 be 1S. 12ebed = 3eb'cd 
more) monomials together in 19. Say e x2z 20. 0.5x2 « Bayz 
stages — first multiply two ae > 3 
monomials together, and then 21. a’b*c° multiplied by a*bic® 22) [-2 ar F pair's | 
multiply the result by the third. 3 4 
Write down the answers to Exercises 23-26. 
23. XV" XV xy 24, ab’ * abbic? + a’b'c® 
25..pgr pr? q7r 26. mn * a*b’ * abmn 


({% Independent Practice 


Which of the expressions in Exercises 1-6 are monomials? 


1. 2be Dolla 2 oy 
AL, Bre 5. 4x3 6. a?bic* 
State the coefficient in each of the monomials in Exercises 7—12. 
Now try these: 1. 3% 8. 8a°b? 9. p? 
Lesson 5.3.1 additional 10. —3y° 11. 0.3d 12. 3.1427 


ions — p4 ie ; : 
Sa et ae Calculate the coefficient of each product in Exercises 13-14. 


13. 5x multiplied by 2y 14. —10a multiplied by 0.55° 
Calculate each product in Exercises 15—20. 
15. 5x * 4x 16. 2xy * 8x? 17. 3a°b’ * 6ab*c 


Don't forget: : i 
To “square” something means 18. —12xy° * 7xz 19. qe ona W2f ees h ee 
to multiply it by itself. 

Square each monomial in Exercises 21—23. 

pa VS 2203 23. 4a°*b? 


Round Up 


So that’s how you multiply monomials — you deal with the numbers first, and then each of the 
variables in turn, and then multiply the results together. You'll get a lot of practice with this skill 
because you need to use it all the time in math. 


Section 5.3 — Monomials 


California Standards: 


Algebra and Functions 1.4 


Use algebraic terminology 
(e.g., variable, equation, 
term, coefficient, inequality, 
expression, constant) 
correctly. 


Algebra and Functions 2.2 


Multiply and divide 
monomials; extend the 
process of taking powers and 
extracting roots to monomials 
when the latter results in a 
monomial with an integer 
exponent. 


What it means for you: 
You'll learn how to divide 
expressions that only have 
one term. 


Key words: 


* monomial 
* coefficient 


Don't forget: 


Any number or variable to the 
power 1 is just itself. 

For example, 2! = 2, 9' = 9, 

a' =a, x' =x, and so on. 

This means you can rewrite 
2x°y as 2x*y'. 


Dividing Monomials 


You saw how to multiply monomials in the previous Lesson. 
The next step /s to learn how to divide monomials — and that’s what 
this Lesson fs all about. 


Divide Monomials by Subtracting Exponents 


Dividing monomials works in a very similar way to multiplying them. 


You deal with coefficients and each different variable in turn. 
But when dividing monomials, you subtract variables’ exponents rather 
than add them. This is because you’re using the division of powers rule. 


Find 8a* + 4a°. 

Solution 

Treat the coefficients and the variable separately. 
* Divide the coefficients: 8 + 4 =2 


¢ Divide the powers of a using the division of powers rule: 
a+ a° = g-°= @ 


Now multiply these results together to form your final answer. 
So 8a’ + 4a° = 2a’. 


Notice how you divide the coefficients and the variables, but then you 
multiply all the results together at the end. 


So in the previous example, you divided the coefficients to get 2, and you 
divided the powers of a to get a” — but then you multiplied these together 
to get the final answer of 2a’. 


Find 10x7y4 + 2x’. 

Solution 

Treat the coefficients and each different variable separately. 
* Divide the coefficients: 10 +2 =5 


* Divide the powers of x using the division of powers rule: x7 = x? = x5 
* Divide the powers of y using the division of powers rule: y++ y = y° 


Now multiply all these results together to form your final answer. 
So 10x’y* + 2x*y = 5x5y?. 


Section 5.3 — Monomials 


Check it out: 


You can’t change the order of 
division calculations. 

That means you must always 
subtract the exponents in the 
second monomial from those 
in the first, regardless of 
which is bigger. This might 
result in a negative exponent. 
If you need a reminder on 
negative exponents, see 
Section 5.2. 


Don't forget: 


Monomials only involve 
numbers and whole number 
powers of variables. The 
whole numbers are 

0), 2 oh Cee 

So 0.5x* isn’t a monomial. 


Section 5.3 — Monomials 


You have to be very careful to get the signs of your exponents correct — 
especially if a variable only appears in the second monomial. It helps to 
remember that x’ = 1 for any value of x. Example 3 shows why this is useful. 


Find 12a*b> + 6a’c". 


Solution 

First, rewrite the division — making sure that all the variables appear in 
both monomials. Do this using the fact that b° = 1 and c°= 1. 

So you have to find 12a*b°c® + 6a*b°c*. 


Now divide the coefficients and each variable in turn in the normal way. 


* Divide the coefficients: 12 + 6 = 2 

* Divide the powers of a by subtracting the exponents: a*+ a? =a*-?=@ 
* Divide the powers of b by subtracting the exponents: b° + b° = b°-° = b> 
* Divide the powers of c in exactly the same way: c°?+ ct=c® +=c4 


Then multiply all these results together to give your final answer. 
So 12a*b® + 6a’c* = 2a°b*c*+*. 


&% Guided Practice 


Find the results of each division in Exercises 1-8. 

oh se Qala 34° 

8B. Ory = 2x7 4. 16p'"°q'r’ + 2p*q? 

5.—12m + 2m’n° 6.25" = Sx 
Died aD: 


1. Osa, = lyn 8. 2» qr+ 4 p@?r's® 
% 3 9 


Dividing Monomials Doesn’t Always Give a Monomial 


When you multiply monomials, you always get another monomial. 


However, when you divide one monomial by another the result isn’t always a 
monomial. You may end up with an answer that contains a negative exponent 
— which is not a monomial. That’s what happened in Example 3, above. 


Example 
Find 4x’y + 8x°y. 
Solution 

Treat the coefficients and the variables in turn, as usual. 


4=8= 0,5, whilex* > =x', and y> y= 1, 


So 4x°y + 8x3y = 0.5x71. 
But the exponent of x isn’t a whole number, so this isn’t a monomial. 


(% Guided Practice 


Find the result of each of the divisions in Exercises 9—14. 
State whether each result is a monomial. 


ie = x 10. 8y° + 2y’ 
11, 9a7b? = 3a7b? 12; 18p°¢° = 6p'g" 
13. —6m"'n' + 3m7°n> 14. 2ey7 Sx 7 


Divide Coefficients and Subtract Exponents | 


In the previous Lesson, you saw that there was a quick way to multiply 
monomials — you multiplied the coefficients and added exponents. 


You can do a similar thing when you divide monomials. 
But this time you divide coefficients and subtract exponents. 


Find 6x°y° + 2xy’z. 


Solution 

It’s best to rewrite this so that both monomials contain all the different 
variables. Use the fact that z° = 1. 

So you need to find 6x°y°z° + 2xyz. 


Don't forget: 


A variable z can be rewritten 
as z'. 


6x5 629 + Qxhyz! = (6 +2). x5- 1. yO-2. 20-1 = Byxtytz 


(% Guided Practice 


Find the results of each division in Exercises 15—18. 
15. 12a* + 4a? 16. 100b'c= = 25a7h'e 
17. 26p°q° + 4p?q’r* 18. 169m!"n? + 139° 


(&% Independent Practice 


Evaluate the divisions in Exercises 1—6. 
lax 2.590 OVE 3. liye = ye 
1 


AG on 5, 4a? + 0.5ab? 6. 5m in + sin” 


Now try these: 7. Which of these expressions have the same value: (1 + a"), (a° +a"), a"? 


Lesson 5.3.2 additional 8. What is 5x° divided by —5x*? 


questions — p459 ; : ‘ : 
Find the quotients in Exercises 9-11. 


9. 20x?y6 + 5x8y? 10. 11ab> + 121bc4 eg ye 


Round Up 


Dividing monomials isn’t really any harder than multiplying them. But you do have to remember 
that you subtract exponents when dividing, which means that you could end up with negative 
exponents. You'll use these ideas in later Lessons, so make sure you remember the rules. 


Section 5.3 — Monomials 


California Standards: 


Algebra and Functions 1.4 


Use algebraic terminology 
(e.g., variable, equation, 
term, coefficient, inequality, 
expression, constant) 
correctly. 


Algebra and Functions 2.2 


Multiply and divide 
monomials; extend the 
process of taking powers 
and extracting roots to 
monomials when the latter 
results in a monomial with an 
integer exponent. 


What it means for you: 


You'll see how to raise simple 
expressions to powers. 


Key words: 


* monomial 
* coefficient 
* power 


Don't forget: 


The associative law of 
multiplication says that you 
can group things in any way 
when multiplying and get the 
same result: 

a x (b’xic) =a xb) xc 

The commutative law of 
multiplication says that you 
can multiply things in any 
order and get the same result: 
OS Io) SI 2 


Combining these properties, 
you can show that you can 
multiply any number of things 
together in any order and get 
the same result. 

So you don’t need parentheses 
in expressions containing only 
multiplications. For example: 
Gex.((bixve))exed)i=iaexD xicrxad 


Section 5.3 — Monomials 


Powers of Monomials 


Earlier in the book you found out about powers. They show repeated 
multiplication — for example, 2 * 2.x 2 = 2°. This Lesson is all about 
how to raise monormial expressions to powers. 


Powers Can Be Raised to Other Powers 


You might see expressions in which a power is raised to another power. 


For example, you can write the expression 2* x 24 x 24 as (24). 

You can add the powers using the multiplication of powers rule to find the 
result. So (24) = 24 x 24 x 24= 2474445912 

This gives exactly the same result as multiplying the exponents in (2*)° 


together. So you can write (24)? = 24*? =2). 


You can write this more generally as: 


This is called the power of a power rule. 


By writing the expression as a multiplication, show that (y°)* = y°. 
Solution 
You’ve got to show that the power of a power rule works for (3°)’. 


As always, work out the parentheses first: y=yeyey 
So’y=Yeysy)sryey) 

But you can remove the parentheses here, because it doesn’t 
matter how you group things in multiplications. 

Therefore (°)V?=yeyeyeyeyey=y’. 


Write (4°)° as a power of 4. 


Solution 
Use the power of a power rule — multiply the powers. 


3)6 — 43x6 = gI8 
(435 =43°6=4 


Simplify: a) (x5)§ —_b) (x5) 


Solution 
a) Multiply the powers together. (x°)§ = x°** = x*° 


b) The rule also works with negative powers. (x°)8 =23*%) =x” 


&% Guided Practice 


Write the expressions in Exercises 1—9 using a single power. 


1. (22 2. (35)4 3. (799)! 
4, (x*)8 Sia 6. (r’)! 
Tao) Ss (ay 


Use the Same Rule to Find Powers of Monomiails ) 


All monomials can be raised to powers — even really complicated ones. 


Just like with a power of a power, you can simplify this kind of expression 
by remembering that a power means repeated multiplication. 


Example ; 4 


Simplify (3xy)*. 

Solution 

Everything inside the parentheses is raised to the power of 4. 
(3xy)* = (3xy) * 3xy) * Bxy) * Bxy) 

You can simplify this by removing the parentheses. 

(3xy)* = Bexey © Bexey © Zexep © 3exey 


Now you can rearrange this multiplication using the associative and 
commutative properties of multiplication. 
(3xy)* => 303 03 03 e XOXOXOX e yeyeyey 

=Z34e x40 y 

= 81x'y' 


You can see in Example 4 that each part of the original monomial is 
raised to the 4th power in the result. 


To raise any monomial to a power, use the following rule. 


Raising a monomial to a power 
To take a monomial to the mth power, find the nth power 


of each part of the monomial, and multiply the results. 


When you're raising monomials to powers, you'll often need to use the 
power of a power rule. 


; ; 2 
Don't forget: Seely Ody. 
(b°)2 = b3*2 = 58 Solution 
(5°)? = 52° (bY 
= 52 e b* 


= 255° 


Section 5.3 — Monomials ii 


There could be any number of variables in the monomial, but you always 
do exactly the same thing — raise each individual part of the monomial 
to the power outside the parentheses. 


Simplify (2x?yz?)°. 
Solution 
(2x*yz7)° = 2° . (x?) - yp ; (2) 
= 2 7 x10 . yp ; zis = a2" 


The method stays the same if the expression contains negative exponents. 


Simplify (a*b)+. 
Solution 
(a2b)4 = a2* . b+ = a 8h4 


&% Guided Practice 


Simplify the powers of monomials in Exercises 10-18. 


10. (3x3) 11. (2x2)! 12. (2y)3 

13. (2a*b’)4 14. (2p*¢’r’)° 15. (2’q")° 
eae eee 

16. (420) 17. (2.x*y} 18. (0.5p3qr*) 


Ve Independent Practice 
1. Use the multiplication of powers rule to simplify a”: a”- a”. 
2. Simplify (7°)§ by writing it in the form 7’. 


Simplify each of the expressions in Exercises 3-10. 


3.1) 4. (5x)? 5. (97) 
6. (8x°)” Te (LOx yay, 82 )e 
Now try these: 9. (Sa°b*y 10. (x¢y"'y* 
Lesson 5.3.3 additional 11. Show that (6°)3 = (6°). 


questions — p460 
12. Show that (a”)" = (a")", 


13. What number is equal to ((27)”)?? 
Don't forget: 14 What is ((a”)"?? 


The formula you use to find 15. A circular cross-section of an atom has a radius of 10~!° meters. 
the area of a circle is 17. ’ : 
Find the area of the cross-section. 


Round Up 


So that’s how you raise a monomial to a power — you Just raise all the individual parts to the sare 
power. You're likely to need to use the power of powers rule for this, so make sure you know fe. 


Section 5.3 — Monomials 


California Standards: 


Algebra and Functions 2.2 
Multiply and divide 
monomials; extend the 
process of taking powers, and 
extracting roots to 
monomials when the latter 
results in a monomial with 
an integer exponent. 


What it means for you: 
You'll learn how to find the 
square root of a whole 
expression. 


Key words: 

* monomial 

* coefficient 

* absolute value 
* exponent 

* square root 

* perfect square 


Don't forget: 


Absolute value is covered in 
Section 2.2. 


Check it out: 
The negative square root of 


nee fs —|z|. 


Square Roots of Monomials 


Taking the square root of a monomial Is like the reverse of raising a 
monomial to the power of two. There’s just one extra complication 
that you need to be aware of. 


Jx Means the Positive Square Root of x 


A square root of a number is a factor that can be multiplied by itself to 
give the number. All positive numbers have one positive and one negative 
square root. For example, 6 and —6 are both square roots of 36 because 

6 * 6 = 36 and -6 * -6 = 36. 


The square root symbol, ./, always means the positive square root. 
If you are finding the negative square root, you must put a minus sign in 
front of the square root symbol. 


So V4 =2 and the negative square root of 4 is on ee 


c)—V81 


Find: a) the square roots of 81 b) V81 


Solution 
a) The square roots of 81 are 9 and —9. 


b) V81 =9 c)— 81 =-9 


(% Guided Practice 


1. What are the square roots of 9? 
2. What are the square roots of 25? 
Evaluate the expressions in Exercises 3-6. 


Bec 4. —J100 5. 196 6. V9 


Use Absolute Value to Give the Positive Square Root 


The square roots of x? are x and —x. But if you’re asked to find Vx’, 

only the positive square root is correct. 

x could be any value — positive or negative. So if you write Vx’ =x, and 
it turns out that x = —2, then you haven’t given the positive square root. 


To get around this, you can write that Vx” =|x| (the absolute value of x). 
This way, you know you’ve given the positive answer. 


Section 5.3 — Monomials 


Don't forget: 


The multiplication of powers 
rule says that when you 
multiply two powers with the 
same base, you can add their 
exponents to give you the 
exponent of the answer. 


que a’ =gq"™ 


Don't forget: 


Aer =74+4 = 78 


Don't forget: 


Negative numbers with odd 
exponents are always 
negative. 

Negative numbers with even 
exponents are always 
positive. 


Section 5.3 — Monomials 


Find V2? . 


Solution 

The square roots of z* are z and —z. You only want the positive value 
though. But without knowing anything about z, you can’t say which 
of z or —z is positive. 


But you do know that |z| (the absolute value of z) is positive. 


So V2? =|; 


Divide Exponents by Two to Find the Square Root 


The square roots of z° are z° and —z°. 

That’s because z? * z? = 2° and —z? * —z? = 2°, 

V¥z° means just the positive square root of z°— so Vz° = 2° | 

The absolute value signs are important because you can’t say whether 
z or —z3 is positive — but you know that |2"| is definitely positive. 


For instance, if z is —2, then z> = —2 * 2 * 2 =-8, 
but |z"| = |-2 +» —2 + —2|=|-8|=8. 


It’s a bit different if the square root has an even exponent. 


For example, vz* =z‘. You don’t need absolute value signs here because 
z‘ is always positive — it doesn’t matter if z is positive or negative. 
Again, say z = —2: 

ZA=—2 2 «2 2 =(-2 *-2)* (2° -2)=4°4=16. 


So to find the positive square root of a variable: 


1. Divide the exponent by two. 
2. Put absolute value signs around any expression with an odd exponent. 


Find a) Vz’, by Jy”. 


Solution 


a) Divide the exponent by 2: 


; | 74 = 7A+2= 72 << You don't need to include absolute value 
signs because the exponent, 2, is even. 


b) Divide the exponent by 2: 


10 _ |..5 You do need to include absolute value signs 
Vy? = || << 4 


here because the exponent, 5, is odd. 


% Guided Practice 


Evaluate the square roots in Exercises 7-12. 
TNE 8. ./p! ae Ee: 
10. Nae 11. visit 1, w? 


Taking the Square Root of a Monomial > 


Finding the square root of a monomial is very similar to raising a 
Check it out: monomial to a power. You find the square root of each “individual part” 


Raising a monomial to a of the monomial. 


power and finding a 
monomial’s square root are 
so similar because finding a 
square root is raising to a 
power — the power of :. 


Example ; 4 


Find V9x?. 


Solution 
First you need to find the positive square root of 9 and the positive 
square root of x”. Then multiply the results together. 


The positive square root of 9 is 3. 
The positive square root of x’ is |x|. 


So V9x’ = 3)x| or [3x. 


The method is the same even if the monomial has many parts. 


Find /36a°b*. 
Solution 


Find the square root of each part, since \36a7b* = V36- Va? -/b'. 
36 6, Va? =a, and Je =o 
So ¥36a°b* = 6|a\b° 


Check it out: 


6|a|b? could be written 6|ab?|, 
or |6ab?| — they are exactly 
the same. The important 
thing is that the expression is 
definitely positive. 


(% Guided Practice 
Find the square roots in Exercises 13-21. 


13. V4x? 14. V16r? 15. ¥36s" 


16. J100p° 17. /64x7y" 18. ¥25m°n' 
19. J121m?n° p? 20. xyz" 21. [400 pq 


Section 5.3 — Monomials 1 


The Coefficient Might Not Always Be a Perfect Square — | 


Don't forget: Every positive number has a square root. But if the number isn’t a 

Waeneereduare (athe scare perfect square, then its square root will be a decimal — it may even 

of an integer. be irrational. If you do get an irrational number, you should leave the 
square root sign in your answer. 


Example 


Find V15d°. 
Solution 


Vi5b° = Vi5-Vo° 


oa V15|6" 15 is not a perfect square — so keep 
the square root sign in your answer. 


Don't forget: 


Irrational numbers can’t be 
expressed as a fraction. 
They go on forever and have 
no repeating pattern — so 
there’s no way to write them 
down exactly. 


(% Guided Practice 


Find the square roots of the expressions in Exercises 22-25. 


22. V3x? 23 Tey 2A 22s 25,4 55h ce 


(&% Independent Practice 


1. What are the square roots of 49? 


2. What is 49 ? 
3. Explain why your answers to Exercises 1 and 2 were different. 


4. Stevie wrote this equation: a“ =a, where a is an integer. 
Explain why Stevie’s equation is incorrect. Write a correct version. 


In Exercises 5—12, simplify the expressions. 

Ss vx5 6. V4x° 7. J9p°q'"® 

8. /8ir4s? 9, V19x? 10. /2x2y” 
Now try these: 


Lesson 5.3.4 additional 
questions — p460 


11. /5x7y% 12. 169 p'°q® 


13. Suppose you know that Ja = p, and neither p nor q equals zero. 
Which of p and g are positive? Explain your answer. 


Round Up 


Don't forget — the square root sign means the positive square root. The trickiest thing about 
finding the positive square root is remembering to make sure that your answer /s definitely positive. 
You need to remember to put absolute value bars around any variables with odd exponents. 


Section 5.3 — Monomials 


Section 5.4 introduction — an exploration into: 


The Pendulum 


There are many real-life situations that can be modeled with graphs. In this Exploration, you'll be 
making pendulums of different lengths and recording the time they take to swing back and forth 
a certain number of times. You'll see that the graph you get isn't a linear (straight line) graph — 
it’s a curve (or a non-linear graph). 
You should work with a partner to complete this Exploration. You’ll make each pendulum by tying a 
weight to a piece of string — then you'll need to find a fixed hook to attach it to. 


You need to make four pendulums of different lengths — 25 cm long, 50 cm long, 75 cm long, 
and 100 cm long. 
You’ll use a stopwatch to time how long each pendulum takes to complete ten swings. In one full 


swing, the pendulum moves from one side, to the other, and back again to its starting position. 
To make it a fair test, pull the weight out by the same amount each time. 


Record the times in a copy of this table. hook (= 


Time (s) for 
Eength (en) 10 ies 
5 


ee 
ee 
a 


Ve Exercises 


1. Copy the axes below onto graph paper. Graph your results. 


Time for 2p 
10 swings 30 
(seconds) x 


25 50 75 100 125 150 175 Length of pendulum (cm) 


. Do the te lie on a straight line or a curve? 
Connect the points with an appropriate line or curve. 


. Use your graph to predict the amount of time it will take 
for a 150 cm pendulum to swing back and forth ten times. 


. Use your graph to predict the length of a pendulum which 
takes 17 seconds to swing back and forth ten times. 


Round Up 

Some things don’t have a linear (straight-line) relationship. So when you plot them on a graph the 
points don't lie in a straight line. They sometimes lie in a smooth curve — so you mustn't try to join 
them with a straight line. There's lots about non-straight line graphs later in this Section. 


Section 5.4 Exploration — The Pendulum By 


Section 5.4 


Graphing y = nx? 


Think about the monomial x*. You can put any number in place of x 
AigeeralandlEapedons ci and work out the result — different values of x give different results. 
Graph functions of the form The results you get form a pattern. And the best way to see the 


y =nx’ and y = nx and use in pattern is on a graph. 
solving problems. 


Mathematical Reasoning 2.3 The Graph of yr x? is a Parabola 


Estimate unknown : . A ; 
quantities graphically and You can find out what the graph of y = x’ looks like by plotting points. 
solve for them by using logical 
reasoning and arithmetic and 
algebraic techniques. 


California Standards: 


Plot the graph of y = x° for values of x between 0 and 6. 
Mathematical Reasoning 2.5 
Use a variety of methods, 
such as words, numbers, 
symbols, charts, graphs, 
tables, diagrams, and models, 
to explain mathematical 
reasoning. 


Solution 

The best thing to do first is to make a table for the integer values of x 
like the one below. Then you can plot points on a set of axes using the 
x- and y-values as coordinates, and join the points with a smooth curve. 


What it means for you: 
You'll learn how to plot graphs 
of equations with squared 
variables in them. 


K 


The curve passes 
through all the 
values that fit 


Key words: 20 the equation 
* parabola 5 between the 
* vertex integer points. 

10 

5 
x 
1 2 342 4 5 6 

Check it out: To see what happens for negative values of x, you can extend the table. 


The scales on the x- and 
y-axes are different, so be 
careful when you plot points Plot the graph of y = x? for values of x between —6 and 6. 
or read off values. 


Solution 


The table of values and the curve look like this: 
we 


Check it out: 


The graph of y = x7 is 
symmetrical about the y-axis. 
This means the y-axis is a 
“mirror line” for the graph. 


6-5 4-32-1012 3 4 5 


This kind of curve is called a parabola. 


Section 5.4 — Graphing Nonlinear Functions 


Check it out: 


There are two ways to check 
if a point is on a graph. 

You can either find the point 
on the coordinate plane and 
see if it lies on the graph. 

Or you can put the x- and )- 
coordinates into the equation 
for the graph and see if the 
equation is true. 

For instance, to test whether 
(2, 3) lies on the graph y = x’, 
put x = 2 andy = 39 into the 
equation: 

yer 

Ges ce 

So the point (2, 3) doesn’t lie 
on the graph. 


Don't forget: 


Always join points on graphs 
using a smooth curve. 


Check it out: 


Equations like y = x? represent 
functions. 

A function is a rule that 
assigns each number to one 
other number. If you put a 
value for x into a function, you 
get one value for y out. 


Check it out: 
If x? = 12, then 


x=V12 orx=—vi12. 


Check it out: 


The square roots of 12 are 
actually 3.464 and —3.464 (to 
3 decimal places). 


&% Guided Practice 
1. Which of the following points are on the graph of y = x7? 
(i ID Gl 1), (Cz 4), (2, 4), CG 2); Gey —16), (2; 25), (6, —36) 


In Exercises 2—5, calculate the y-coordinate of the point on the graph 
of y = x* whose x-coordinate is shown. ; 
2.6 3.-10 4,-2.5 5.3 


In Exercises 6—9, calculate the two possible x-coordinates of the points 
on the graph of y = x* whose y-coordinate is shown. 
6. 16 2S: 8. 49 9. 30 


You Can Use a Graph to Solve an Equation 


Graphs can be useful if you need to solve an equation. Using them means 
you don’t have to do any tricky calculations — and they often show you 
how many solutions the equation has. The downside is that it can be 
impossible to get an exact answer by reading off a graph. 


Using the graph of y =x? in Example 2, solve x* = 12. 
Solution 

Since the graph shows y = x’, you need to find where y = 12. 
Then you can find the corresponding value (or values) of x. 


41-3 -2 -1 0 1 
K==5D (approximately) 


y= a5 (approximately) 


You can see that there are two different values of x that correspond to 
y = 12, at approximately x = 3.5 and x =-3.5. 


This is because 12 has two square roots — a positive one (3.5) and a 
negative one (—3.5). Or you can look at that another way, and say that the 
numbers 3.5 and —3.5 can both be squared to give 12 (approximately). 


(&% Guided Practice 


Use the graph of y = x’ to solve the equations in Exercises 10-13. 
10. x? = 16 11. x? =25 
12. x’ = 10 13. x’ = 30 


Section 5.4 — Graphing Nonlinear Functions 


The Graph of y = nx? is Also a Parabola 


The graph of y = x” is y = nx? where n = 1. It has the U shape of a parabola. 
Other values of n give graphs that look very similar. 


Example ; 4 


Plot the graphs of the following equations for values of x between —5 and 5. 
a) y = 2x? b) y = 3x? ce) y=4x° d) y=5x 
Solution 


All these equations are of the 
form y = nx’, for different values 


of n (2 then 3 then 4 then 3). 


Check it out: 


Notice how x =—-1 and x = 1 
give the same value of 

y =nx*?, The same goes for 
any pair of positive and 
negative numbers with the 
same absolute value. 


The best place to start is with a 
table of values, just like before. 


The table on the right shows 
values for parts a)—d). 


You then need to plot the y-values in each colored column against the 
x-values in the first column. 


100 “a-y 


y=4x 
95 (n=4) 
90 
85 = 
a. 
80 . 
75 y = 3x ~ 
(n= 3) z 
70 > 
iS) 
65 & 
& 
60 - 
a 
e)6) S) 
2 = 
50 y= 2x 
n=2 
45 ( ) 
4O 
35 
30 
25 y= x — this is the graph 
(n=1)_ from Example 2 
20 
Ys 
15 aly = 
o y=ae 5 S 
_1 10) 
5 a = 
: : = 
5 4-32-1012 3 4 5 


Section 5.4 — Graphing Nonlinear Functions 


Check it out: 


Values of n greater than 1 
give parabolas steeper (or 
“narrower’) than y = x. 
Values of n between 0 and 1 
give parabolas less steep (or 
“wider’) than y = x?. 


Now try these: 


Lesson 5.4.1 additional 
questions — p460 


Don't forget: 


For Exercise 7, make sure all 
your values of s make sense 
as the length of a square’s 
sides. 


Don't forget: 


To take a square root of a 
power, you need to divide the 
exponent by 2. See Lesson 
5.3.4 for more information. 


Round Up 


Notice how all the graphs are “u-shaped” parabolas. And all the graphs 
have their vertex (the lowest point) at the same place, the origin. 


In fact, this is a general rule — if 7 is positive, the graph of y = nx’ will 
always be a “u-shaped” parabola with its vertex at the origin. 


Also, the greater the value of 1, the steeper the parabola will be. 


In Example 4, the graph of y = 4x’ had the steepest parabola, while the 


graph of y= oe was the least steep. 


(% Guided Practice 


For Exercises 14—17, draw on the same axes the graph of each of the 
given equations. 


14. y = 5x2 15. y=5x° 16 y=10x? 17. Year 
In Exercises 18-23, use the graphs from Example 4 to solve the given 
equations. 

18. 2x” = 20 19. 3x? = 25 20. 4x? = 15 

Mes Sil) 22. 3x2 = 70 23, 2x2 = 42 


Vf Independent Practice 


Using a table of values, plot the graphs of the equations in 
Exercises 1—3 for values of x between -4 and 4. 
1. y= 1.5x? 2. y = 5x’ 


lee 
3 v= 3 
On the same set of axes as you used for Exercises 1—3, sketch the 
approximate graphs of the equations in Exercises 4—6. 


4, y =2.5x° 5. y= 6x? 6. pase 


7. If s is the length of a square’s sides, then a formula for its area, A, is 
A=s°*. Plot a graph of A against s, for values of s up to 10. 


8. On a graph of y = x’, what is the y-coordinate when x = 10°? 


For Exercises 9—12, find the y-coordinate of the point on the graph of 
y =x’ for each given value of x. 


9,x=107 


10.x=104 9 Ix=5 12.x= 5 
For Exercises 13-15, find the x-coordinates of the point on the y = x” 
graph for each given value of y. 

13. y= 10° 14. y= 10° 15. y = 28 


In this Lesson you've looked at graphs of the form y = nx*, where n /s positive. The basic message /s 
that these graphs are all u-shaped. And the greater the value of n, the narrower and steeper the 
parabola Is. Remember that, because in the next Lesson you're going to look at graphs of the same 


form where n Is negative. 


Section 5.4 — Graphing Nonlinear Functions 


More Graphs of y = nx’ 


In the last Lesson you saw a Jot of bucket-shaped graphs. These were 
all graphs of equations of the form y = nx*, where n was positive. The 
obvious next thing to think about is what happens when n fs negative. 


California Standards: 


Algebra and Functions 3.1 
Graph functions of the form 
y = nx? and y = nx* and use in 
solving problems. 


Mathematical Reasoning 2.3 The Graph of y = nx’ is Still a Parabola if n is Negative 
Estimate unknown ; ; 
quantities graphically and By plotting points, you can draw the graph of y = —x’. 


solve for them by using logical 
reasoning and arithmetic and 
algebraic techniques. 

Plot the graph of y = —x’ for values of x from —S to 5. 
What it means for you: 
You'll learn more about how 
to plot graphs of equations 
with squared variables in 
them, and how to use the 
graphs to solve equations. 


Solution 
As always, first make a table of values, then plot the points. 


This time, the table of values is drawn horizontally, but it shows exactly 
the same information. 


0 
Key words: ° 
* graph 0 
° vertex 


You don’t need a table for x = 1, 2, 3, 4, and 5, as it will contain the same 
values of y as above. However, if you find it easier to have all the values 
of x listed separately, then make a bigger table including the values below. 


Don't forget: 
y =-x’ is just y = nx? with 
n=-1. 


The graph of y =—x’ is also a parabola. 


66. 


But instead of being “u-shaped,” it’s “upside down u-shaped.” 


Section 5.4 — Graphing Nonlinear Functions 


Check it out: 


This time, only positive values 
of x have been included in the 
table. The values for negative 
x will be identical. 


Check it out: 


To solve the equations in 
Exercises 9-14, first find the 
correct graph — you need the 
one with the matching 
equation. So for Exercise 9 
(—12 = —3x?) you need the 

y = 32? graph. 

Then draw a line across the 
graph at the y-value you are 
given (in Exercise 9 it’s -12) 
and read off the two x-values. 


Nearly everything from the last Lesson about y = nx’ for positive values of 
n also applies for negative values of n. However, for negative values of n, 
the graphs are below the x-axis. 


Plot the graphs of the following equations for values of x between -4 and 4. 
1 


a) y=-2x° b) y=-3x° c) y=-4x° d) y=-5x 
Solution 
As always, make a table and plot the points. 
BA 
yok 
(n=— 5) 


‘< 

ll 

yp 
decreasing values of n 


(n=—2) 
-40 
-45 F 
y=-3x 
750 (n =-3) 
55 
a y=-4x 
-~65 (n=-4) 


This time, since 7 is negative, all the graphs are “upside down u-shaped” 
parabolas. But all the graphs still have their vertex (the vertex is the 
highest point this time) at the same place, the origin. 


Also, the more negative the value of n, the steeper and narrower the 
parabola will be. 


&% Guided Practice 


On which of the graphs in Example 2 do the points in Exercises 1-8 


lie? Choose from y = —x’, y =—2x?, y=-3x’, and y= 5x, 
1. (1, -3) 2. (-3, -4.5) 3. (4, -32) 4, (-5, -75) 
5. (-3, -27) 6. (2, —2) 7. (5, -75) 8. (0, 0) 


Solve the equations in Exercises 9-14 using the graphs in Example 2. 


There are two possible answers in each case. 
1 


9. —3x? = -12 10. —5x’ =—4.5 11. -2x? = -32 
12, —5x° =—2 13. 3x? =-27 14, 3x2 = -40 
Plot the graphs in Exercises 15—16 for x between -4 and 4. 
15. y =—-5x? 16. yargx 


Section 5.4 — Graphing Nonlinear Functions 


Graphs of y = nx’ for n > 0 and n < 0 are ReflectionS 5 


The graphs you’ve seen in this Lesson (of y = nx’ for negative n) and those 
you saw in the previous Lesson (of y = nx’ for positive 1) are very closely 
related. 


By plotting the graphs of the following equations on the same set of axes 
for x between —3 and 3, describe the link between y = kx’ and y = —kx’. 


YH=xX, y=’, p= 2x7, y= 2x7, y = 3x7, y= 32”. 


Check it out: 


kis just “any number.” 
You could use zn instead. 


Solution 


Plotting the graphs gives the 
diagram shown on the right. 


For a given value of k, the graphs of 
y = ke’ and y =—kx’ are reflections 
of each other. One is a “u-shaped” 
graph above the x-axis, while the 
other is an “upside down 


u-shaped” graph below the x-axis. poe 


y=-3x 


(&% Guided Practice 


17. The point (5, 100) lies on the graph of y = 4x”. Without doing any 
calculations, state the y-coordinate of the point on the graph of 

y =—4x’ with x-coordinate 5. 

18. Without plotting any points, describe what the graphs of the 
equations y = 100x? and y = —100x* would look like. 


Vf Independent Practice 
1. Draw the graph of y = —1.5x’ for values of x between —3 and 3. 


2. Without calculating any further y-values, draw the graph of y = 1.5x? 


for values of x between —3 and 3. 


3. What are the coordinates of the vertex of the graph of y=— ae v 


Now try these: 4. If a circle has radius r, its area A is given by A = 71’. 
Lesson 5.4.2 additional Describe what a graph of A against r would look like. 
SMES ono) Check your answer by plotting points for 7 = 1, 2, 3, and 4. 
Round Up 


Well, there were lots of pretty graphs to look at in this Lesson. The graphs of y = nx? are important in 
math, and youll meet them again next year. But next Lesson, it’s something similar... but different. 


Section 5.4 — Graphing Nonlinear Functions 


Graphing y = nx° 


For the last two Lessons, you've been drawing graphs of y = nx’. 
Graphs of y = nx° are very different, but the method for actually 
drawing the graphs Is exactly the same. 


The Graph of y = x* is Not a Parabola 


You can always draw a graph of an equation by plotting points in the 
normal way. First make a table of values, then plot the points. 


California Standards: 


Algebra and Functions 3.1 


Graph functions of the form 
y = nx’ and y = nx and use in 
solving problems. 


Mathematical Reasoning 2.3 


Estimate unknown 
quantities graphically and 
solve for them by using logical 
reasoning and arithmetic and 
algebraic techniques. 


What it means for you: Draw the graph of y = x? for x between -4 and 4. 


You'll learn about how to plot 
graphs of equations with 
cubed variables in them, and 
how to use the graphs to 
solve equations. 


Solution 
First make a table of values: 


Key words: 
* parabola 

* plot 

* graph 


Then plot the points to get the graph below. 


The graph of y = x? is completely 
different from the graph of y = x’. 
It isn’t “u-shaped” or “upside 

Check it out: down u-shaped.” 


The graph of y=x* has a 


different kind of symmetry to 
that of y = x? — rotational 
symmetry. 

If you rotate the graph 180° 
about the origin, it will look 
exactly the same. 


Check it out: 


Graphs of y = nx* pass 
through either all positive 
values of y or all negative 
values of y, depending on the 
value of n. 


The graph still goes steeply 
upward as x gets more positive, 
but it goes steeply downward as 
x gets more negative. 


The graph of y = x? passes 
through all positive and negative 
values of y. 


The shape of the graph of y = x*is not a parabola — it is a curve that rises 


Check it out: very quickly after x = 1, and falls very quickly below x =-1. 


Try to figure out the shape of 
the curve before you plot it. 
Think about the value of x° if 
x is negative. How is this 
different from the value of x° 
if x is positive? 


(&% Guided Practice 


1. Draw the graph of y = —° by plotting points with x-coordinates 
4,-3, -2, -1, -0.5, 0, 0.5, 1, 2, 3, and 4. 


Section 5.4 — Graphing Nonlinear Functions 


The Graph of y = x? Crosses the Graph of y =x* 


If you look really closely at the graphs of y = x? and y = x* you’ll see that 
they cross over when x = 1. 


Draw the graph of y = x? for x values between 0 and 4. 
Plot the points with x-values 0, 0.5, 1, 2, 3, and 4. 


How does the curve of y = x° differ from that of y = x*? 


Solution 


Plotting the points with the coordinates 
shown in the table gives you the graph on 
the right. 


You can see that the graph of y = x? rises 
much more steeply as x increases than 
the graph of y = x’ does. 


But if you could zoom in really close near 
the origin, you’d see that the graph of 

y =x} is below the graph of y = x’ 
between x = 0 andx = 1. 


The two graphs cross 
over at the point 

(1, 1), and cross 
again at (0, 0). 


Use Graphs of y = x? to Solve Equations 


If you have an equation like x? = 10, you can solve it using a graph of y = x°. 


Check it out: 


There will only be one 
solution to equations like 
x? = 10 and x° = -20. 

This is because no two 
numbers can be cubed to 
give the same value. 


Use the graph in Example | to solve the equation x* = —20. 


Solution -2.7 (approximately) 
First find —20 on the vertical axis. 

Then find the corresponding value on 

the horizontal axis — this is the solution 

to the equation. So x = —2.7 (approximately). 


Section 5.4 — Graphing Nonlinear Functions 


&% Guided Practice 


Use the graph of y = x° to solve the equations in Exercises 2—7. 
2.x° = 64 3.7=1 4.°=-] 
5.x° =-27 6. x? = 30 7.x° =—50 


8. How many solutions are there to an equation of the form x* = k? 
Use the graph in Example | to justify your answer. 


The Graph of y = nx’ is Stretched or Squashed , 


The exact shape of the graph of y = nx? depends on the value of x. 


Example ; 4 
Plot points to show how the graph of y = nx? changes as n takes the 
values 1, 2, 3, and 7 


Solution 
Using values of x between —3 and 3 should be enough for any patterns to 
emerge. So make a suitable table of values, and then plot the points. 


x Ox 3x3 Yox3 


: 
2 


Don't forget: 
The graph of y = x° (n = 1) is 


also plotted on these axes for 0 

comparison. 

The table of values is in 1 

Example 2 on the previous 

page. 2 
3 


As n increases, the curves get 
steeper and steeper. 


However, the basic shape remains the 
same. All the curves have rotational 
symmetry about the origin. 


&% Guided Practice 
Use the above graphs to solve the equations in Exercises 9-14. 
9. 3x3 = -60 10. 2x3 = 30 11. 5x°=—10 
12. sx =10 13. 3x3 = 40 14, 2x3 =-35 


15. How many solutions are there to an equation of the form nx* = k, 
where n and k are positive? 


Section 5.4 — Graphing Nonlinear Functions 


For n < 0, the Graph of y = nx? is Flipped Vertically 


If n is negative, the graph of y = nx? is “upside down.” 


Plot points to show how the graph of y = nx° changes as n takes the 
values —1, —2, -3, and 


5 
Solution 

The table of values looks very similar to the one in Example 4. 

The only difference is that all the numbers switch sign — so all the 
positive numbers become negative, and vice versa. 


x 2x7 —3x> | Ar 
3 
—2 
—| 

0 

1 

2 

3 


This change in sign of all the values 
means the curves all do a “vertical flip.” 


(% Guided Practice 
Use the above graphs to solve the equations in Exercises 16-18. 
16. -3x° = —50 17. 3x? = 50 18. —5x° = 10 


( Independent Practice 


Using a table of values, plot the graphs of the equations in 
Exercises 1—3 for values of x between —3 and 3. 


: 1 
Now ity ex lay Axe 2.y =—4x3 aoa 
Lesson 5.4.3 additional 5 
STEMS Fae) 4. If the graph of y = 8x? goes through the point (6, 1728), what are the 


coordinates of the point on the graph of y = —8x? with x-coordinate 6? 


Round Up 
That's the end of this Section, and with it, the end of this Chapter. [t’s all useful information. 
You need to remember the general shapes of the graphs, and how they change when the n changes. 


Section 5.4 — Graphing Nonlinear Functions 


Chapter 5 Investigation 


The Solar System 


Some numbers are really, really large — like distances in Space. [td take a long time to write such 
numbers out in full, and then theyd be hard to compare and work with, So scientific notation 1s 
used — ft makes things much simpler. 


The eight planets of the Solar System travel around the Sun in paths called orbits. 
The orbits are actually elliptical, but for this Investigation, you’ll treat them as circles. 
The average radius of each planet’s orbit is given below in miles. 


Part 1: Approximate mean distance 

The data on the right is presented in alphabetical order, from Sun (in miles) 

as you might find in a reference book. 92,960,000 

Make a more useful table by presenting the data so that: 483,800,000 

* the planets are in order of distance from the Sun 141,700,000 

* the distances are given in scientific notation. 35,980,000 

Things to think about: 2,793,000,000 

* Is it easier to convert the numbers into scientific notation 886,700,000 
before ordering them, or to order the numbers and then 1,785,000,000 
convert them into scientific notation? 

Part 2: 


Using the scientific notation figure, compute the approximate area inside the Earth’s orbit 
and present it in scientific notation. 

(Remember that the area of a circle is given by A = m7’, where A is the area and r is the radius. 
Use 1 = 3.14.) 


Extensions 


1) The mean distance from Earth to the Sun is called an astronomical unit (AU) and is about 
92.96 million miles. Add a column to your table to show all the distances converted into AUs. 


2) Make a scale drawing of the Solar System using the scale of 1 cm = 1 AU. 
Place the Sun at one edge of the paper. Use dots to represent the planets. 


Open-ended Extensions 


1) Research the diameters of the planets. Write the diameters in miles and then rewrite them 
in scientific notation. 


2) Make scale drawings showing the size of the planets. What scale did you use? 


3) If you drew the diameter of Mercury as 1 mm, how large a sheet of paper would you need 
to accurately draw the entire Solar System with planet sizes and distances to the Sun all to 
the same scale? 


Round Up 


When youre working with very big numbers, it’s usually easier 'f you put them in scientific 
notation tirst. This way, you can tell which fs the biggest by comparing just the exponents, 
rather than counting all the digits each time. [t's a similar situation with very small numbers. 


Chapter 5 Investigation — The Solar System ¥K} 


Chapter 6 


The Basics of Statistics 


Section 6.1 Exploration — Reaction Rates .................:::ccceeeeeeeees 315 
vce |e [eo iB | (2 een ene nee oe eet eee eerie yet ore errt 316 
Section 6.2 Exploration — Age and Heigh................::::ceeceeeeeee 335 
SO RU NOS cs oe eda ceded ete dees reese adcen deecceeuast 336 


Chapter Investigation — Cricket Chirps and Temperature................ 345 


Section 6.1 introduction — an exploration into: 


Reaction Rates 


In this Exploration, you'll test your reaction time by catching a ruler dropped by another student. 
You'll collect data and calculate its mean, mode, median, and range. From this analysis you'll be 
able to draw conclusions about your typical reaction time. 


The experiment requires one person to drop the ruler and another person to catch it. 
The catcher is seated with his or her arm resting on a table. The catcher’s hand is off 
the table, with the distance between his or her thumb and pointer finger at 2 cm. 


The dropper holds a ruler so that 0 cm is level with the catcher’s finger and 
thumb. The dropper then releases the ruler without warning, and the 
catcher tries to catch it as soon as possible. 


The dropper records the position of the catcher’s pointer finger and thumb 
on the ruler. 


Ve Exercises 


1. Repeat the experiment 12 times and record the results in a 7" of the table below. 


Switch jobs after the completion of the experiment. The catcher becomes the dropper and 
the dropper becomes the catcher. 


. What was the range for your data? 

. What is the median distance for your data? 

. What is the modal distance for your data? 

. What is the mean distance for your data? 

. Explain which value you think represents your typical reaction time best. 


. Were there any trials that did not seem to fit in with the rest of the results? 
If so, suggest possible reasons why. 


Round Up 


It’s always a good idea to repeat experiments lots of times, then tind the average of all the trials. 
This means your result /s likely to be more accurate. You've found three types of average for your 
data from this experiment — one will often represent your data better than the others. 


Section 6.1 Exploration — Reaction Rates $i 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.3 


Understand the meaning of, 
and be able to compute, the 
minimum, the lower quartile, 
the median, the upper 
quartile, and the maximum 
of a data set. 


What it means for you: 


You'll learn the meaning of 
the terms minimum, median, 
maximum, and range, and 
how to find these values from 
data sets. 


Key words: 
* median 

* minimum 

* maximum 

* range 


Don't forget: 


The average of a set of data 
is the sum of all the numbers 
divided by the number of data 
points. So when you work out 
the average of two numbers, 
you add them together, and 
then divide the result by two. 


Section 6.1 
Median and Range 


In grade 6, you learned about three difterent typical values of data 
sets — the mode, mean, and median. In this Lesson, youll review 
the median in preparation for drawing box-and-whisker plots in the 
next Lesson. 


The Median is the Value in the Middle of a Data Set 


If you arrange a data set in order, the middle value is the median. 
It gives you an idea of a “typical” value for the data set. 


Here’s a reminder of the process you go through to find the median: 


1. Order the data from smallest to largest. 

2. Count the number of values in the data set. 

3. If the number of values is odd, take the middle value as the median. 
4. If the number of values is even, take the average of the two 

middle values as the median. 


Find the median of each data set below. 


1. {4, 6, 8, 8, 12, 15, 19} 
2. (12,6, 4, 8, 13, 15, 8, 13} 
Solution 


1. The data is already ordered — and there are 7 values. 
This is an odd number, so the median is the middle value, which is 8. 


4, 6, 88) 12, 15, 19 


2. The data isn’t ordered — so you have to first order the data. 
There are 8 values in the data set — an even number. So the median 
is the average of the two middle values, which are 8 and 12. 


4, 6, 88, 12) 15, 15,15 


The average of these values is: (8 + 12) +2 =20+2= 10. 
So the median is 10. 


Since the median is the middle of a data set, you know that half of the 
values in the data set are below the median, and half are above it. 


&% Guided Practice 


1. A hospital measures the length of newborn babies on a daily basis. 
On one day the results in inches were: 

19522, 20,21, 22,20, 24,20,17,.2 1. 
What was the median length? 


Section 6.1 — Analyzing Data 


Don't forget: 


You find the difference 
between two numbers by 
taking the smaller number 
from the larger number. 


Check it out: 


It's often safer to put the data 
into order first, rather than try 
to find the minimum and 
maximum values in a long 
jumbled set of data. 


Check it out: 


A possible data set that has a 
range of $60, a median of 
$99, and a minimum price of 
$39 is: {$39, $99, $99}. 

A possible data set that has 
the same range and median, 
and a maximum price of $159 
is: {$99, $99, $159}. 


The Range Tells You About the Spread of the Data ; 


The range of a data set tells you about the spread of the data. It tells you 
whether the data is close together, or spaced out. To calculate the range 
you first need to find the minimum and maximum values: 


¢ The smallest value in a set is called the minimum 
¢ The largest value in a set is called the maximum 


¢ The range is the difference between the maximum and the minimum. 


Belinda had the following test scores on her first five tests: 
92, 88, 96, 83, 91. 
What is the range of her scores? 
Solution 
The minimum value is 83, the maximum value is 96. 
The range is the difference between the maximum and the minimum. 
The range is 96 — 83 = 13. 


Use Medians and Ranges to Compare Data Sets . 


Looking at the medians and the ranges can give you useful information 
about data sets. 


Jewelry Store A sells watches with a median price of $99 
and a range of $60. 


Jewelry Store B sells watches with a median price of $99 
and a range of $820. 


Describe what these statistics tell about the prices of the watches in 
each jewelry store. 


Solution 


Both stores have the same median price. But Store A has a smaller 
range, so the prices are all clustered more closely together. 

The minimum price a watch could be in Store A is $99 — $60 = $39, 

and the maximum price a watch could be in Store A is $99 + $60 = $159. 


Store B’s price range is much larger, so the price of at least one of the 
watches it sells lies much further from the median than any of the 
watches in Store A. The maximum price a watch could be in Store B is 
$99 + $820 = $919. But some of the watches may be very cheap — 
cheaper than the cheapest watch in Store A. 


Section 6.1 — Analyzing Data 


Don't forget: 


If the values in the data set 
have units, you need to 
include units for the range 
and median. 


Don't forget: 


The median shows you a 


“typical value” for a data set. 


The range shows you how 
spread out the data is. 


Now try these: 


Lesson 6.1.1 additional 
questions — p462 


Round Up 


& Guided Practice 


A gardener is trying to grow large zucchinis. She has two 
sets of zucchinis that she treats with different fertilizers. 
The lengths of the zucchinis in each set are shown below. 
etl {hil-em, lacmy lo cms 19cm, 237m 

Set 2: {24 cm, 13 cm, 61 cm, 55 cm, 41 cm, 22 cm, 55 cm} 


2. Find the range of the lengths in each set. 

3. Find the median length for each set. 

4. If you were only told the median length and the range of lengths for 
Set 1, what could you say about the minimum and maximum values of 
the set? 


Vo Independent Practice 


Find the median of the data sets in Exercises 1-4. 
1s 15, 16,19..23% 

218, 8.9. 3, 15,15 

5.428, 143,21, 415 53,55) 

A Se OF ee 2 19S Se 17s 5 


5. Frank had the following quiz scores: 18, 16, 15, 20, and 16. 
What was his median score? 


6. Alyssa had the following number of rebounds over her last 8 games: 
4, 8, 9, 3, 11,5, 12,5. What was the median number of rebounds? 


Find the minimum, maximum, and range of the data sets in 
Exercises 7-8. 

TAB; 859, 135 15; 15} 

So 3, 9512. 12 Oe 1S. ae oS) 


9. Store A sells fine pens with a median price of $29 and a range of 
$20. Store B sells fine pens with a median price of $40 and a range of 
$30. What could be the minimum and maximum possible prices of 
each store’s pens? 


10. Furniture Store A sells chairs with a median price of $110 anda 
range of $40. What is the lowest possible price for a chair in 
Furniture Store A? 


Find the median and range of the sets of data in Exercises 11-15. 
11. {86, 78, 81, 80, 80, 85, 72, 90} 

12.4 34,39; 31, 32,530,305} 

13. {101, 104, 107, 102, 98, 100} 

148 97. 97, 975 96, 95; 98, 96,955.98, 98} 

15. {61, 60, 63, 65, 61, 62} 


The median and range are useful for comparing two sets of data. They can give you an idea of 
which set tends to have higher values and which has the most spread-out values. In a few Lessons, 
youll see how box-and-whisker plots show this too, but in a more visual way. 


Section 6.1 — Analyzing Data 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.1 


Know various forms of 
display for data sets, 
including a stem-and-leaf 
plot or box-and-whisker plot; 
use the forms to display a 
single set of data or to 
compare two sets of data. 


Statistics, Data Analysis, 
and Probability 1.3 
Understand the meaning of, 
and be able to compute, the 
minimum, the lower quartile, 
the median, the upper 
quartile, and the maximum 
of a data set. 


What it means for you: 


You'll learn how to find lower 
and upper quartiles, and how 
to make box-and-whisker 
plots of data sets. 


Key words: 

* box-and-whisker plot 
* upper quartile 

¢ lower quartile 

* number line 


Box-and-Whisker Plots 


Box-and-whisker plots are useful because you can use ther to directly 
compare the medians and ranges of data sets. To plot ther, you need 
five key values for the data set — the minimum, maximum, median, 
and two values you haven't met before — the lower and upper quartiles. 


Box-and-Whisker Plots Show Five Values 


Box-and-whisker plots are a way of displaying data sets. 
They have a central box, and two “whiskers” on either side. 


There are five important values that are shown in a box-and-whisker plot: 


median 


lower quartile ab 
NN a 


minimum b + 4 LO maximum 


oo 


range 


upper quartile 


Quartiles Split the Data into Four Equal Parts 


There are three quartiles. One of them is equal to the median, which 
splits the data into two halves. The other two quartiles are the lower 
quartile and the upper quartile: 


¢ The lower quartile is the median of the first half of the data. 


¢ The upper quartile is the median of the second half of the data. 


To find the lower and upper quartiles: 
1. First order the data and find the position of the median of the full set. 
2. Next find the median value of each half of the data: 


If the total number of data points is odd — 


median When the number of 


points is odd, you don't 
include the median 
value when you work out 
the lower and upper 
quartiles... 


The lower quartile oon F 

is the average of 

these two values. IaDa(H)a Qs 
L L 


lower quartile upper quartile 


If the total number of data points is even — 


median 


..but when you have an 
30 31 37 40/40 41 (42) 45 48 even number of points, 
you do include the two 


L\ 
lower quartile upper quartile middle values. 


Section 6.1 — Analyzing Data 6a 


Find the lower and upper quartiles of the following data set: 
20, 21, 21, 24, 25, 25, 27, 29, 30, 31, 33, 37 

Solution 

First, find the position of the median of the full data set. 

20, 21, 21, 24, 25,25,|27)29, 30, 31, 33, 37 


I\ There's an even number of data points so the 
median median is the average of the two middle values. 


There are six values on each side of the median, so: 


20, 21,21, 2425, 2527, 29,60, 31) 33, 37 


Lower quartile = average of 3rd and 4th values = (21 + 24) + 2 = 22.5 
Upper quartile = average of 9th and 10th values = (30 + 31) + 2 =30.5 


(&% Guided Practice 
Find the lower and upper quartiles of the following data sets: 
1. Test scores for class A: 56, 57, 57, 59, 62, 64, 64, 68, 69, 70, 72 
2. Test scores for class B: 45, 52, 53, 53, 55, 57, 61, 61, 65, 68 


Make a Box-and-Whisker Plot on a Number Line 


You draw a box-and-whisker plot on a number line — this gives you a scale 
to line the numbers up on. 


Follow these steps for making a box-and-whisker plot: 


1. Find the five important values for the data set — the minimum, 
lower quartile, median, upper quartile, and maximum. 


Check it out: 2. Draw out a number line that goes from the 


oie Io eatesemne ty minimum to the maximum of the data. 
the data. A quarter of the 
data is above the median line, 3. Plot the five values on the number line, and draw a box from the 


and a quarter of the data is 
below the median line. 

The larger the space from the 
quartile to the median, the 
more spaced out the data in 


lower quartile to the upper quartile. Mark the median across the box. 


4. Draw whiskers to the minimum and maximum values. 


that quarter is. If the quartile median 
is very close to the median, it ib 
i er quartil 
means that the data is very lower quartile upper quartile ee 


concentrated. edie Y be | a LO 


aS eeeees) 


20 20 30 es) 40 45 


= Section 6.1 — Analyzing Data 


Check it out: 


This data set has an odd 
number of values. So the 
median is the middle value. 
You don’t include this value 
when you're finding the lower 
and upper quartiles. 


Now try these: 


Lesson 6.1.2 additional 
questions — p462 


Round Up 


Draw a box-and-whisker plot to illustrate the following data: 
{45, 46, 47, 47, 49, 51, 51, 53, 55, 57, 57} 

Solution 

First find the five key values for the set: 

The minimum and maximum are 45 and 57. 

There’s an odd number of data points, so the median value is 51. 


Now find the lower and upper quartiles: 


45, “— 47, — 51, as 57,57 
L| 


lower quartile median upper quartile 
Lower quartile = 47 
Upper quartile = 55 


Plot the data points and make the box-and-whisker plot: 


a a a om aS oc lover, 
go from 45 or lower, 


45 50 55 60 to at least 57. 


&% Guided Practice 
3. Draw a box-and-whisker plot to illustrate the following data: 
98, 76, 79, 85, 85, 81, 78, 94, 89 


Vf Independent Practice 


1. Mrs. Walker wants to compare the test results of her period 1 and 
period 4 science classes. Find the maximum, minimum, median, and 
lower and upper quartiles of the sets of data, and display the data sets 
on box-and-whisker plots. 


Period 1: 56, 78, 10, 43, 32, 20, 67, 65, 58, 72, 74, 67, 68, 55, 59, 49 
Period 4: 75, 64, 65, 68, 62, 52, 42, 38, 53, 64, 64, 72, 73, 59, 59, 63 


There’s a lot of information in this Lesson. You need to remember the five key values for drawing 
box-and-whisker plots — the minimum, lower quartile, median, upper quartile, and maximum. 
Remember that the box goes from the lower quartile to the upper quartile, and there are two 
whiskers — one trom the minimum to the lower quartile, and another trom the upper quartile to 
the maximum. Next Lesson you'll see how box-and-whisker plots can be used to analyze and 


cornpare sets of data. 


Section 6.1 — Analyzing Data 


More on Box-and-Whisker 
Plots 


California Standards: Last Lesson you leamed how to make a box-and-whisker plot to 

eee de pasa display a set of data. In this Lesson you'll use the features of box-and- 
ane whisker plots to understand real-life data sets. You'll also see how 

Know various forms of : 

display for data sets, box-and-whisker plots can be used to compare two data sets. 

including a stem-and-leaf 

plot or box-and-whisker . 0 

nigh lee thefornisto The Box Shows the Middle 50% of the Data Values 

display a single set of data or 

to compare two sets of It’s useful to be able to compare two or more data sets. Drawing two box- 

dala. and-whisker plots on the same number line is a good way of doing this. 


What it means for you: 
You'll learn how you can 


compare data sets using * The box represents the middle 50% of the data. 
box-and-whisker plots. 


Remember these important points: 


* The box length shows how spread out the middle 50% of the data is. 


Key words: 
* box 
* whisker 


* spread 
c The middle 50% of this set of data is fairly spread out. 


* concentrated 


This middle 50% of this set of data is concentrated around the median. 


¢ If the median is at the upper end of the box, you know that one-quarter 
of the data values are concentrated just above the median value, and 
that the data is spread out more below the median. 


Check it out: 


Half the data values are 
between the minimum value 
and the median. 

So: are concentrated in this region. 


—- The Whiskers Show the Full Range of the Data Values 


Bout eur The lengths of the whiskers tell you how far the very lowest and very 


values. values. highest points are from the middle 50% of the data. 


One-quarter of the data values 


a+ 4} te are concentrated in this region. 


The minimum and maximum of this data set are fairly close to the middle 50% of the data. 


———t_tt—x- 


The minimum and maximum of this data set area One-quarter ofthe fla valbes 
long way from the middle 50% of the data. are spread out in this region. 


Section 6.1 — Analyzing Data 


There are Different Ways to Compare Data Sets 


Comparing two sets of data can be quite complicated. There are many 
differences that you may need to think about. 


For instance, if you only looked at the minimum and maximum values 
of data sets, you wouldn’t get a complete picture. One set of data might 
have one unusually high value, with the rest of the data really low. 


The second data set has a much higher 
maximum value, but most of its values are 
actually “~. the first data set's. 


These box-and-whisker plots show the prices of stock in two stores. 
What do they tell you about the price differences in the two stores? 


Zz: STORE A 


STORE B 


—_ 


=) a ae ee ee ee ee ee 


10 20 30 40 50 60 70 80 90 
price in dollars 


Solution 


Looking at the minimum and maximum values: 

Store B has the lowest priced item ($10). Store A’s lowest price is 
much higher ($30). Both stores sell their most expensive item for the 
same price ($90). So Store B has a greater range of prices. 


Looking at the medians: 

Store A’s stock has a median price of $70, whereas Store B’s stock has 
a median price of $40. So Store B’s items are typically less expensive 
than Store A’s. 


Check it out: 


The difference between the 
lower and upper quartile is 
called the “interquartile 
range.” 

Another way of looking at this is that half of Store A’s stock 


is under $70, but half of Store B’s stock is under $40. 


Looking at the quartiles: 

The middle 50% of the prices in Store B are much more spread out 
than they are in Store A. They go from $30 to nearly $70. 

The middle 50% of the prices in Store A are concentrated more 
tightly around the median value of $70. 


Section 6.1 — Analyzing Data 1H 


Check it out: 


If one section of the box is 
longer than the other, it 
doesn’t mean that they 
contain different amounts of 
data. It just means that the 
data in the larger section is 
more spread out. 


Don't forget: 


Always label your box-and- 
whisker plots so that you 
know which set of data 
belongs to which plot. 


Now try these: 


Lesson 6.1.3 additional 
questions — p462 


Round Up 


There has been a lot covered in the last two Lessons. Make sure you understand everything you've covered 


The box-and-whisker plots below show the test scores in two classes. 
Compare the two sets of scores. 


ht 


Class B 


40 45 50 55 60 
Solution 


* Class A’s test scores had a much larger range than Class B’s. 
Both the highest and lowest scores overall were found in Class A. 


* Class B’s scores were generally higher than Class A’s. The median 
score for Class B was more than 50, but for Class B it was about 43. 


¢ More than half the students in Class B scored more than 50, whereas 
in Class A only one-quarter scored more than 50. 


(% Guided Practice 


1. These box-and-whisker plots 
show the ages of people using a 
public pool on two different days. \yonpay: e——4 
Compare the differences in ages 
of the pool-users, and suggest 0 10 20 30 40 50 60 70 80 
why these differences are seen. 


SATURDAY: © [— 


I 


{% Independent Practice 


1. The data below shows the ages of the people who subscribe to two 
different magazines. Draw a box-and-whisker plot of each set, and use 
them to compare the ages of the readers of each magazine. 

Magazine 1: 20, 21, 32, 19, 47, 65, 34, 21, 33, 52, 24, 20, 19, 31, 23, 22 


Magazine 2: 45, 67, 20, 72, 54, 37, 51, 54, 50, 52, 44, 39, 85, 29, 57, 60 


2. A group of students took a test in March, then followed a special 
program for two months before retaking the test in June. Their scores 
are shown below. 

Compare the sets of results by drawing box-and-whisker plots. 


March test results: 20, 23, 28, 31, 24, 24, 25, 27, 25, 25, 23, 22, 25 
June test results: 33, 26, 35, 28, 21, 30, 31, 35, 23, 26, 33, 29, 26 


— like how to find quartiles, and how to cornpare data shown on box-and-whisker plots. 


Section 6.1 — Analyzing Data 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.1 


Know various forms of 
display for data sets, 
including a stem-and-leaf 
plot or box-and-whisker plot; 
use the forms to display a 
single set of data or to 
compare two sets of data. 


What it means for you: 


You'll learn how to make a 
stem-and-leaf plot to display 
and compare data sets. 


Key words: 


¢ stem 

° leaf 

* tens digit 
* ones digit 


Check it out: 


You don’t usually draw the 
outlines of the stem and 
leaves — but these have 
been included here to show 
you why they’re called 
stem-and-leaf plots. 


Check it out: 


The stem doesn’t always 
contain tens digits — it 
depends on the data set. 
For example, the plot below 
represents this data set: 


1.9, 2.4, 2.7, 3.6 
1 || 8 

21,4 7 

3] 6 


Key: 1| 9 represents 1.9 


Other examples of what the 
stem may contain are 
hundreds or thousands. 


Stem-and-Leaf Plots 


Stem-and-leat plots are a way of displaying data sets so that you can 
see theit main features more easily. Like box-and-whisker plots, 
stern-and-leat plots are also usetul for comparing two data sets. 


A Stem-and-Leaf Plot Has a Stem and a Leaf 


A stem-and-leaf plot is a way of displaying data so that you can see clearly 
how widely spread it is and which values are more common. 


The diagram below displays the data set: 
{27, 29, 32, 34, 34, 35, 39, 40, 41, 41}. 


The stem The leaves contain the 
contains the corresponding ones 
tens digit of digits of the data, in order. 


each data value. 


This leaf contains the 
thirty-something values 
— 32, 34, 34, 355, 39. 


Key: 


oz, represents 32 


a You always need to include a key — this explains 
how the stem-and-leaf plot should be read. 


Make a stem-and-leaf plot to display the following data: 
34, 36, 36, 37, 41, 45, 46, 49, 50, 50 


Solution 


The data contains values in the 30s, 40s, and 50s. 
So give the stem 3 rows — 3 tens, 4 tens, and 5 tens. 


Now fill in the leaves. For example, the row with 3 on the stem has a 
leaf that contains 4, 6, 6, and 7 to represent 34, 36, 36, and 37. 


3 4667 
4 1569 


5 00 Key: 4 | 5 represents 45 


& Guided Practice 
1. Draw a stem-and-leaf plot of the following set of data. 
98, 76, 79, 85, 85, 81, 78, 94, 89 


Section 6.1 — Analyzing Data 


Find the Median and Range from Stem-and-Leat Plots — | 


You can find the median, minimum, maximum, and range of the data 
from a stem-and-leaf plot. The example below shows you how. 


Use the stem-and-leaf plot below to find the: 
a) median of the data, 
b) minimum, maximum, and range of the data. 


This is the minimum value — it's 56. 


Check it out: 


From the aay the 2 69 This is the median (the 
stem-and-leaf plot you can Berenice 
see that most values are in 6 0355 FOr oe Wee 
the 60s and 70s, with just a 
few in the 50s and 80s. vi) 11379 

8 | 0S 


This is the maximum value — it’s 80. 
Key: 5 | 6 represents 56 
Solution 


a) You find the median in exactly the same way as usual, except the data 
points are now spread out over a number of rows. 


First count the number of data points, and decide which is the middle 
data point. There are 15 points on this stem-and-leaf plot — this is 
odd, so the median is the middle value. 


The middle value is the 8th value, which is 66. 
b) The minimum value is the first number in the top row. 
So the minimum value = 56. 


The maximum value is the last number in the bottom row. 
So the maximum value = 80. 


The range is the difference between these numbers. 
So the range = 80 — 56 = 24. 


(% Guided Practice 


2. The stem-and-leaf plot below shows the number of children who 
attended an after-school program each week. Find the median number 


of children and the range. 
0 8 9 
1 0235788 Key: 1 | 2 represents 12 
2 111 


3. Find the median and the range of the data shown on the 
stem-and-leaf plot you made in Guided Practice Exercise 1. 


Section 6.1 — Analyzing Data 


Check it out: 


The larger values are further 
away from the stem on each 
side of a back-to-back 
stem-and-leaf plot. 


Don't forget: 


A good first step when 
drawing stem-and-leaf plots 
is to order your data from 
smallest to largest. 

This way, you are less likely to 
make mistakes like leaving 
numbers out. 


Use Stem-and-Leaf Plots to Display Two Data Sets 


A stem-and-leaf plot with leaves on both sides of the stem can be used to 
compare data sets. This is called a back-to-back stem-and-leaf plot. 


The leaves share the same stem, with one data set displayed on one side, 
and the other on the other side. 
This side shows the data set: 


{63, 65, 69, 71, 73, 74, 
74, 75,77, 80, 81, 83} 


Sp 


A One stem — shared by both data sets. 


“> 


This side shows the data set: 
{65, 69, 73,75, 75, 77, 
Key: 80, 81,81, 84, 86, 91} 


Belg él represents 63 from the first data set, 


and 65 from the second. 
(&% Guided Practice 


4. Draw a back-to-back stem-and-leaf plot of the following sets of data. 
Test scores for class A: {56, 57, 57, 59, 62, 64, 64, 68, 69, 70, 72} 
Test scores for class B: {45, 52, 53, 53, 55, 57, 61, 61, 65, 68, 68} 


Compare Data Sets Shown on Stem-and-Leaf Plots ; 


To compare the data sets, look at the shape of the back-to-back 
stem-and-leaf plot. 


Sometimes there will be a few leaves that are much longer than the others 
— this means the data is more concentrated around a certain value. 
Other sets of data will have lots of shorter leaves — which means the 
data is more spread out. 


You can also see on the diagram which data set contains the highest 
number, and which data set contains the lowest number. 


For example: 


The dat: this sid The data on this side 
neni nls 1 29 ZL is fairly evenly spread 
is clustered tightly Beewicen and Ae 
around the righ'30s, XX 2 028 

d4Os. 
caiass 988 3 157 

1735553 2 4 08 

Key: 


8 | 3 | 1 represents 38 from the first data set, and 31 from the second. 


Section 6.1 — Analyzing Data 


Two holiday companies each organized a trip to visit the pyramids in 
Egypt for people aged over 50. The ages of the passengers on each trip 
are shown on the stem-and-leaf plot below. Compare the ages of the 
people who traveled with each company. 


Company A 7 6 5 25569 Company B 
Check it out: 
The median age for each trip 98876541 6 0355668 
was 66. 
The age range on Company 0 7 Li3s7% 
As trip was 14. This was 
much smaller than Company Key: 8 0235 


B’s, which was 33. 

This supports what the shape 
of the stem-and-leaf plot 
shows. 


1 | 6 | 0 represents 61 from Company A, and 60 from Company B. 


Solution 
The ages of the people who traveled with Company B were fairly evenly 
spread between 52 and 85. (The leaves are all of a similar length.) 


The people who traveled with Company A were typically younger, and 
were closer together in age — most of them were in their 60s. 
(This is shown by a very long leaf representing the people in their 60s.) 


&% Guided Practice 
5. Look at the back-to-back stem-and-leaf plot of the test scores that 


you drew in Guided Practice Exercise 4. Compare the two sets of data. 


( Independent Practice 


1. List all the individual data values that are contained in the 
stem-and-leaf plot below. 


2 53679 
3] 11144899 Ke, 
4 P12224 3 | 1 represents 31 


2. In the stem-and-leaf plot in Exercise 1, how many of the values lie 
between 30 and 35? 


3. Below is a back-to-back stem-and-leaf plot of golf scores of 
individuals on two teams. (In golf, the lower the score the better.) Which 


Now try these: team has players of a more similar standard? Explain your answer. 


Lesson 6.1.4 additional 


questions — p463 Team A Team B 
8 4 69 
7665411 8 138 8 
0 9 013 


Key: 8 | 7 | 6 represents 78 from Team A, and 76 from Team B. 


Round Up 


Stem-and-leat plots are great tor showing the trends in data sets. They show data in a much more 
visual way than lists of numbers do. And displaying two data sets back to back makes the main 
differences nice and clear. 


Section 6.1 — Analyzing Data 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.1 

Know various forms of 
display for data sets, 
including a stem-and-leaf 
plot or box-and-whisker 
plot; use the forms to display 
a single set of data or to 
compare two sets of data. 


What it means for you: 
You'll practice preparing a 
real-life set of data ready to 
be analyzed. 


Key words: 
* analyze 


Check it out: 


From looking at the raw data 
in the table, you can see that 
some people’s cholesterol did 
decrease, but other people’s 
stayed the same, while some 
people’s cholesterol actually 
increased. It’s hard to tell 
what the general trend is 
though. 


Preparing Data to Be 
Analyze 


For data to be meaningful, you usually need to collect quite a lot of it. 
For instance, if you want to find out the most popular song, then just 
asking your three closest friends won't give you a very reliable resule. 


In this Lesson you'll display some larger sets of real-life data, 
using the methods that you've learned in this Section so far. 
Then next Lesson you'll think about what the data actually shows. 


Real-Life Data is Used to Answer Questions 


Real-life data can be collected to try to answer a question. 


For instance, a company has produced a new medicine designed to 
lower cholesterol. They want to find out if it works, so their question is: 


“Does the medicine lower cholesterol 
when taken daily for two months?” 
Before entering into a large study, the company gives the medicine to 
25 volunteers. They record each person’s cholesterol level before they 
take the drug, and again after they have been taking it for two months. 


The data is shown in the tables below: 


Before After Before After 
(units) (units) (units) (units) 


They hope to use this data to answer 
their question. 


Section 6.1 — Analyzing Data 


Check it out: 


It's easy to leave out a value 
when putting them in order. 
Check you still have 25 
values in each ordered set. 


Don't forget: 


Finding the minimum, 
maximum, median, lower 
quartile, and upper quartile 
was covered in the last few 
Lessons. Look back if you 
can’t remember how to find 
them. 


Check it out: 


There’s an odd number in the 


full data set — so you don’t 
include the median value 
when working out the 
quartiles. 


The company wants to make a box-and-whisker plot of the cholesterol 
levels before taking the medicine, and a box-and-whisker plot of the 
cholesterol levels after taking the medicine. 


Find the minimum and maximum values, the median, and the lower and 
upper quartiles for each data set. 


Solution 
The first step is to put the data in order: 


“Before” data: 185, 185, 190, 190, 190, 190, 190, 195, 195, 200, 200, 
200, 205, 205,210, 210, 210, 210, 215, 215, 215,215, 215, 220, 220 


“After” data: 165, 165, 170, 175, 180, 180, 180, 185, 185, 185, 185, 
185, 185, 190, 195, 195, 200, 200, 205, 205, 205, 210, 210, 210, 210. 


The minimum and maximum values: 
¢ Minimum of “before” data is 185, maximum is 220 
¢ Minimum of “after” data is 165, maximum is 210 


The median: 
There are 25 pieces of data in each set, which is odd, so the median is 
the middle value. This is the 13th data point of each set. 


¢ Median of “before” data is 205 
¢ Median of “after” data is 185 


The upper and lower quartiles: 
Each half has 12 data points, which is even, so the upper and lower 
quartiles are the average of the 6th and 7th data points in each half. 


¢ Lower quartile of “before” data = (190 + 190) +2 = 190 
¢ Lower quartile of “after” data = (180 + 180) + 2 = 180 
¢ Upper quartile of “before” data = (215 +215) +2 =215 
* Upper quartile of “after” data = (205 + 205) + 2 = 205 


(% Guided Practice 


1. Marissa is growing sunflowers in her yard. She treats half of the 
sunflowers with water and a new plant food, and the other half with 
just water. Marissa wants to answer this question: 

“Does the new plant food make sunflowers grow taller?” 


The data below shows the heights of the sunflowers at the end of her 
experiment. Find the values needed to draw a box-and-whisker plot 
for each set of data. 

With food (in cm): 230, 210, 180, 196, 204, 202, 185, 180, 120, 156, 
I7Se 195, 205,250, 236,226,210, 2075 197, 180 

Without food (in cm): 205, 230, 210, 196, 186, 198, 204, 176, 134, 
156, 202, 1185; 182, 178, 208, 165; 174, 182, 110, 162 


Section 6.1 — Analyzing Data 


Check it out: 


You should choose the type 
of plot or chart that shows the 
important features of your 
data most clearly. Don’t 
forget about the types of 
charts you’ve met in previous 
grades — such as bar 
graphs. 


Check it out: 


The number line needs to 
include the lower minimum 
(165) and also the higher 
maximum (220). 


Now try these: 


Lesson 6.1.5 additional 
questions — p463 


Round Up 


Display Your Data Sets to Show the Trends Clearly ; 


Once you’ve prepared your data, you can display it. 


Display the “before” and “after” data in box-and-whisker plots on the 
same number line. 
Solution 


The key values for the “before” and “after” data sets were 
worked out in Example 1: 


“Before” data: minimum = 185, lower quartile = 190, median = 205, 
upper quartile = 215, maximum = 220. 


“After” data: minimum = 165, lower quartile = 180, median = 185, 
upper quartile = 205, maximum = 210. 


& Guided Practice 


2. Draw box-and-whisker plots to display Marissa’s sets of sunflower 
height data from Exercise 1. 


( Independent Practice 


1. A local man is conducting a survey to compare happiness in two 
nearby towns — Town A and Town B. Inhabitants were asked to rate 
their happiness on a scale of 1-10. The results are below. Prepare 
them for analyzing, and display the data in a box-and-whisker plot. 


WOWNWAS 2, 5.7; 3,0;.95,2,,4505 0s 05. 4545-0, (8 0,0, 0, 5: 1 85 8D 
Town B: 5, 7, 7, 8, 8,,6,6, 9,.4,4,,6, 9,9, 10, 3, 7, 8, 8, 9,6, 7, 4,8, 9 


2. Use a back-to-back stem-and-leaf plot to display the “before” and 
“after” sets of cholesterol data from p329. 


Once you've displayed your data, then it’s ready for analyzing. This means working out what it 
means, and seeing whether it answers your question. In the next Lesson, you'll analyze the data 
sets that you've displayed in this Lesson. 


Section 6.1 — Analyzing Data 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.1 


Know various forms of 
display for data sets, 
including a stem-and-leaf 
plot or box-and-whisker 
plot; use the forms to 
display a single set of data 
or to compare two sets of 
data. 


Mathematical Reasoning 
2.6 

Express the solution clearly 
and logically by using the 
appropriate 

mathematical notation and 
terms and clear language; 
support solutions 

with evidence in both verbal 
and symbolic work. 


What it means for you: 


You'll learn how to analyze 
data displayed in box-and- 
whisker plots and stem-and- 
leaf plots. You'll also 
consider whether or not the 
data answers the original 
question. 


Key words: 


* compare 
* contrast 

* conclusion 
¢ limitation 


Analyzing Data 


It’s easy to think you're done when you have your data displayed as 
nice neat plots, but you need to think about what the display /s telling 
you. You also have to think back to why you collected the data in the 
first place, and see if it answers your question. 


Compare the Similarities; Contrast the Differences 


To analyze the results of a study with two sets of data, you need to 
compare the displays of each set of data. You have to look at what is 
similar between the data sets and what is different. 


In the previous Lesson, you drew box-and-whisker plots to show the 
cholesterol levels of a group of people before and after they took a 
certain medicine for two months. These box-and-whisker plots are 
shown below. 


What do they show you about cholesterol levels 
before and after taking the drug? 


160 170 180 190 200 210 220 


Solution 
There is a clear difference between the two data sets. 
The “before” box is much further toward the higher end of the scale. 


This means that cholesterol levels were generally higher before the 
medicine was taken. 


The median is much lower in the “after” box, which indicates the typical 
cholesterol level was reduced by the medicine. 


Section 6.1 — Analyzing Data 


Check it out: 


You need to be able to back 
up your conclusions with 
evidence from the plots of 
data. 


Don't forget: 

The sample is all the people 
or things you collect data 
about. It’s usually a small 
part of the whole population. 
The population is the entire 
group that you want to know 
about. You usually use a 
sample because the whole 
population is too large for you 
to be able to collect data on 
every member. 


(% Guided Practice 


1. Look back at the box-and-whisker plots that you drew last Lesson to 
illustrate the height of Marissa’s sunflowers. Compare the data shown 
on the plots. 


2. Plot Marissa’s data in a back-to-back stem-and-leaf plot. Which 
diagram do you think best shows the differences and similarities 
between the two sets of data? Explain your answer. 


Draw Conclusions After Analyzing Data 


Conclusions bring all your analysis together, and relate what you’ve found 
out to the original question. 


The cholesterol data on p329 was collected to try to answer this question: 


“Does the medicine lower cholesterol 
when taken daily for two months?” 


Does the data support an answer to this question? 


Solution 


The data showed that there was a general reduction in people’s 
cholesterol levels after taking the medicine. 


You can conclude that yes, the medicine does tend to reduce 
cholesterol levels when taken daily for two months. 


There were people in the data set for whom the medicine didn’t work. 
You can’t tell this from the box-and-whisker plots though, because they 
don’t show individual data points. You can just see the overall trend. 


Think About Any Limitations of Your Investigation 


Your investigation is unlikely to give you perfect results. 
It’s important to understand some reasons for this: 


* You might not have used a big enough sample. The bigger your 
sample, the more accurate and reliable your results are likely to be. 


¢ Your sample might not represent the population well. For instance, 
if all the people in the cholesterol study were women, or all aged 40, 
you couldn’t say if the results were likely to be true for everyone. 


Section 6.1 — Analyzing Data 1h 


(% Guided Practice 


3. In Exercise 1, you analyzed the results from Marissa’s sunflower 
experiment. Draw some conclusions from your analysis — do you 
think the plant food has made the sunflowers grow taller? 


{ Independent Practice 


The data below shows the number of vehicles that passed along 
Road A during each day of August and December. 


August: 73, 67, 79, 86, 78, 54, 65, 63, 73, 75, 79, 69, 62, 63, 75, 
59, 78, 79, 12, 75, 64, 608,69, 62, 56, 75, 78, 84, 82, 78,65 


December: 65, 68, 53, 52, 49, 67, 73, 62, 65, 59, 54, 71, 60, 60, 
36, 57,43; 51, 63, 34, 58,69, 56, 58, 58,62, 61, 53,41, 47, 53 


Joe, the local town planner, wants to know whether there is a 
higher demand for the road during the summer months. 


1. Find the minimum, lower quartile, median, upper quartile, and 
maximum of each data set. 


2. Plot the data on a box-and-whisker plot. 
3. Plot the data on a back-to-back stem-and-leaf plot. 


4. Compare the sets of data on each of the plots you have made. 
Is there a higher demand for the road during the summer months? 


Moesha wants to compare the heights of the seventh grade boys in her 
school with the heights of the seventh grade girls. 


5. Write down a clear question that Moesha might want to know the 
answer to. 


6. What sets of data could Moesha collect? 


7. Two running clubs both believe that their members are faster at 
running 100 m than the other club’s members. The data below shows 
the personal best times (in seconds) for the members of each club. 


ChobAo 25. 1232 1132012 12.9. 2 a 2 OO 6: ts: 
LOWE TOS O22 AS. I 


Chibss; TOul Wo. 13 2 O22 12 Se 26 1320; 


t p 
ed aiee 13.5, 13.4, 13.9, 12.6, 12.5, 13.4, 12.2 


Lesson 6.1.6 additional 
questions == pes Display the results clearly and explain whether you think they show 


which club’s members are faster. 
Round Up 


You can collect, display, and analyze data to try to answer a question. You've got to be aware that 
the conclusions you draw have limitations — they can only be definitely true for the sarmple you used. 


Section 6.1 — Analyzing Data 


Section 6.2 introduction — an exploration into: 


Age and Height 


The purpose of this Exploration (s to determine whether there fs a relationship between the age of 
a person and their height. You can tind out if a relationship exists by plotting points on a graph 
called a scatter plot. This provides a visual check of whether one variable affects the other variable. 


A collection of points on a graph sometimes fall in a diagonal band. This means the pair of 
variables represented by the points are related. 


Plot Variable 1 against Variable 2 on a scatter plot. Say whether these variables are related. 


Solution Variable [2/3 [4/5] 5/6|7| | 

The following coordinates have been taken from the data set. REE BoREe 
(2, 1) (3, 3) (4, 2) (5, 4) (5, 5) (6, 6) (7, 5) (8, 7) | 

These points can be plotted on a graph. 


Variable 2 
© 


The points form a diagonal band on the graph — 
so the variables are related. As one variable increases, 
the other does too. 


BO 
Variable 1 


VA Exercises 
1. This table shows the ages and : 
14 8 19 


heights of six children in a family. | Age (years) 3 
Height (inches) 63 36 


Copy these axes onto graph paper. 
Plot the age and corresponding 
height of each family member. 


Height (inches) | 
iS 
9 


d 
© 


. Does there appear to be a relationship between the 
age and height of a person? Explain your answer. 


Bs, 
Ks) 


. Plot your age and corresponding height on the graph. 
Label the point with your name. 


iw) 
© 


. Does your age and height fit with the trend OO > 46 8 10 12 14 16 18 > 


shown in the scatter plot? Age (years) 


. Based on the graph, predict what the height of a 12 year old would be. 


Round Up 


Some variables are related to each other — the examples on this page are positively related (or 
correlated). When one increases, so does the other. Other variables are negatively correlated — 
when one increases, the other decreases. There’s more on this later in the Section. 


Section 6.2 Exploration — Age and Height BY, 


Section 6.2 


Making Scatterplots 


Youd expect some variables to be related to each other. 
For example, it might not be a surprise to learn that as grade level 


California Standards: 
Statistics, Data Analysis, 


and Probability 1.2 increases, so does the average amount of homework that’s set. 
Represent two numerical Scatterplots are a way of displaying sets of data to see If and how the 
variables on a seatterplot variables are related to each other. 


and informally describe how 
the data points are distributed 


ROR Rennes a See Some Things May Be Related to Each Other 


variables (e.g., between time 


spent on homework and Some variables are related to other variables. You can make conjectures, 
grade level). or educated guesses, about how things might be related. 

What it means for you: For example, 

You'll use scatterplots to ; ; . 

display sets of data. ¢ The hotter the day is, the more ice cream will be sold. 


¢ The faster you drive a car, the fewer miles you’ll get to the gallon. 


* The older a child, the later his or her bedtime. 


Key words: 
* conjecture You Can Collect Data to Test Your Conjecture 


* scatterplot 


* scale To see if your conjecture is correct, you first need to collect data. 
° axes 


For example, to see if it’s true that ice cream sales increase on hotter days, 
you need to find the average temperature for a number of days, and the 
number of ice creams sold on each of these days. You might end up with 
a table of data that looks like this: 


nena emomntrcoran eh [a [6 [S[s] m=] [wa] > 


someones ato] 16 [6 fo wo fro] [> fn ne 


What data could you collect to test the conjecture “the taller a person, 
the bigger their feet?” 


Check it out: 


A conjecture is supposed to 
be an educated guess, so 
make sure you have a reason 
for thinking it might be true. 


Solution 


You would need to collect data on the heights of a set of people, and on 
the size of their feet. 


(% Guided Practice 


1. What data would you need to collect to test the conjecture, 
“the older a child, the later his or her bedtime’? 


2. Design a table in which to record this data. 


Section 6.2 — Scatterplots 


Check it out: 


Each pair of data values is 
like a coordinate — you plot 
them in exactly the same way. 
So 16 ice creams sold at 

41 °F can be thought of as 
(41, 16). 

You've got to make sure you 
get the data in the right order 
though — temperature is on 
the horizontal axis (x-axis). 


Check it out: 


It doesn’t matter which data 
set goes on which axis. 

The scatterplot above could 
have had “number of ice 
creams sold” on the horizontal 
axis and “temperature” on the 
vertical axis. 


Don't forget: 

The range is the maximum 
value minus the minimum 
value. 

So the temperature range is: 
90 — 41 = 49 °F 


Mark Data Pairs on a Scatterplot 


You can display two sets of data values on a scatterplot. The values need 
to be in pairs. A scatterplot is a really good way of seeing if the data sets 
are related — there’s a lot more on this in the next two Lessons. 


Below is the scatterplot showing the number of ice creams sold against 
the temperature. 


Each cross represents a pair of data values — the number of ice creams 
sold on a day of a certain temperature. 


Number of 180 
ice creams 160 


betesthere were 170 ice 
creams sold when 


sold 
40 the temperature 
120 x was 90 °F. 
x 
OO FE There were 101 ice creams sold 


when the temperature was 73 °F. 


O 
The scale doesn't have to WY 40 45 50 55 GO 65 70 75 80 85 90 
start at zero. You can show Temperature (°F) 
that it doesn't by putting a 
little “wiggle” in the axis. 


Scatterplots Have Two Axes with Different Scales 


You have to think carefully about the scale of each axis. 
Each axis represents a different thing and is likely to have a different scale. 
Here’s how to choose a sensible scale for an axis. 


1. Look at the minimum and maximum values of the data set. 
You have to choose a starting point and an ending point for the scale 
that fits all of the data. 


Your scale doesn’t have to start at zero. If it doesn’t, you include a 
little “wiggle,” as above. 


The temperatures above were all between 41 °F and 90 °F — so 40 °F and 90 °F were 
suitable start and end points. lt made sense not to start the axis from zero. 


2. Choose a sensible step size. It must be small enough so that you can 
show your data clearly, but big enough to fit on your piece of paper. 


The temperatures above only had a range of about 5O °F, so 5 °F steps were used. 
The number of ice creams sold had a much bigger range, so steps of 20 were used. 


Don’t forget to label each axis clearly. Once you’ve done all this you can 
start plotting your data. 


Section 6.2 — Scatterplots 


Make a scatterplot of the data below relating people’s ages and heights. 


cc 


Ps [or] 


Solution 


First you need to decide on a scale for each axis. 

The ages go from 4 to 19, so a scale might run from 0 to 20, in steps of 2. 
The heights go from 31 in. to 67 in. This range is larger, so the scale 
might go from 20 to 70 in steps of 5 inches. 


Then you can plot the values. Think of each pair of values as 
coordinates with the form (age, height), instead of (x, vy). The first three 
values in the table would be plotted at (10, 45), (19, 67), and (4, 31). 


Don't forget: ve [TT [ol 
Take extra care when you're 5 (19, 67) 
plotting not to get confused a | x 
between different scales on ee x 
your axes. It’s really easy to > | x 
mark something in the wrong = 7 x | a (10) 45) 
place. = 
r 


0 24 6 6 10 2 4 16 18 20 
Age (years) 


(% Guided Practice 


3. Use the data below to make a scatterplot relating foot length to height. 


Height (in.) CAN 6S e701 2 OOM S/S ON OSES 
Foot length (in.) | 8.2 | 9.1 | 7.5 
Height (in.) 62 | 73 
{% Independent Practice 
Now try these: 


Lesson 6.2.1 additional 1. Miguel makes the conjecture, “the more people there are in a 
questions — p464 household, the heavier their recycling bins.” What data would you 
collect to test Miguel’s conjecture? 


2. The data below was collected to test this conjecture: 
“The older a child, the less time he or she will sleep per day.” 
Draw a scatterplot of this data. 


wero [esos es] feos] > fo 


ian ota] ts fols [> f7 fo Labo 


Round Up 


Now you know what a scatterplot is and how to draw one. The next Lesson shows you how to 
interpret scatterplots, and how to decide whether, or how closely, the variables are related. 


Section 6.2 — Scatterplots 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.2 
Represent two numerical 
variables on a scatterplot 
and informally describe 
how the data points are 
distributed and any 
apparent relationship that 
exists between the two 
variables (e.g., between 
time spent on homework 
and grade level). 


What it means for you: 
You'll learn about different 

types of correlation and what 
they look like on scatterplots. 


Key words: 

* slope 

* positive correlation 
* negative correlation 
* strong correlation 


Check it out: 


If two things are correlated, it 
doesn't necessarily mean one 
causes the other. 

For instance, shark attacks 
and ice cream sales may 
show positive correlation, but 
one doesn’t cause the other. 
They’re both increased by hot 
weather, which makes people 
more likely to swim in the sea, 
and to buy ice cream. 


Shapes of Scatterplots 


In the last Lesson, you learned how to make scatterplots from sets of 
data. By looking at the pattern of the points in a scatterplot, you can 
decide how the variables are related — for example, whether ice cream 
sales really do increase on hot days. 


Positive Slope Means Positive Correlation 


If two things are correlated, they are related to each other — 
if one changes, the other will too. 


Two variables are positively correlated if one variable increases when the 
other does. For example, children’s heights are positively correlated with 
their ages — because older children are typically taller than younger ones. 


Variables are positively correlated if one 
variable increases as the other does. 


If two positively correlated variables are plotted on a scatterplot, the 
points will lie in a band from bottom left to top right. If you were to 
draw a line through the points it would have a positive slope. 


The thinner the band of points on the scatterplot, the more strongly 
correlated the data is. 


This graph shows strong 
positive correlation. 


This graph shows 
positive correlation. 


Negative Slope Means Negative Correlation 


Negative correlation is when one quantity increases as another decreases. 
For example, values of cars usually decrease as their age increases. 


Variables are negatively correlated if one 
variable increases as the other decreases. 


If a scatterplot shows negative correlation, the points will lie in a band 
from top left to bottom right. They’ll follow a line with a negative slope. 


Section 6.2 — Scatterplots 


The thinner the band of points, the more strongly correlated the data is. 
Check it out: 


The scatterplot you drew in 
Independent Practice 
Exercise 2 in the last Lesson 
showed negative correlation. 
The ages of children and the 
amount of time they sleep 
are negatively correlated. 


This graph shows negative This graph shows strong 
correlation. negative correlation. 


No Obvious Correlation Means Random Distributionusss 


When points seem to be spread randomly all over the scatterplot, then it 
is said that there is no obvious correlation. 


For example, people’s heights and their test scores are not correlated — the 
height of a person has no effect on their expected test score. 


This graph shows no 
obvious correlation. 


Describe the correlation shown 
in the scatterplot opposite. Number of 180 


ice creams 160 
sold 


Check it out: Solution 


The correlation isn’t perfect 
here. If it was perfect the 
points would lie in a straight 
line. 


The plot shows positive 
correlation. (As the temperature 
increases, the number of ice creams 
sold tends to increase.) 


The correlation is fairly strong — 


the points lie in a fairly narrow 40 45 50 55 GO 65 70 75 80 85 90 
band Temperature (°F) 


Section 6.2 — Scatterplots 


&% Guided Practice 


In Exercises 1-4, describe the type of correlation. 
1. 
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Vo Independent Practice 


1. Brandon investigates the relationship between the number of 
spectators at a football game and the amount of money taken at the 
concession stand. What kind of correlation would you expect? 


2. If every job you do takes one job off your to-do list, what kind of 
correlation would you expect between the number of jobs you do and 
the number of jobs on your to-do list? 


In Exercises 3—4, describe the correlation shown. 
3. 10 


_ 


No. of days absent from school * 


50, ] - : = 


Q 

fe} 
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Now try these: 


Lesson 6.2.2 additional 
questions — p464 
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Round Up 


If the points lie roughly in a diagonal line across a scatterplot, it means the variables are correlated. 
An “uphill” band means positive correlation, whereas a “downhill” band means negative correlation. 


Section 6.2 — Scatterplots 


California Standards: 


Statistics, Data Analysis, 
and Probability 1.2 


Represent two numerical 
variables on a scatterplot 
and informally describe 
how the data points are 
distributed and any 
apparent relationship that 
exists between the two 
variables (e.g., between 
time spent on homework 
and grade level). 


Mathematical Reasoning 
2.3 


Estimate unknown 
quantities graphically and 
solve for them by using logical 
reasoning and arithmetic and 
algebraic techniques. 


What it means for you: 


You'll predict data values 
using scatterplots. You'll also 
practice finding the highest 
and lowest values in a data 
set. 


Key words: 
* prediction 
* scatterplot 
¢ line of best fit 


Using Scatterplots 


/f you have many pairs of values plotted on a scatterplot, and they all 
fall in a neat band, you know the two variables are correlated. lf you 
plotted some more pairs of values, you'd expect them to lie within the 
band of points. You can use this idea to predict values. For instance, 
trom the scatterplot of ice crear sales against average temperature, 
you could predict how many ice creams would be sold when the 
temperature was 50 F. 


Finding the Highest and Lowest Values 


Box-and-whisker plots don’t show all the raw values — just the maximum 
and minimum values and the general trends. Scatterplots are different — 
they show the raw data values, as well as trends. 


The scatterplot below shows the number of burglaries per 1000 people 
against the percentage of households that have burglar alarms installed. 
What was the greatest number of burglaries per 1000 people recorded? 


Solution 


oO 

S 
The greatest number of burglaries 5 
recorded is the point that lies 8 
furthest up the vertical axis on 5 
the graph. o 
The highest number of burglaries 
recorded per 1000 people is 60. 


No. of burg 


& Guided Practice 


Section 6.2 — Scatterplots 


For Exercises 1—3, refer to the 
scatterplot on the right. 


1. What was the highest number of cars 
recorded using street A on a single day? 
2. What was the greatest amount of 
money spent on gasoline in street B on 
any day? 

3. How many cars used street A on the 
day when the least amount of gasoline 
was sold on street B? 


100 


O 


oO 
% of ho 


20 40 60 60 
useholds with burglar alarms 


60 


No. of cars using street A per day 


oO 20 


40 60 80 100 
Amount of gasoline sold on 


street B per day ($) 


Check it out: 


A clear plastic ruler is useful 
for drawing lines of best fit. 
You can adjust it until you 
think the edge is in the right 
place. 


A Line of Best Fit Shows the Trend in the Data 


Not many sets of data are perfectly correlated, so a line of best fit is used 
to show the trend. Ifthe data was perfectly correlated you’d expect all the 
points to lie on this line. 


Draw a line of best fit on the scatterplot below. 


is) 
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About half the 
data points are 
on this side of 
the line... 
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... and about 
half the data 
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The scatterplot shows negative correlation, so the line of best fit 
will have a negative slope. 


The line of best fit splits the data approximately in half. You should 
have roughly the same number of points on each side of the line. 


You can’t add a line of best fit to data that has no correlation. 


{&% Guided Practice 


4. The hand spans of 11 students are measured, together with the lengths 
of their arms. The measurements are recorded in the table below. 


ronan [9] 6 [20] 15] 2 [>| 6 [7] | [oo] 


Soe) oe eee ee se) 


Plot a scatterplot of this data. Add a line of best fit to your scatterplot. 


5. The ages and values of a particular type of car are recorded below. 


BSE | |ecen| sie eri 1 ales 
(years) 


beta 10,000 9000 | 4000 | 1000 | 4000 | 6000 | 7000 | 8000 | 7000 | 6000 | 8000 | 5000 | 4000 


Plot a scatterplot of this data. Add a line of best fit to your scatterplot. 


Section 6.2 — Scatterplots 


Use Lines of Best Fit to Make Predictions 


You can use a line of best fit to predict what other data points might be. 


Predict the number of burglaries per 1000 people if 50% of households 
have burglar alarms. 


Solution 


3 
S 


Start at 50% on the 

horizontal axis. 

Read up to the line of best fit. 
Read across from the line of 
best fit to the vertical axis. 


When 50% of households 

have burglar alarms, the 

number of burgaries per 

1000 people is expected to 
e __ be around 33. 


Check it out: 


You can use scatterplots to 
predict data points outside of 
the range you were given. 
You have to take care though 
as you don’t know whether 
the data will continue in the 
same pattern. 

For instance, you could 
extend the axes and line of 
best fit in the graph below 
and predict that 400 ice 
creams would be sold at a 
temperature of 160 °F. 

This is obviously wrong as 
people wouldn't survive if it 


was that hot. (&% Guided Practice 


In Guided Practice Exercise 4, you drew a scatterplot of arm length 
against hand span. Use your line of best fit to predict: 
6. the arm length of a student with a 23 cm hand span. 
7. the hand span of a student with a 52 cm arm length. 


® 
ie) 


No. of burglaries per 1000 people 


O 


fe) 20 40 60 60 
% of households with burglar alarms 


rH rH In Guided Practice Exercise 5, you drew a scatterplot of values against 
eo ages for a certain type of car. Use your line of best fit to predict: 
8. the expected value of a 5-year-old car of this type. 
9. the age of a car that is valued at $5500. 


Now try these: : 
Lesson 6.2.3 additional Vf Independent Practice 


questions — p464 : : : ; 2 
The table below shows the height (in feet) of mountains with their 


cumulative snowfall on April Ist (in inches). 

1. Create a scatterplot of the data. 

2. Draw in a line of best fit for the data. 

3. A mountain has a height of 7200 feet. What would you expect its 
cumulative snowfall to be on April Ist? 


Height (ft) 6700 | 7900 | 7600 | 6800 | 6200 | 5800 | 8200 | 6700 


Round Up 


Lines of best fit follow the trend for the data. You can use them to predict values — but remember, 
chances are your predictions won't be totally accurate. They can give you a good idea though. 


Section 6.2 — Scatterplots 


Chapter 6 Investigation 


Cricket Chirps and Temperature 


Displaying data in a visual way makes ft easter to see whether trends and patterns exist. 


For a long time, people have believed that you can estimate the temperature from the 
number of times a cricket chirps in a set period of time. 


At the same time of evening on 15 consecutive days, a student took the temperature outside and 
counted the number of times a cricket chirped in 15 seconds. The results are shown below. 


Number of cricket chirps 15 | 17] 19] 13] 14] 15, eae | 21] 21] 19] 18 | 16| 16| 16| 


cee a ae a eats 


The data isn’t very useful in this form — you can’t see any patterns clearly. 
You are going to make a visual display that makes the data easier to interpret. 


Make a scatterplot to compare the number of cricket chirps and the temperature. 


Explain what, if any, correlation exists among the data. 
Do you think that you can estimate the temperature from the number of cricket chirps? 


Extensions 


1) Draw a line of best fit on your scatterplot. 
Use the line to predict the temperature for each number of cricket chirps from 10 to 25. 
Which of these predictions do you have the most confidence in? 


2) There are several different formulas for working out temperature from cricket chirps. 
One is: 
“Count the number of chirps a cricket makes during a 15-second period. 
Then, add 45 to the number of chirps. This gives you an estimate of the 
temperature in degrees Fahrenheit.” 


Does this formula agree with the data above? 


Open-ended Extensions 
1) Can you create a formula that fits the line you drew in the first Extension above? 


2) There are many formulas for estimating the temperature from cricket chirps. 
See how many different ones you can find using reference books, almanacs, or the internet. 
Do any of them match the data above? 


Round Up 


When you've displayed your data in an appropriate way, you'll often immediately be able to see 
patterns that you couldn't see before. Scatterplots only work when you've got two data sets that 
are paired. If you haven't, you have to use a different form of display. 


Chapter 6 Investigation — Cricket Chirps and Temperature RYG 
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Three-Dimensional Geometry 
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Section 7.1 introduction — an exploration into: 


Nets 


In this Exploration, you will be using two-dimensional figures called nets to make three-dimensional 
rectangular prisms. You'll construct nets for rectangular prisms with given dimensions. 


The example below shows a net of a cube. You make the cube by cutting the net out, folding it 
along the lines and taping it together. 


What dimensions will the cube made from the net below have? 


Tabs let you stick 
the net together 
to form a cube. 


not to scale 
Solution 


The cube made by this net has a length, width, and height of 3 inches. 


VA Exercises 


1. Create a net for a cube that has a length, width, and height of 4 inches. 
Then build your cube. 


. Finda rectangular prism that isn’t a cube and draw around each face. 
It may be useful to mark each face after you have drawn around it. 
a. How many faces are there? b. What shapes are the faces? 


. Measure the length and width of each face you drew in Exercise 2. 
Do any of the faces match each other? 


. This rectangular prism has twice the length of the cube in the 
example at the top of the page. Its height and width are the same. 
What dimensions do the faces of this rectangular prism have? 


. Create a net for the prism shown on the right. Then build the prism. 
. The prism shown on the right has the following dimensions: 


Length = 8 in., width = 2 in., height = 4 in. 
What dimensions do the faces of this prism have? 


. Create a net for a rectangular prism with the dimensions 
given in Exercise 6. Then build the prism. 


Round Up 


Cubes have six identical square taces — so their nets are made of six identical squares. You have 
to make sure you join therm to each other correctly so that the net folds into a cube though. 
Rectangular prisms are trickier to draw nets for. They usually have three different pairs of faces. 


Section 7.1 Exploration — Nets Ya, 


Section 7.1 
Three-Dimensional Figures 


Real life is full of three-dimensional figures. This Lesson’s about sorne 
of the special figures that have mathematical names. 
Measurement and 


G try 2.1 : : ; 
Dee oi RCS OLIN to? Prisms and Cylinders Have Two Identical Ends 


finding the perimeter and area 


California Standards: 


Gi basic hwo-dimensional A prism is a 3-D shape formed by joining two congruent polygon faces 
figures and the surface area that are parallel to each other. The polygon faces are called the bases of 
and volume of basic three- the prism. a 
dimensional figures, a ; 

including rectangles, ¢ If the edges joining the bases are at right 

parallelograms, trapezoids, angles to the bases, it is called a right prism. 

squares, triangles, circles, 

prisms, and cylinders. ¢ If the edges joining the bases are not at right 

Measurement and angles to the bases, it’s an oblique prism. right prism oblique prism 
Geometry 3.6 Oblique prisms appear to lean to one side. 

Identify elements of three- . : . : 

dimensional geometric Prisms are often named according to their bases — if the bases are 
objects (e.g., diagonals of rectangles, it’s a rectangular prism. If the bases are triangles, it’s a 


rectangular solids) and 
describe how two or more 
objects are related in space 
(e.g., Skew lines, the possible 
ways three planes might 
intersect). 


triangular prism. 


Which of these figures is not a prism? Explain why not. 


PAA 


Solution 


B is not a prism. The shape at one end is not the same as the shape at 
the other. A, C, and D are prisms. D is a triangular prism. 


What it means for you: 
You'll practice recognizing 
some important 3-D shapes, 
such as prisms, cylinders, 
cones and pyramids. 


Key words: 


° ae 

* cone A cylinder is just like a prism, except that the bases have curved, rather 
; i elie than straight, edges. All the cylinders in this book will be circular 

* right cylinders with circle bases, though it is possible to have cylinders with 
* oblique ellipse bases. As with prisms, cylinders can be right or oblique. 

Check it out: 


The height of a three- 
dimensional solid is always 
the perpendicular distance 
from the top to the bottom. 
So the height of cylinder C is 
the distance straight down 
from the circle at the top to 
the circle at the bottom. 

It doesn’t matter that there 
isn't a side that goes straight 
down. — 


Which of these figures is not a cylinder? Explain why not. 
A. B, 

Solution 

D is not a cylinder because the circle at the bottom is not the same size 
as the circle at the top. A, B, and C are cylinders because they have 


congruent circular faces that are parallel to each other. A and B are right 
cylinders, and C is an oblique cylinder. 


Section 7.1 — Shapes, Surfaces, and Space 


(&% Guided Practice 


In Exercises 1—10, identify each shape as either a prism, a cylinder, 
or neither. 


Pyramids and Cones Have Points 


Don't forget: A pyramid is a three-dimensional shape that has a polygon for its base, 
A polygon is any shape that is 


pags and all the other faces come to a point. The point doesn’t have to be over 
made from straight lines that 
have been joined, end-to-end the base. 


into a closed shape. ; ; , F 
Sas Section 34 . A pyramid with a rectangular base is known as a rectangular pyramid. 


reminder on polygons. Similarly, a pyramid with a triangular base is a triangular pyramid. 


Which of these figures is not a pyramid? Explain why not. 
A. B. Cc. D. 
Solution 


B is not a pyramid. Its base has a curved edge, so it isn’t a polygon. 
The base of a pyramid is always a polygon. 


A, C and D are all pyramids. It doesn’t matter that C leans, as the 
sides all still come to a point. 


Section 7.1 — Shapes, Surfaces, and Space 


A cone is like a pyramid, but instead of having a polygon for a base, the 
base has a curved edge. All of the cones in this book will be circular 
cones with bases that are circles. 


Example ; 4 


Check it out: Which of these figures is not a cone? Explain why not. 


Pyramids and cones which 


have their point directly above A. B D. 
the center of their base are 
called “right pyramids” or 
“right cones.” 
Solution 


D is not a cone because it doesn’t make a point at the end. 
A, B, and C are all cones. It doesn’t make any difference that 
B and C are leaning to the side. 


(&&% Guided Practice 


Identify the shapes below as either pyramids, circular cones, or neither. 


11 12. 13. “ta 


Check it out: 


Pyramids and prisms are 
polyhedrons. The sides of 
polyhedrons are all polygons, 
and are known as faces. 
The line where two faces 
meet is called an edge. 

A point where edges meet is 
called a vertex. 


16. 


Diagonals Go Through the Insides of Solids 


Diagonals are a type of line segment. In a 3-D shape, they connect two 
vertices that aren’t on the same face. 


Check it out: 


Diagonals must pass through 
the inside of the shape. 

So the line from A to H isn’t a 
diagonal. 


The diagram below shows a rectangular prism or cuboid. 


Mark a diagonal on it. s=o 


Solution 
There are four diagonals that you could mark: 


ease. =c =a a ead) 


There are no other possible diagonals. 


Section 7.1 — Shapes, Surfaces, and Space 


(% Guided Practice 


18. Crystal says that any line that goes through a prism = A B C 
Check it out: is a diagonal of the prism. Is she correct? 


Ey? (iD 
For E 19-20 — ; 3 : 
ye ye pee ae h ae Exercises 19—20 are about the prism shown on the right. 
many diagonals you can draw 19. How many diagonals does this shape have? 
from it. The same number of 20. Name all the diagonals by giving their starting G 
diagonals will start from ; F H 
Vanicae BCD onde vertex and ending vertex. 

J If 


{% Independent Practice 


1. What is similar about a cylinder and a prism? 
2. What is different about a cylinder and a prism? 


In Exercises 3—13, identify each shape as a prism, cylinder, pyramid, 
cone, or as none of those. 


In Exercises 14-17, say whether each statement is true or false. 
If any are false, explain why. 

Now try these: 14. A cylinder is a type of prism. 

15. All cubes are prisms. 

questions — p465 16. Pyramids have no diagonals. 
17. A cylinder is any shape with two circles for bases. 


Lesson 7.1.1 additional 


Round Up 


You need to be able to identity the different kinds of three-dimensional figures. The hard part is 
remembering precisely when you can use each name and when you cant. Once you've mastered 
that, you can try nets — which are like flat “patterns” that can be folded to make 3-D figures. 


Section 7.1 — Shapes, Surfaces, and Space 


California Standards: 


Measurement and 
Geometry 3.5 

Construct two-dimensional 
patterns for three- 
dimensional models, such 
as cylinders, prisms, and 
cones. 


What it means for you: 
You'll draw two-dimensional 
patterns that can be folded up 
to make three-dimensional 
shapes, such as prisms. 

You'll use the formula you 
learned for finding the 
circumference of a circle to 
draw the pattern for a 
cylinder. 


Key words: 


¢ net 

* cone 

* cylinder 

* pyramid 

* two-dimensional 

¢ three-dimensional 

* rectangular pyramid 


Check it out: 


There’s often more than one 
net for a shape. 

Here’s a different net for the 
cuboid in Example 1: 


And here’s one for the 
pyramid in Example 2: 


Nets 


Sometimes you might want to make a model 3-D shape out of card. 
To ao this, you need to figure out which two-dimensional shapes you 
need for the faces, how big they have to be, and how they should be 


Joined together. 


2-D Nets Can Be Folded Into 3-D Figures 


A two-dimensional shape pattern that can be folded into a three- 
dimensional figure is called a net. The lines on the net mark the fold lines 
— these are the edges of the faces. 


What three-dimensional 
shape is this the net of? 


Solution 
If you fold along all of the marked lines then you get a prism with a 
rectangular base. So this is the net of a rectangular prism or cuboid. 


LF II 
(-S 


What shape is this the net of? 


Solution 
This is the net of a square-based pyramid (a special type of 
rectangular pyramid), which is a pyramid with a square base. 


-—>-=p 
-)P-pb 
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Don't forget: 


A right cylinder is one in 
which the two bases are 
directly above each other. 

A right cylinder doesn't lean to 
one side. 


Don't forget: 


The circumference of a circle 
is given by the formula 

C = 2nr, (where r= radius). 
That’s the same as C = zd, 
(where d = diameter). 


(% Guided Practice 


In Exercises 1-4, say what shape is made by each net. 
iF 2. ae 4, 


The Net of a Cylinder Has Two Circles 


The net of a circular cylinder has two circles — one for the top of the 
cylinder and one for the bottom. 


Sketch the net of a right circular cylinder. 


Solution 


The net of a circular cylinder looks like a rectangle with a 
circle on top and a circle on the bottom. If you were to 
fold this shape up it would make a cylinder. 


_--m- 8-5 


The rectangle needs to be wide enough to be wrapped around the outside 
of the circles. So its length needs to be equal to the circumference of the 
circles. 


Example ; 4 


Work out the missing length, /, to the nearest hundredth. 


Solution 


The rectangle needs to wrap around the circle. So it has to 
have the same length as the circumference of the circle. 


C =2tr l 
1=2xxr 
=2x1x 1 


= 6.28 in. (to the nearest hundredth) 
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Check it out: 


In Example 5, cutting along 
the cone makes a circle with 
exactly 7 missing. But the 
amount of the circle that is 
missing could be anything. 
For very flat cones only a 
small amount will be missing. 
For very tall cones a very 
large amount will be missing. 


Check it out: 


The circumference of the 
base circle must be the same 
as the length of the curved 
edge of the part-circle. 


&% Guided Practice 


Work out the missing measurements in Exercises 5—8. Use 1 = 3.14. 
5. 9m 6. 13 ft 7 30a 8. Qin. 


Cutting a Cone Makes Part of a Circle 


The net of a circular cone includes part of a circle. 


Sketch the net of a circular cone. 


Solution 
Imagine cutting up the side of a cone with no base and laying it flat. 


You get a circle with 
A part missing. 
> > 


To make a full cone, you need a base as well — the base is a circle. 


The base circle can’t be as large as the one with a sector cut out, or 
there’d be no way to roll it up and still have the base fit. 


So the net of a cone is a circle with part 
missing and a smaller circle underneath. 


The sketched net above has a part-circle that is - of a full circle. 


If you’re making a cone with a certain base-radius and a certain slant 


ee you can work out what fraction of a circle you need: Seat 


height 


You use the slant Sere ein ne itself as the radius of the part-circle. 


Example 


Draw the net of a circular cone with slant height 10 cm and base radius 8 cm. 


Solution 10 cm (came as 
If slant height is 10 om and base radius is 8 cm then the slant helght) 


top circle should be = 9 of a complete circle. That’s the 


4 : ‘ dc 
same as =. So draw the top circle with ; missing. 8 cm 
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(% Guided Practice 


In Exercises 9-11, say whether each statement is true or false. 

9. The net of a cone is two circles. 

10. You can draw the net of a cone without knowing the vertical height 
of the cone. 

11. The part-circle in the net of a cone is smaller than the full circle. 


Work out what fraction of a circle is needed for the part-circle in the 
net of each circular cone described in Exercises 12-14. 

12. A cone with slant height 20 cm and base radius 16 cm. 

13. A cone with slant height 15 inches and base radius 3 inches. 

14. A cone with slant height 2 feet and base radius | foot. 


{% Independent Practice 


1. Explain why the net shown on the right doesn’t 
make a cube. 


In Exercises 2—4, say which net could make each 
three-dimensional figure. 


Fill in the missing measurements in Exercises 5—7. Use m = 3.14. 


l l 


Now try these: 


Lesson 7.1.2 additional { } 
questions — p465 i! 


Work out what fraction of a circle is needed for the part-circle in the 
net of each circular cone described in Exercises 8-9. 

8. A cone with slant height 3 inches and base radius 1 inch. 

9. A cone with slant height 11 inches and base radius 3 inches. 


Round Up 


Nets sound complicated, and some of ther even look complicated. The key is to imagine folding 
along each of the lines, and think about what shape you would get. 
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California Standards: 


Measurement and 
Geometry 2.1 

Use formulas routinely for 
finding the perimeter and 
area of basic two-dimensional 
figures and the surface area 
and volume of basic three- 
dimensional figures, 
including rectangles, 
parallelograms, trapezoids, 
squares, triangles, circles, 
prisms, and cylinders. 


Measurement and 
Geometry 3.5 

Construct two-dimensional 
patterns for three- 
dimensional models, such 
as cylinders, prisms, and 
cones. 


Mathematical Reasoning 
1168) 

Determine when and how to 
break a problem into 
simpler parts. 


What it means for you: 
You'll see how to work out the 
surface area of 3-D shapes 
like cylinders and prisms. 


Key words 


* net 

* surface area 
* cylinder 

* prism 


Don't forget: 


The area of a rectangle is 
given by 4 =/w. 


The area of a triangle is given 


I 
by A= —bh. 
ae 


Surface Areas of Cylinders 
and Prisms 


Nets are very useful for finding the surface area of 3-D shapes. 
They change a 3-D problem into a 2-D problem. 


Draw a Net to Work Out the Surface Area 


The surface area of a three-dimensional solid is the total area of all its 
faces — it’s the area you'd paint if you were painting the shape. 


The net of a three-dimensional solid can be folded to make a hollow 
shape that looks exactly like the solid. So one way to work out the surface 
area of the solid is to work out the surface area of the net. 


fF in. 


What is the surface area of this cube? 


Solution 

The net of the cube is six squares. 
So the surface area of the cube is ; 
equal to the area of six squares. |: me 
The area of each square is 8 x 8 = 64 in’. 
So the surface area of the entire cube is 
6 x 64 = 384 in’. 


What is the surface area of this prism? 


Pe De S 
BE 


Solution 
The net of this prism has three identical 
rectangles. The area of each rectangle is “l0-car 


10 x 20 = 200 cm’. 
So the total surface area of the three 
rectangles is 3 x 200 = 600 cm’. 


Vertical height = 8.7 cm 


: : ; | 10cm 
There are also two identical triangles. 8.7cm 


Each has a base of 10 cm and a height 10cm 
of 8.7 cm. The area of each triangle is 
1 

3 * 10 x 8.7 = 43.5 cm’. 

So the surface area of both the triangles 
together is 2 x 43.5 = 87 cm’. 


So the total surface area of the prism is 600 + 87 = 687 cm’. 


10 cm 


20 cm 
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Don't forget: 


Use the formula for the 
circumference of a circle, 

C = md, (where d = diameter) 
to work out the length of the 
rectangle in the net of a 
cylinder. 

The rectangle has to be long 
enough to reach all the way 
around the circle. 


Don't forget: 


The area of a circle is given 
by A = mr? (r = radius). 


(% Guided Practice 


Work out the surface area of the shapes shown in Exercises 1-3. 


Height = 8 cm 


Finding the Surface Area of Cylinders 


The net of a circular cylinder has a rectangle and two circles. So you 
need to use the formula for the area of a circle to find its surface area. 


What is the surface area of this cylinder? Usem=3.14. j=, 
SS 
Solution 


The net of the cylinder has one rectangle and 
two identical circles. af 


5 ft 


To work out the area of the rectangle, you need to know its length. 
It’s the same as the circumference of the circles, so itis 3 x t= 9.42 ft. 


So the area of the rectangle is 9.42 x 5 = 47.1 ft’. 


The circles have a diameter of 3 feet. So they have a radius of 1.5 feet. 
The area of each circle is m x 1.57 = 1% x 2.25 = 7.065 ft”. 
Together the two circles have a surface area of 2 x 7.065 = 14.13 ft’. 


So the total surface area of the cylinder is 47.1 + 14.13 = 61.23 ft’. 


(% Guided Practice 
Find the surface areas of the cylinders in Exercises 4—6. Use 1 = 3.14. 


6. 1 yd 


7 in, 


10 in. 9 yd 
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Use Formulas For Prism and Cylinder Surface Areas 


The way you work out the surface area of a cylinder, and the way you work 
out the surface area of a prism are similar. 

The surface area of either is twice the area of the base plus the area 

of the part between the bases of the net. 


The part between the bases is sometimes 


called the lateral area. 
Two bases 
\ =) om bases 
~ 


&%/ Independent Practice 


Work out the surface areas of the shapes shown in Exercises 1-4. 


Use 1 = 3.14. 
ee be 30 in. 
tl cm 
20 in. 
Scm 
N ft Tin. 
— 
10 ‘ eS Wau, 


8 ft ai 


Vertical height = 6.8 feet 


Now try these 5. A statue is to be placed on a marble stand, in the 


: ‘ : : 3 feet 
econ as aaiOnal shape of a regular-hexagonal prism. Find the area “Sp 


questions — p466 of the stand’s base, given that the stand has a surface 
area of 201.5 square feet and dimensions as shown. 


The inside of a large tunnel in a children’s play area 
is to be painted. The tunnel is 6 meters long and be 
1 meter tall. It is open at each end. Ti 


6. What is the area to be painted? 
7. Cans of paint each cover 5 m*. How many cans do they need to buy? 


Round Up 


Working out the surface area of a 3-D shape means adding together the area of every part of the 
outside. One way to do that /s to add together the areas of difterent parts of the net. 
Just make sure you can remember the triangle, rectangle, and circle area formulas. 
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California Standards: 


Measurement and 
Geometry 2.1 

Use formulas routinely for 
finding the perimeter and 
area of basic two-dimensional 
figures and the surface area 
and volume of basic three- 
dimensional figures, 
including rectangles, 
parallelograms, trapezoids, 
squares, triangles, circles, 
prisms, and cylinders. 


Measurement and 
Geometry 2.2 

Estimate and compute the 
area of more complex or 
irregular two-and three- 
dimensional figures by 
breaking the figures down 
into more basic geometric 
objects. 


Measurement and 
Geometry 2.3 

Compute the length of the 
perimeter, the surface area 
of the faces, and the volume 
of a three-dimensional 
object built from 
rectangular solids. 
Understand that when the 
lengths of all dimensions are 
multiplied by a scale factor, 
the surface area is multiplied 
by the square of the scale 
factor and the volume is 
multiplied by the cube of the 
scale factor. 


Mathematical Reasoning 
1.3 

Determine when and how to 
break a problem into 
simpler parts. 


What it means for you: 
You'll work out the surface 
area and edge lengths of 
complex figures. 


Key words: 
* net 

* surface area 
* edge 

* prism 


Surface Areas & Edge 
Lengths of Complex Shapes 


Prisms and cylinders can be stuck together to make complex shapes. 
For example, a house might be made up of a rectangular prism with a 
triangular prism on top for the roof. You can use lots of the skills 
you've already learned to tind the total edge length and surface area of 
a complex shape — but there are some important things to watch for. 


Finding the Total Edge Length 


An edge on a solid shape is a line where two faces meet. 


The tricky thing about finding the total edge length of a solid, is making 
sure that you include each edge length only once. 


Find the total edge length of the rectangular prism shown. 


Solution re ins <oin., 
There are four edges around the top face: oa)! in. 
6+6+8+8=28 in. Ee 


The bottom is identical to the top, so this also has an edge length of 28 in. 
There are four vertical edges joining the top and bottom: 4 x 5 = 20 in. 


So total edge length = 28 + 28 + 20 = 76 in. 


When complex shapes are formed from simple shapes, some of the edges 
of the simple shapes might “disappear.” These need to be subtracted. 


A wedding cake has two tiers. The back and front views are shown below. 
The cake is to have ribbon laid around its edges. What is the total length 
of ribbon needed? 


Solution S omy 


Total edge length of the top tier: 15 cm 
(10 x 8) + (5 x 4) = 100 cm 


Total edge length of the bottom tier: 
(20 x 8) + (15 x 4) =220 cm 


But, two of the 10 cm edges on the top tier aren’t edges 
on the finished cake. You have to subtract these “shared” 
edge lengths from both the top and the bottom. 


Pear, Total edge length = top tier edge lengths 
alae | + bottom tier edge lengths — (2 x shared edge lengths) 
= 100 + 220 -(2 x 10 x 2) = 280 cm 
So 280 cm of ribbon is needed. 
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Don't forget: 


All the edges on a cube are 
the same length. 


Don't forget: 


To find the surface areas of 
the prisms, first draw the nets: 


Big prism: 
Surface area = 2(16 x 2) + 
2(16 x 8) + 2(8 x 2) = 352 cm? 


Small prism (actually a cube): 
1x 1x 6=6 cm? 


&% Guided Practice 


A display stand is formed from a cube and a rectangular prism. 


1. Find the total edge lengths of the cube and S3'6in 

rectangular prism before they were joined. 24 in. 

2. Find the total edge length of the display stand. [re in. 
24 in. 


Break Complex Figures Up to Work Out Surface Areauus 


You work out the surface areas of complex shapes by breaking them into 
simple shapes and finding the surface area of each part. 


The place where two shapes are stuck together doesn’t form part of the 
complex shape’s surface — so you need to subtract the area of it from 
the areas of both simple shapes. 


What is the surface area of this shape? 


Solution 


The complex shape is like two 
rectangular prisms stuck together. 
You can work out the surface area 
of each individually, and then add 
them together. 


But the bottom of the small prism is covered up, as well as some of 
the top of the large prism. So you lose some surface area. 


The amount covered up on the big prism must be the same as the amount 
covered up on the small prism. 


So you have to subtract the area of the bottom face of the small 
prism twice — once to take away the face on the small prism, and once 
to take away the same shape on the big prism. 


The surface area of the big prism is 352 cm’. 
The surface area of the small prism is 6 cm’. 
The surface area of the bottom face of the small prism is 1 em/’. 


Total surface area = surface area of big prism + surface area of small 
prism — (2 x bottom face of small prism). 


So the surface area of the shape is 352 + 6 — (2 x 1) = 356 cm’. 
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(% Guided Practice 


In Exercises 3—5, suggest how the complex figure could be split up 


into simple figures. 

3: E 4, 

In Exercises 6—7, work out the surface area of each shape. 
Use m = 3.14. 


6. 


3 yd 


l yd] 


4 yd 


“i yd i “20 in. 


Tyd 
VA Independent Practice 
A kitchen work center is made from two rectangular 5 ee =o ft 
prisms. It is to have a trim around the edge. 3 ak 
Don't forget: 1. Find the total edge length of each of the 


The edges that “disappear” prisms separately. 


STI COMPU Staats 2. Find the length of trim needed for the work center. 
formed are lost from both 


prisms. Work out the surface areas of the shapes shown in Exercises 3-6. 
Use m = 3.14. 
«12 in. sO yd 


3. 4. 10yd 
Now try these: ; Ml 
24 in. 


Lesson 7.1.4 additional . 20 yal 
questions — p466 fie aoa 10 yd 
Din 2 15 yd 


Total height of shape = 26.6 yd 


7 A 


hs ft 


a 


10 ft 


Total height of shape = 24.9 ft 
Round Up 
So to find the total edge length of a complex shape, first break the shape up into simple shapes. 
Then you can tind the edge length of each piece separately. But then you have to think about which 
edges “disappear” when the complex shape /s made. The surface area of complex shapes /s found 
the same way. Remember — the edge lengths and surface areas that “disappear” need to be 
subtracted twice — once trom each shape. 
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Lines and Planes in Space 


Imagine two endless, flat sheets of paper in space. Unless they are 


California Standards: parallel to each other, they'll end up meeting sooner or later. Planes 
eee ae are similar to these endless sheets of paper — except they can pass 
ideph Ae through one another. This Lesson’s about all the different ways that 
dentify elements of three- . 
dimensional geometric lines and planes can meet. 
objects (e.g., diagonals of 
rectangular solids) and F E 
describe how two or more Planes and Lines Can Meet in Different Ways 
objects are related in space . 
(e.g., skew lines, the Planes are flat 2-D surfaces in the 3-D world. They go on forever. 
possible ways three planes : . : : : 
might intersect). Lines are 1-D shapes in a 2-D plane. They extend forever in both directions. 
What it means for you: There are three ways for a line and a plane to meet: 
This Lesson is all about the ; ; ; 
different ways planes and 1. The line might rest on the plane, so every point of 
lines can be arranged in the line is touching the plane. 
space. 
2. The line might pass through the plane — so it intersects the plane. 
3. The line might intersect the plane at a right angle to it. 
Key words: In this case, the line is perpendicular to the plane. 
* coplanar 
¢ skew lines 


* perpendicular 
* intersects 


Say how each line relates to the plane. 


> fi 


Solution 
A. The line intersects the plane. 
Part of it is above the plane and part of it is below the plane. 


B. The line rests on the plane. Every point on the line touches the plane. 


C. The line intersects the plane at right angles to it. 
So the line is perpendicular to the plane. 


&% Guided Practice 


In Exercises 1—6, say how each line relates to the plane. 
; ny ; y 4 ; y A 
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Lines Can Be Coplanar or Skew 


Two lines are coplanar if there is a plane that they both lie on — 

imagine trying to hold a giant piece of paper so that both lines lie on it. 

Lines that intersect or are parallel are always coplanar — there’s 
Check it out: always one plane on which they both lie. 


Parallel lines go on forever If two lines neither intersect nor are parallel, they’re skew. 


and never meet — they : ; : 
always have the same slope. This means there’s no plane that they both lie on. 


eE 


Say whether each pair of lines is coplanar or skew. 
Explain your answers. 


A. B. t. 
7 > 
i E. it 
a 
Solution 
A. The lines never intersect and aren’t parallel. You can’t find a 


single plane that both rest on. That means they aren’t coplanar. 
So they are skew lines. 


B. The lines are parallel. That means they are coplanar. 
Both lines rest on the plane at the back of the diagram. 


C. The lines intersect. That means they are coplanar. 
They both rest on the plane at the back of the diagram. 


(% Guided Practice 


In Exercises 7-10, say whether each statement is true or false. 
If it is false, explain why. 

7. All lines are either coplanar or skew. 

8. Skew lines can be drawn on the coordinate plane. 

9. Lines that intersect are always coplanar. 

10. Lines that don’t intersect are never coplanar. 


Exercises 11—12 are about the lines shown on the right. 
11. How many lines are skew with the 

blue line? yy, 
12. How many lines are coplanar with the 

red line? 


Planes Can Meet in Different Ways Too 


Two planes are parallel if they never meet. 


If they do meet, then the two planes are intersecting. Intersecting planes 
look like one plane going through another. Planes are perpendicular if 
they make a right angle where they meet. 
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Say whether the planes in each pair are parallel or intersecting. 


A. B. CG 


Solution 
A. The planes are parallel. They never touch. 


B. The planes intersect — one goes through the other. 


C. The planes intersect — one goes through the other. They make a 
right angle where they meet, so they are perpendicular planes. 


When two planes intersect, they always meet along a line. 

When three planes all intersect at the same place, they can either meet 
along a line or at a single point. 

Example ; 4 


Say if each of these sets of planes intersect, and if so whether they meet 
along a line or at a point. 


A. B. ae 


Solution 
A. The planes all intersect. They meet along a line. 
The line is shown vertically down the middle of the picture. 


B. The planes all intersect. They meet at a point. 
The point is at the centre of the picture. 


C. The planes do not all intersect. 
The blue plane never intersects with the red plane (they’re parallel). 


&% Guided Practice 


In Exercises 13-18, say whether the planes meet, and if so describe how. 


14. 
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Now try these: 


Lesson 7.1.5 additional 
questions — p467 


Round Up 


18. 


Fill in the missing words in Exercises 19-21. 

19. Planes that never touch are , 

20. Two intersecting planes always meet along a : 
21. Three intersecting planes meet either along a or 
ata 


{% Independent Practice 


In Exercises 1-5, say whether each statement is true or false. 

If any are false, explain why. 

1. When a line goes through a plane, it is said to be perpendicular to 
the plane. 

2. Skew lines never lie on the same plane. 

3. Two lines are coplanar if they both intersect the same plane. 

4. If two planes aren’t parallel, then they meet along a line. 

5. Three planes always all meet each other at a line or a point unless 
they’re all parallel to each other. 


In Exercises 6—8, say how each line relates to the plane. 


Exercises 9-11 are about the lines shown on the 
right. 

9. How many lines are coplanar with the 

red line? 

10. How many lines are coplanar with the 


green line? 
11. How many lines are skew to the blue line? 


In Exercises 12—14, identify whether the planes meet and if so say 


how. 
12. 13. 14. 


It’s hard to imagine the 2-D drawings in 3-D with lines and planes that go on forever. You've got to 
try to visualize the planes and lines intersecting in space — then youll be most of the way there. 
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Section 7.2 introduction — an exploration into: 


Build the Best Package 


When companies design packaging, they often aim to maximize volume and minimize the 
amount of material used, so that they spend as little money on It as possible. !n this Exploration 
you ll be asked to design the best package when given specitic volume requirements. 


To find the amount of material needed to make a box, you calculate its surface area. 


The net on the right can be folded to make a rectangular prism. 
Calculate the surface area and volume of the prism. 


Solution 
The surface area is the total area of all the faces. 


There are four 6 cm by 2 cm faces, and two 2 cm by 2 cm faces. 
So, surface area = 4 x (6 x 2) +2 x (2x 2)=48+ 8 = 56 cm’. 


The net folds up to make the rectangular prism on the right. => 
Volume = length x width x height 
=6x2x2=24 cm’ 


2cm 


Ve Exercises 


1. Calculate the volumes and surface areas of the rectangular prisms that can be made from 
these nets. Record your calculations in a copy of the table below. 


A B a D 2cm 
er 4cm 
8cm 


nee (ET (EE 
Cc 
D 
a a 


2. Is it possible to build packages with the same volume using 
different amounts of material? Explain your answer. 


3. Design and construct a box that has a volume of 24 cm? and uses the least material possible. 
The length, width, and height of the package must be whole numbers. 


Round Up 


Volumes and surface areas of rectangular prisms depend on the dimensions — they don't always 
increase together. You can change volume without changing surface area, and vice-versa. 


KYxas9 Section 7.2 Exploration — Build the Best Package 


California Standards: 


Measurement and 
Geometry 2.1 

Use formulas routinely for 
finding the perimeter and 
area of basic two-dimensional 
figures and the surface area 
and volume of basic three- 
dimensional figures, 
including rectangles, 
parallelograms, trapezoids, 
squares, triangles, circles, 
prisms, and cylinders. 


Mathematical Reasoning 
2.2 

Apply strategies and 
results from simpler 
problems to more complex 
problems. 


Mathematical Reasoning 
3.2 

Note the method of deriving 
the solution and 
demonstrate a conceptual 
understanding of the 
derivation by solving 
similar problems. 


What it means for you: 
You'll be reminded what 
volume is, and then see how 
you can work out the volume 
of prisms and cylinders. 


Key words: 


* volume 

* cubic units 
* prism 

* cylinder 


Don't forget: 


Cubic units can be written as 
unit? — so cubic yards can be 
written as yd’. 

You multiply three length 
measurements, such as 
length, width, and height, to 
get a volume, so that’s why 
volume is measured in unit’. 


Section 7.2 
Volumes 


The volume of a 3-D object, like a box, a swimming pool, or a can, /s a 
measure of the amount of space that’s contained inside it. Volume is 
measured in units like cubic feet (ft?) or cubic centimeters (cm). This 
Lesson, you'll learn how to tind the volume of prisms and cylinders. 


Volume Measures Space Inside a Figure 


The amount of space inside a 3-D figure is called the volume. 


Volume is measured in cubic units. One cubic unit is the 
volume of a unit cube — a cube with a side length of 1 unit. Hh 
1 


The number of unit cubes that could fit inside a solid shape 
and fill it completely is the volume in cubic units. 


4 unit cubes 


& unit cubes Volume = & cubic units 


A unit cubes Z 


The Volume of a Prism is a Multiple of its Base Area 


You can work out the volume of a prism from the area of its base. 


- 


Base Height = 2 units 


Height = 3 units 
Height = 1 unit - = 


The base is made of 5 unit squares. So it has an area of 5 square units. 


When the prism’s height is 1 unit, it has a volume of 5 cubic units 
because it would take 5 unit cubes to make it. 


When the prism’s height is 2 units, it has a volume of 10 cubic units 
because it would take 10 unit cubes to make it. 


When the prism’s height is 3 units, it has a volume of 15 cubic units. 


Every time you increase the height by 1 unit you add an extra 5 unit cubes. 


(&% Guided Practice 


1. The figure on the right is constructed from unit 
cubes. What is its volume? 


A prism is one yard high. It has volume 4 yd’. 
2. What is the area of the prism’s base? 
3. A prism with an identical base has a volume of 


16 yd*. How tall is this prism? 
Section 7.2 — Volume 


Area Formulas Help Work Out the Volume of a Prisiiias 


When you count the number of unit cubes that make a shape, you find the 
number of unit cubes that make up the base layer, and multiply it by 
the height in units. 


You can’t always count the number of unit cubes that are inside a shape, 
because not all shapes can fit an exact number of unit cubes inside 
them. Instead you can work out the volume of any prism by multiplying 
the area of the base by the height. 


What is the volume of this prism? 


Solution 


The base of this prism is a triangle. 
So use the area of a triangle formula 
to work out its area. 


2 in. 


Don't forget: 


The height you use to work 
out the area of the base is the 
height of the base triangle. 
The height you’re using when 
you work out the volume of 
the prism is the height of the 
prism itself. 


Area of base = 5 bh = 5X2 x 3 =3 in’. 
Then just multiply that area by the height of the prism. 


Volume of prism = base area x height = 3 x 7 = 21 in’. 


It doesn’t matter if the prism looks like it is lying down — the same 
method of finding volume can still be used. 


What is the volume of this prism? 


Check it out: Solution 


You’ve done dimensional 
analysis before — it’s where 
you check that the units of 
your answer match the units 
you should get. When you’re 
figuring out volumes, the 
answer should always be in 
units cubed — like cm°, m°, 
ft8, or yd°. 


Treat the triangle as the base of the prism, 
and the length of 5 yards as the height. 


1 yd 


The base is always the shape that is 
the same through the entire prism. 


Area of base = 5 bh = XIX 2=1y@. 


So, volume of prism = base area x height = 1 x 5=5 yd’. 


Section 7.2 — Volume 


Don't forget: 


Make sure you use the radius 
of the circle in the area 
formula and not the diameter. 
If you’re given the diameter, 
you need to halve it to find the 
radius first of all. 


Check it out: 


It doesn’t matter which 
dimensions you use as width, 
height, or length — you can 
multiply them in any order. 


&% Guided Practice 


Work out the volumes of the figures in Exercises 4—6. 
4. il ft 5h 


Find the Volume of a Cylinder in the Same Way 


Circular cylinders are similar to prisms — the only difference is that the 
base is a circle instead of a polygon. So you can work out the volumes of 
cylinders in the same way as the volumes of prisms — by multiplying the 
base area by the height. 


You use the area of a circle formula to get the base area of a cylinder. 


What is the volume of this cylinder? Use m = 3.14. 


Solution 15 cm 


Area of base = tr’ =1 x 4 = x 16 = 50.24 cm’. 
Height = 15 cm, so volume of cylinder = 50.24 x 15 = 753.6 cm’. 


& Guided Practice 


Work out the volumes of the figures in Exercises 7-9. Use m = 3.14. 
ais 4 in. 8. 1 vd 9, 


ft in. f yd WZ 


Rectangular Prisms and Cubes are Special Cases 


The area of the base of a rectangular prism is length (2) x width (w). 
If you multiply that by height to get the volume then you get 
Volume = length (J) x width (w) x height (h) 


¥ rectangular prism) = ton TT! 
ane 
i WwW 


4 


Example 


[s fi 


Fx i 


What is the volume of this rectangular prism? 


Solution 
Volume = /wh = 13 x 20 x 6 = 1560 ft’. 


13 ft 


Section 7.2 — Volume il 


All sides of a cube are the same length. For a cube with side [s 
length s, the base area is s x s = s’, and the height is also s, so 
the volume is s? x s =s°. 


V (cube) = 53 where s is the side length. 


What is the volume of this cube? 


Solution b = 
Volume = s* = 7? = 343 in’. 


&% Guided Practice 


Work out the volumes of the figures in Exercises 10-12. 
Figures with only one side length shown are cubes. 


10. 11. i~ e, 
ore " " 
—— y 

8 cm 2cm 


5 yd 


ive Independent Practice 


1. The figure on the right is constructed 
from cubes with a volume of 1 in’. 
What is its volume? 


2. How many unit cubes can you fit 
inside a figure with dimensions 
3 units x 3 units x 5 units? 


3. What is the volume of the prism 
shown on the right? 


4. A cylinder of volume 32 in? is cut Base Area= S00 ft’ — Height = 70 ft 
in half. What is the volume of each half? 


Work out the volumes of the figures shown in Exercises 5—7. 
Now try these: Use m = 3.14. 


Lesson 7.2.1 additional 5 
questions — p467 ; 


6. 5 i 


7 im. P 
8 cm]} 


BA cm 
10 cm 


8. What is the volume of a cube with side length 3 yd? 


= <a 
Sin, 2 in. 


Round Up 


Volume is the amount of space inside a 3-D figure, and it’s measured in cubed units. For cylinders 
and prisms, you can multiply the base area by the height of the shape to find the volume. 


Section 7.2 — Volume 


California Standards: 


Algebra and Functions 3.2 


Plot the values from the 
volumes of three- 
dimensional shapes for 
various values of the edge 
lengths (e.g., cubes with 
varying edge lengths ora 
triangle prism with a fixed 
height and an equilateral 
triangle base of varying 
lengths). 


Mathematical Reasoning 2.3 


Estimate unknown 
quantities graphically and 
solve for them by using logical 
reasoning and arithmetic and 
algebraic techniques. 


What it means for you: 
You'll plot graphs to show 
how volume changes as the 
dimensions of different 
shapes change. You'll also 
use graphs to estimate the 
dimensions of shapes with 
given volumes. 


Key words: 


* approximately 
* volume 


Don't forget: 


= means “is approximately 
equal to.” You can use it 
when you know that the 
answer is near to a number 
but you don’t know exactly 
what the answer is. 


Graphing Volumes 


In Section 5.4, you saw the graphs of y = nx? and y = nx°. When you 
graph volume against the side length of a cube, or against the radius 
of a cylinder, you get these types of graphs too. 


The Volume of a Cube Makes an x* Graph 


If you increase the side length of a cube, the cube’s volume increases. 
You can plot a graph to see exactly how volume changes with side length. 


The volume of a cube with sides of length s is given by V=s°. The first 
step in plotting a graph is making a table of values. 


Plot these points 


’ . 3 ee) 
s (units) | V (units®) ona graph — put V (units’) 
the s-values onthe ‘70 
X-axis. 
Join the points 60 
with a smooth 50 
curve. ; 
oS 40 y=% 
30 


The graph shows that V goes steeply 4 


upward as s gets bigger — it’s the 10 


y =x} graph that you’ve seen before. s (units) 


The graph can be used to find the volume 
of other size cubes without doing any 
multiplication. 


Using the graph, approximately what is the volume of a cube with side 
length 3.3 cm? 


Solution Vx 36cm 


Reading off the graph, when s = 3.3 cm, 
V = 36 cm’. 


So the volume of a cube with side 
length 3.3 cm is approximately 
36 cm’. 


Section 7.2 — Volume 


Don't forget: 


See Lesson 5.4.1 to remind 
yourself about graphing 
y = nx’ equations. 


Check it out: 

Volume graphs are only 
drawn for positive values — 
you can’t have negative 
lengths or volumes. 


Section 7.2 — Volume 


You can also use the graph to find the side length of a cube if you know the 
volume. 


What is the side length of a cube with volume 15 cm?? 
V (cm’) 

Solution a0 

Reading from the graph, 30 


= a Ge 
when V = 15 cm’, s = 2.5 cm. 20 


So, a cube with volume 15 em? V = 15 cim---4---- 


has a side length of 10 


s (cm) 
approximately 2.5 cm. 


| 


6x2.5cm 


(% Guided Practice 


1. If volume was plotted against side length, with side length along the 
x-axis, explain how you would find the volume of a cube of side 4 m. 


2. A cube has a volume of 20 ft?. Use the graph of volume against 
side length to find the approximate length of each edge of the cube. 


You Can Graph the Volume of Prisms and Cylinders | 


You can graph the volumes of prisms and cylinders as one of their 
dimensions, such as height, changes. The rest of the dimensions have to 
be kept the same. 


Graph the volume against the radius of cylinders of height ; cm. 
Solution 
The volume of a cylinder is V = 17°h. 


; ‘ 1 ‘ 
So cylinders oo are , cm high V (cm’) 
have the volume 5 1 aa 40 
Make a table of values to plot: ra) @ 
30 


20 


Since the radius is squared in the 
formula for volume, you get a y = nx? r (cm) 
graph — which is a parabola. 


You can use the graph to find the volume of a cylinder of a given height if 
you know the radius, and you can find the radius if you know the volume. 


Example ; 4 


What radius of cylinder with height sem has a volume of 13 cm*? 


Solution 


V (cm’) 


Use the graph from Example 3. 


Reading from the graph, when 
V = 13 cm’, r= 2.8 cm. V=13cm 


So, a cylinder with height ; cm and a 


volume of 13 cm? has a radius of 


approximately 2.8 cm. 


&% Guided Practice 


3. Graph volume against radius for cylinders with height : units. 


4. Use your graph from Exercise 3 to estimate the radius of a cylinder 

with height = centimeters that has a volume of 30 cubic centimeters. 
t ft 

5. Graph the volume against ¢ for the figure shown. — 


. te t ft 
6. Use your graph from Exercise 5 to estimate the value fe 
of ¢ that makes a volume of 48 cubic feet. ai 


VA Independent Practice 
1. Graph volume against height for prisms with base area 6 units’. 
2. Graph volume against radius for cylinders with height 3 units. 


3. Use your graph from Exercise | to find the approximate height of a 
prism that has a volume of 10.5 cm? and a base area of 6 cm’. 


4. The building on the right is constructed from 7 cubes. 


Now try these: Each cube has a side length of s inches. Graph the 
Lesson 7.2.2 additional volume of the building against s. Use the graph to find 
sWeRions eee the side length of cubes needed for a building of volume 


36 cubic inches. 


Round Up 


If you increase the length of one of the dimensions of a 3-D figure, you increase its volume. You can 
use a graph to show the relationship between the length of a dimension and the volume. 

Next Lesson youll learn about similar solids — these are solids of different sizes, which have each of 
their dimensions in proportion with the corresponding dimensions on the other solids. 


Section 7.2 — Volume 


Section 7.3 introduction — an exploration into: 


Growing Cubes 


Cubes have a length, width, and height that are equal. When you change these dimensions, the 
volume and surface area also change. The goal of this Exploration is to tind out if changing the 
dimensions by a given amount produces a predictable change in the volume and surface area. 


To investigate this, you have to find the volumes and surface areas of some cubes of different sizes. 


A cube with a length, width, and height of 1 centimeter is shown on the right. 
Calculate its surface area and volume. 


Solution 
The surface area is the total area of all the faces. 
There are six 1 cm by | cm faces. So, surface area = 6 x (1 x 1) = 6 cm’. 


Volume = length x width x height 
=1x1x1=1cm> 


Ve Exercises 


1. Build the following with centimeter cubes. Calculate the surface area and volume of each 


and record them in a copy of the table shown. 
Cube dimensions | Scale Surface 
(cm) Factor area (cm?) 


original —1x1x1 


xa xee 


2x2x2cm 3x3x3cm Alse Abe Al ep SnGue 
cube cube cube 


. What is the volume of the original 1 x 1 x 1 cm cube multiplied by if the cube is enlarged 


by: 
a. a scale factor of 2? b. a scale factor of 3? c. a scale factor of 4? 


3. How are the scale factor and the number the original volume is multiplied by connected? 


. What is the surface area of the original cube multiplied by if the cube is enlarged by: 
a. a scale factor of 2? b. a scale factor of 3? c. a scale factor of 4? 


. What is the connection between the scale factor and the number the original surface area is 
multiplied by? 


. Predict the new volume and surface area if the original cube is enlarged by 
a scale factor of 5. 


7. Check your predictions by calculating the volume and surface area of a 5 x 5 x 5 cm cube. 


Round Up 


When the dimensions of a cube are increased, the surface area and volume always get bigger. 
The pattern’s more complicated than a linear change though. It involves square and cube numbers. 


kyZ/@ Section 7.3 Exploration — Growing Cubes 


California Standards: 


Measurement and 
Geometry 1.2 

Construct and read 
drawings and models made 
to scale. 


What it means for you: 
You'll learn about using scale 
factors to change the size of 

solid figures. 


Key words: 
* similar 

* congruent 

* corresponding 
* solid 

* scale factor 

* image 


Don't forget: 


For more about scale factors, 
and similar and congruent 
figures, look back at Lessons 
3.4.3 and 3.4.6. 


Section 7.3 . 
Similar Solids 


Applying a scale tactor makes an image of a shape that Is a different 
size trom the original — you saw this with 2-D shapes in Chapter 3. 
You can also use scale factors with 3-D shapes to produce similar 
solids of different sizes. 


Scale Factors Produce Similar Figures 


You’ve looked at the effect of scale factors on 2-D shapes. You’re going 
to review this before seeing how scale factors affect 3-D shapes. 


Two shapes are similar if one can be multiplied by a scale factor 
to make a shape that is congruent to the other one. 


Two shapes are congruent if they're exactly the same 

— if all the corresponding sides and angles are equal. 
Similar shapes have corresponding angles that are equal. Also, any 
length in one shape is equal to the scale factor times the corresponding 
length in the other shape. 


The angles are all 90° 
ian Scale factor = 2 aes in both shapes. 
The lengths are all twice 
> 
2cm as big in the larger shape. 
4cm 


Triangle ABC is multiplied by a scale factor of 3 to make triangle DEF. 


Find the measures of all the A D 
sides and angles of triangle 
DEF. The triangles are not 
drawn to scale. 


Solution 

D corresponds to A, so angle D measures 60°. 
E corresponds to B, so angle E measures 40°. 
F corresponds to C, so angle F measures 80°. 


To find the side lengths of DEF, multiply the side lengths of ABC by the 
scale factor. 


length of DE = 3 x (length of AB) =3 x 11.4 cm = 34.2 cm 
length of EF = 3 x (length of BC) = 3 x 10 cm =30 cm 
length of DF = 3 x (length of AC) =3 x 7.4 cm = 22.2 cm 


(&% Guided Practice 
= 
5 in. 
—=—> 


Rectangle Q is multiplied by a scale 
factor of 4 to give the image Q'. 

1. How long is the side marked a? 
2. How long is the side marked b? 


Section 7.3 — Scale Factors 


Don't forget: 


When you transform any 
figure, including changing the 
size by a scale factor, the new 
figure is called the image. 
The image of A is often called 
A' (read as “A prime’). 


Check it out: 


You could also have used the 
corresponding lengths 3 cm 
and 9 cm to find the scale 
factor. 


3. Which of the quadrilaterals below is similar to S: T, U, or V? 


3.1.cm 6.2 cm 6.2 cm 6.2 cm 


3-D Figures Can Be Multiplied by Scale Factors 


If you multiply a 3-D figure by a scale factor you get a similar figure. 


Just like with 2-D shapes, corresponding angles in similar 3-D shapes have 
equal measures. And like 2-D shapes, you multiply any length in the 
original by the scale factor to get the corresponding length in the image. 


A and A' are similar. Find x. 


A 
Solution 36m 
First you need to find the scale factor. Aan 


The lengths in the original are multiplied 
by the scale factor to get the lengths in 
the image. 


The length of 15 cm in A' corresponds 

to the length of 5 cm in A. 

Rearranging the formula above gives: 

Scale factor = length in A' + length in A x om 
=13 om +3cm 
= 


The length of x cm in A' corresponds 
to the length of 4cminA. 


Length in A' = scale factor x length in A 
xem=3x4cm 
x=12 


Section 7.3 — Scale Factors 


Check it out: 


Be careful when you use this 
formula to check if figures are 
similar. You must make sure 
that you are comparing 
corresponding lengths. 


(&% Guided Practice 


Use the equation to find the scale factor that has been used to produce 
the image in each of the following pairs of similar solids. Find the 
missing length, x, in each pair. All lengths are measured in cm. 


6. C TD 


3. B 
3 
3 x 
B' 
[TI 
i =a 


8. E a: 
Ch 
it 


E' 
38.4 aal A : | 
AG 9 13 a tes rt Ais 
30.3 : 11.8 


You Can Check Whether Two Solids are Similar 


You need to check that all the lengths have been multiplied by the same 
scale factor, and that the corresponding angles are the same. 


Are these rectangular prisms similar? B B 
Solution Toad 3 2 5 


If the figures are similar, then all the 
lengths will have been multiplied by the same scale factor. 


scale factor = length in image ~ length in original 


Start with the shortest edge length: 2° 1=2 
Then the next shortest edge: 4+2=2 
And last, the longest edge: 6+3=2 


The scale factors are all the same, and all the angles are 90° in each, so 
the figures are similar. 


B has been enlarged by scale factor 2 to make the image B'. 


Section 7.3 — Scale Factors 


Vac 


Now try these: 


Lesson 7.3.1 additional 
questions — p468 


Round Up 


uided Practice 


In each set of solids below, say which of the numbered figures is 
similar to the first figure, and what scale factor created the image. 
The figures are not drawn to scale. All lengths are measured in cm. 


| @ PS) 


a ____ a 
5 10 


(% Independent Practice 


Copy the following sentences and fill in the missing words: 


13. M 


Se A ee 
10 


1.A scale of 1 produces an image that is the same__.. 

2, The will be than the original if the scale factor is 
between 0 and 1. 

3.Ifthe scale factoris____—_—_1, the image is bigger than the 


Mr. Freeman’s history class made a model pyramid, shown below. 
The class makes a second pyramid, which is twice the size of the first. 
4. What is the height of the second model? 


The class builds a third model, which is NN 
3 times the size of the second one. es 

5, What is the height of the third model? ea en 
6. How long is the base of the third model? oem 

7. What can you say about the angles in all three models? 


0.34 m 


8. What scale factor has been 


H used to produce the image H' 
6.5 tt H! from prism H? 
ae ZL, 9. What is the length marked a? 


3.9 ft °ft 10. What is the length marked b? 


Applying scale tactors to solid shapes changes their size — and therefore their surface area and 
volume. You'll see exactly how surface area and volume are attected by scale factors next Lesson. 


Section 7.3 — Scale Factors 


California Standards: 


Measurement and 
Geometry 1.2 

Construct and read 
drawings and models made 
to scale. 


Measurement and 
Geometry 2.1 

Use formulas routinely for 
finding the perimeter and 
area of basic two-dimensional 
figures and the surface area 
and volume of basic three- 
dimensional figures, 
including rectangles, 
parallelograms, trapezoids, 
squares, triangles, circles, 
prisms, and cylinders. 


Measurement and 
Geometry 2.3 

Compute the length of the 
perimeter, the surface area 
of the faces, and the 
volume of a three- 
dimensional object built 
from rectangular solids. 
Understand that when the 
lengths of all dimensions 
are multiplied by a scale 
factor, the surface area is 
multiplied by the square of 
the scale factor and the 
volume is multiplied by the 
cube of the scale factor. 


What it means for you: 
You'll find out the effect that 
applying scale factors has on 
the surface area and volume 
of a3-D figure. 


Key words: 


* scale factor 
° area 

* volume 

* square 

* cube 


Surface Areas & Volumes 
of Similar Figures 


You've seen already how applying a scale factor affects the perimeter 
and area of 2-D figures. Well, when you multiply a solid figure by a 
scale factor, the surface area and the volume are changed. [t's not 
surprising really — bigger shapes have bigger surface areas and 
volumes. This Lesson looks at exactly how they change. 


Area is Multiplied by the Square of the Scale Factor 


Here, rectangle A is enlarged by a scale 


When a 2-D figure is multiplied by a scale factor, the area gets multiplied 
factor of 3 to give the image A’. 
The area of A is Iw. 


by the square of the scale factor. l 31 

3w 
The area of A' is 3/ x 3w = 9Iw. - 3 
The side lengths in the image are 3 times greater a 


than the original, but the area of the image is 
3 x 3 = 9 times greater. 


cm 


Figure B is multiplied by a scale 5 
factor of 3 to produce the image B'. : 
Find the area of figure B. es 


6 
Use the area of B and the scale = 
factor to find the area of B'. 2cm 


18cm 


eee 


6cm 


Solution 
B is made up of 2 rectangles, each measuring 2 cm by 6 cm. —— 
2x (2x 6)=2 x 12=24 cm’ 


area of B x (scale factor) 
= 24 cm? x 3? 
= 24 cm? x 9 = 216 cm? 


Check: Area of B'= 2 x (6 x 18) =2 x 108 = 216 cm? — Correct 


So the area of B is: 


The area of B' is: 


(% Guided Practice 


Ignacio draws a figure with an area of 5 in’. Find the area of the 
image if Ignacio multiplies his figure by the following scale factors: 


i 2. 10 3.6 4. : 


Section 7.3 — Scale Factors 


Don't forget: 

The formula for surface area 
of a cylinder in Example 2 
uses the formulas for area 


and circumference of a circle. 


They are: A=? 
C =2nr 
where r is the circle’s radius. 


Remember — the length of 
the rectangle (J) that is used 
to find the “lateral area” is 
equal to the circumference of 
the base circles. See Lesson 
Toilash: 


Surface Area is Multiplied by the Scale Factor Squared | 


Figure B from Example | is the net 6 cm 

of a2 cm cube. The surface area of the 5| 

cube is the same as the area of the net. “ 2 ay 

The image B' is the net of a 6 cm cube. Ped 9 om| 

A 6 cm cube is what you get if you multiply ‘lH! ee 
2cm 2em 2om 


a 2 cm cube by a scale factor of 3. 


So, if you multiply a cube by a scale factor, the surface area is multiplied 
by the square of the scale factor. This is true for the surface area of any 
solid. 


Cylinder C' is an enlargement of cylinder C by a scale factor of 2. 


Find the surface area of cylinder C. C 
Use the surface area of C andthe scale C in. 
factor to find the surface area of C’. 
Use 1 = 3.14. 


Solution 


First find the surface area of C: 
Area = (2 x base area) + lateral area 
= (2 x mr’) + (2mr x h) 
= (2 x 3.14 x 3) + (2x 3.14x3 x 5) 
= 56.52 + 94.2 
= 150.72 in’ 


To find the surface area of C', just multiply the surface area of C by the 
square of the scale factor: 


A= 150.72 x 2? = 150.72 x 4 = 602.88 in’ 
You can calculate the surface area of cylinder C' to check the answer: 
A= (2 x mr’) + (2mr x h) 
=(2 x 3.14 x 6*) + (2 x 3.14 x 6 x 10) 
= 226.08 + 376.8 = 602.88 in? — Correct 


& Guided Practice 


5. What is the surface area of the prism on the left? 


Find the surface area of the image if this figure is 
2cm as 
Z, _ multiplied by: 
3cm 
4cm 6. Scale factor 3 7. Scale factor 4 


8. Find the surface area of the triangular prism on the “so 


Calculate the surface area of the image if this at 5 ft 
figure is multiplied by: 
9. Scale factor 2 10. Scale factor : ot 


Section 7.3 — Scale Factors 


Volume is Multiplied by the Cube of the Scale Factor 


D ms Cube D is a unit cube. Its volume is 1 cubic unit. 


D is multiplied by scale factor 2 to get D'. 
mat Cube D' has a volume of 8 cubic units. 
D Multiplying by scale factor 2 increases the volume of 
D by 23 = 8 times. 


D is multiplied by scale factor 3 to get D". 
Dp The volume of D" is 27 cubic units. 
Multiplying by scale factor 3 increases the volume of 


D by 33 = 27 times. 


When you multiply any solid figure by a scale factor, the volume is 
multiplied by the cube of the scale factor. 


This works for any solid figure. 


Prism E' is an enlargement of prism E by a scale factor of 3. 


Find the volume of E. = 30 m 
Use the volume of E and the scale SS 
factor to find the volume of E'. 


18m 


Solution 
First find the volume of E: 


V = area of base x height 


= (5 x base of triangle x height of triangle) x height of prism 


=(5 x 105) x6 
=25 x 6= 150 m 


To find the volume of E', multiply the volume of E by the cube of the 
scale factor: 


V = 150 x 33= 150 x 27 = 4050 m? 
You can calculate the volume of E' to check the answer: 
V= (5 x base of triangle x height of triangle) x height of prism 
=(5 30x 15) x 18 
= 225 x 18 = 4050 m? — Correct 


Section 7.3 — Scale Factors 6 6 


(% Guided Practice 


11. What is the volume of this prism? 


Find the volume of the image if this figure is 


multiplied by: mia 
12. Scale factor 2 13. Scale factor 3 Ain 
5 in. 
14. Calculate the volume of this cylinder. 
Use 3.14 for 7. 
Find the volume of the image if this figure is 
NK multiplied by: ; 
15. Scale factor 2 16. Scale factor a 


ive Independent Practice 


Find: 

1. The surface area of this prism. 

2. The surface area of the image, if the aici 

prism is multiplied by a scale factor of 2. ag 


3. The volume of this prism. 
4. The volume of the image, if the prism is 
multiplied by a scale factor of 2. 


Calculate: 

5. The surface area of this prism. 

6. The surface area of the image, if the prism is 
multiplied by a scale factor of 3. 

7. The volume of this prism. 

8. The volume of the image, if the prism is 
multiplied by a scale factor of 3. 


9. The surface area of a cube is 480 cm’. The cube is enlarged by a 
scale factor of k. What is the surface area of the new cube? 


10. A pyramid has a volume of 24 cm’. If you double all the dimensions 
of the pyramid, what will be the volume of the new pyramid? 
Now try these: 


Lesson 7.3.2 additional 
questions — p469 


11. A scale factor enlargement of a cylinder is produced. The surface 
area of the image is 9 times the surface area of the original. 

The base of the original cylinder has a radius of 5 in. 

What is the radius of the base of the image? 


12. A scale model of a building has a surface area of 6 ft’. 
If the real building has a surface area of 600 ft’, what scale factor has 
been used to make the model? 


Round Up 


One way to remember how scale factor affects surface area and volume /s to think about the units 
you use to measure them. Surface area /s given in square units like rr” or it”, so the scale factor /s 
squared, Volume /s given in cubic units like cr? or ft°, so the scale factor /s cubed. 


Section 7.3 — Scale Factors 


California Standards: 


Measurement and 
Geometry 2.4 

Relate the changes in 
measurement with a change 
of scale to the units used 
(e.g., Square inches, cubic 
feet) and to conversions 
between units (1 square 
foot = 144 square inches or 
[1 ft?] = [144 in?], 1 cubic 
inch is approximately 16.38 
cubic centimeters or [1 in*] 
= [16.38 cm*]). 


What it means for you: 
You'll learn how to convert 
between different units of 
area and volume. 


Key words: 


° area 
* volume 
* square 
* cube 


Don't forget: 


For a reminder of how to use 
conversion factors, see 
Lesson 4.2.3. 


Check it out: 

Another way to do this 
conversion is to multiply the 
area measurement by a 
conversion fraction equal to 1. 
This method involves 
dimensional analysis and was 
explained in Lesson 4.3.4. 


1m? 500 » 


500 = 

or omaoeat © 10'00 
= 0.05 m? 

conversion fraction 


Changing Units 


You wouldn't measure the area of a country in cr’ — kn would be a 
better unit to use. Similarly, you wouldnt measure the volume of a 
die in mP. That's why this Lesson’s about converting units of area 
and volume — so you can keep your answers in a sensible range. 


You Can Convert Between Units of Area 


You’ve seen that: 1 foot = 12 inches 


So | foot is 1 inch multiplied by a scale factor of 12. 
If you multiply a 1 inch square by scale 


factor 12, you get a 1 foot square. tft 

So the area 1 ft? 
= | in? x 12? 1ft 12in. 
= | in’ x 144 
= 144 ir’ 


You can do the same with metric units: 1 meter = 100 centimeters 
So 1 mis 1 cm multiplied by a scale factor of 100. 
So: 1 m’?=1 cm’ x 100? = 1 cm? x 10,000 = 10,000 cm? 


1 m? = 10,000 cm? is a conversion factor, which you can use to change 
m’ to cm’, or cm’ to m’. 


A cube has a surface area of 500 cm*. What is this surface area in m7? 


Solution 
10,000 


1 m’ = 10,000 cm”, so the ratio of cm’ to m? is 10,000 : 1 or a 


Write a proportion where there are x m? to 500 cm*: 10,000 _ 500 
1 x 


Cross multiply and solve forx: 10,000 x x =500 x 1 
10,000x = 500 
x = 500 = 10,000 = 0.05 


The surface area of the cube is 0.05 m7. 


(% Guided Practice 


In Exercises 1—3, convert the areas to cm’. 
1.3 mm 20.250 3. Ls 


In Exercises 4—6, convert the areas to ft’. 
4. 72 in?’ 5. 864 in? 6. 252 in’ 


Section 7.3 — Scale Factors 


7. Luisa makes a scale drawing of a park. The drawing has an area of 
240 in’. What is the area of the drawing in ft?? 


8. TJ buys 1.2 m? of fabric to make a Halloween costume. 
What is this area in cm”? 


You Can Convert Between Metric and Customary Units 


You can convert areas between the metric and customary systems: 


lin =2.54 cm 
So 1 in? =2.54 cm x 2.54 cm = 6.45 cm? 


1ft =0.3m 
So 1ft? =0.3mx0.3m=0.09 m? 


A cube has a surface area of 500 cm?. What is this surface area in in?? 


Solution 
6.45 


1 in? = 6.45 cm/?, so the ratio of cm? to in? is 6.45 : 1 or = 


Write a proportion where there are x in’ to 500 cm*: 6.45 __ 500 
1 x 


Cross multiply and solve for x: 6.45 x x =500 x 1 
6.45x = 500 
x = 500 + 6.45 = 77.52 


The surface area of the cube is 77.52 in’. 
Don't forget: 


You should always check the 
reasonableness of your 
answers — this just means 
checking it’s about the right 


Check the reasonableness: | in’ is around 6.5 cm’, 
and 77.52 in? = 80 in. 80 x 6.5 = 520, so the answer is reasonable. 


size. 
% Guided Practice 
Don't forget: In Exercises 9-11, convert the following areas to in”: 
There are two ways you could 9. 12.9 cm? 10. 225 cm? 1. 92cm 
do Exercise 15 — either ; : 
convert ft? to m? first, then In Exercises 12-14, convert the following areas to m’: 
convert m? to cm’, or convert sit 13213280 14. 66.7 ft? 
ft? to in? then in? to cm?. ; ; 
You can do Exercise 16 in 15. What is 1 ft? in cm’? 
two ways also. You'll get : ee 
slightly different answers 16. What is 1 m? in in’? 


depending on which way 
around you do it — due to 
rounding errors. 


Section 7.3 — Scale Factors 


You Can Also Convert Units of Volume 


If you multiply a 1 inch cube by scale factor 12, 
you get a 1 foot cube. 


So, 1 ft? = 1 in’ x 12? = 1 in’ x 1728 = 1728 in? 


In the same way, if you multiply a 1 em cube by 
iinei kt scale factor 100, you get a 1 m cube. 


So, 1 m= 1 cm? x 100° = 1 cm? x 1,000,000 = 1,000,000 cm? 


A cylinder has a volume of 4 ft?. What is this volume in in*? 


Solution 

1 ft? = 1728 in’, so the ratio of in’ to ft? is 1728 : 1 or = 

Write a proportion where there are x in? to 4 ft?*: P28 oe 
1 4 

Cross multiply and solve for x: 1728 x4 =xx1 


6912 =x 
The volume of the cylinder is 6912 in*. 


Check the reasonableness: There are about 1700 in? in 1 ft?. 
1700 x 4 = 6800, so the answer is reasonable. 


You Can Also Convert Volume Units Between Systems 


You can convert volumes between the metric and customary systems: 


1 in = 2.54 cm 
So 1 in’ =2.54 cm x 2.54 cm < 2.54 cm = 16.39 cm? 
1ft =0.3m 


So 1 ft? =0.3 m x 0.3 m x 0.3 m= 0.027 m' 
Example ; 4 


A cylinder has a volume of 4 ft?. What is this volume in m*? 


Solution 
0.027 


1 ft? = 0.027 m’, so the ratio of m3 to ft? is 0.027 : 1 or a 


Write a proportion where there are x m? to 4 fe; 9.027 ae 
i 4 


Cross multiply and solve for x: 0.027 x4 =xx 1 
0.108 =x 


The volume of the cylinder is 0.108 m°. 


Check the reasonableness: There are about 0.03 m’ in 1 ft’. 
0.03 x 4= 0.12, so the answer is reasonable. 


Section 7.3 — Scale Factors 6a 


(% Guided Practice 


In Exercises 17—20, convert the areas to cm’. 


17. 10 mm’ 18.21.57 19. 8 in? 20. 14.3 in? 
In Exercises 21—24, convert the areas to ft’. 
ao 3} Fon 3} 3 3 
Chose weut: 21.2592 in 22. 1000 in 23. 135 ma 24. 5.8 m 
There are two ways you could 25. A building takes up a space of 20,000 m’. 
do Exercises 26 and 27. What is this volume in cm?? 
For Exercise 26, either 
convert from ft® to in? and then 26. What is 1 ft? in cm*? 
to cm®, or do ft to m* and 7 beat 
then to cm’. You'll get 27. What is 1 m? in in*? 


different answers depending 
on which way around you do 
it — due to rounding errors. 


(Independent Practice 


A cylinder has a surface area of 126m cm’. 
1. What is this surface area in m7? 
2. What is this surface area in in*? 


A prism has a volume of 2.85 ft’. 
3. What is this volume in in*? 
4. What is this volume in m3? 


Karen makes a scale model of her school for a project. 

The model has a surface area of 376 in’ and a volume of 480 in’. 
5. What is the surface area of the model in ft”? 

6. What is the volume of the model in cm?? 


7. Julio measures the area of one wall of his bedroom as 35.25 ft. 
What is the area of the wall in square inches? 


8. The volume of Brandy’s suitcase is 184,800 cm’. 


What is this volume in m?? 
Now try these: 


Lesson 7.3.3 additional ; er F 
questions — p469 This rectangular prism is shown with 
measurements in inches. 
4 in. 9. What is its surface area in square feet? 
Pe 10. What is its volume in cubic feet? 


6 in. 


Don't forget: 


; ; 5 
A yardis 3 feet 11. An acre is 4840 square yards. What is an acre in square feet? 


Round Up 


Don't forget that when you deal with conversion tactors, you should always check that your answer 
/s reasonable. If you convert trom small units to large units, the number of units will decrease. 
/f you convert trom large units to small units, the number of units will increase. 


Section 7.3 — Scale Factors 


Chapter 7 Investigation 


Set Design 


In a play or musical, the actors act on a stage that is often decorated with furniture and scenery. 
This /s called the set. The process of designing a set begins with an idea, and then the set 
designer creates a scale model of it tor the director to see before the real set is built. 


Here is a designer’s sketch for the layout of a 
stage set. The stage has a table in the shape of a 
rectangular prism which also serves as a bench 
and a couch. There are also two cylinders that 
serve as stools or tables. 


6 ft 
Part 1: 
Make a scale drawing of the set on % inch by % inch 
grid paper. Use 1 inch to represent 2 feet (four 
small squares are | inch). 


What is the scale factor of the actual objects 
to the drawing? 


Part 2: 
The rectangular prism and the cylinders each have a height of 1’ feet. 


2 ft 


1) Determine the volumes of the rectangular prism and the cylinders. Use m = 3.14. 

2) Determine the surface areas of the rectangular prism and the cylinders. 

3) Instead of a scale drawing, a set designer would show the director a three-dimensional model. 
Suppose a model was made of this set using the scale factor in Part 1. 
What would be the surface areas and volumes of the model rectangular prism and cylinders? 


Extensions 
1) Draw this set with a scale of 1 inch to 1 foot. How do your answers to Part 2 change? 


2) The entire stage is raised by a platform that exactly fits the stage. 
The model of it is 3 inches high, when using a scale of 1 inch to 1 foot. 
What is the volume of the actual platform? 


Open-ended Extensions 
1) Your school probably has a stage for theatricals. Measure the dimensions of the stage and 
create a scale drawing of it. 


2) Using your measurements of the stage platform, calculate its surface area and volume. 
Now create a model of the stage using the same scale as you did for your drawing. 
Calculate your model’s surface area and volume, and use these measurements to calculate 
the volume and surface area of the actual stage. How do your answers compare? 


Round Up 


Scale models are used in real Ife to give you a good idea of what something will look like. It’s a lot 
easier and less expensive to build a stall model than to build the real thing. So tf you don't like 
what you see, It’s less of a problem to change It after only building a scale model. 


Chapter 7 Investigation — Set Design 
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Percents, Rounding, 
and Accuracy 
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Section 8.1 introduction — an exploration into: 


Photo Enlargements 


You can enlarge or reduce photos — you have to increase or decrease the width and the length by 
the same percent though, or your image will be stretched. In this Exploration you'll figure out the 
dimensions a photo would have if it were enlarged or reduced by a given percent. 


A photograph that is 4 inches wide and 6 inches long is enlarged by 10%. 
What are its new dimensions? 


Solution 
Find 10% of the length and 10% of the width, 
then add these to the original dimensions. 


10 10 
0 1 = —— = 1 0 1 => — => 1 
10% of 6 in 100 x 6 = 0.6 in. 10% of 4 in 100 x 4=0.4 in. 


New length = 6 + 0.6 = 6.6 in. New width = 4 + 0.4 = 4.4 in. 


There’s another way of doing this: 


The original photo is 100%. Increasing it by 10% makes it 110% of the original size. 
Find 110% of the length and 110% of the width. These are the new dimensions. 


110 
New length = 110% of 6 in = 100 x 6 = 6.6 in. 


110 
New width = 110% of 4 in= 100 x 4=4.4 in. 


VA Exercises 


Use the photograph that you have brought to class for the following exercises. 


1. Measure the length and width of the photograph in inches. 
Write the dimensions in the first row of a copy of the table below. 


. Calculate the length and width of the photograph 
when it is enlarged by 20% and 50%, 100% — original size 
and reduced by 50% and 25%. Enlarged by 20% 
Enlarged by 50% 
Reduced by 50% 
Reduced by 25% 


Write the dimensions in your copy of the table. 


Round Up 


When you enlarge or reduce a photo, you have to keep the dimensions in proportion. So tf you 
increase the length by 20%, you have to increase the width by 20% too. The longer dimension 
will increase by more inches than the shorter one does. That’s what percent change fs all about. 


Section 8.1 Exploration — Photo Enlargements (R¥:%:) 


California Standards: 


Number Sense 1.3 


Convert fractions to 
decimals and percents and 
use these representations in 
estimations, computations, 
and applications. 


What it means for you: 
You'll see what percents are 
and how they’re related to 
fractions and decimals. 


Key words: 
* percent 

¢ fraction 

* decimal 

¢ hundredth 


Check it out: 


On a penny you'll see the 
words one cent because a 
penny is one-hundredth of a 
dollar. 


Section 8.1 — Percents 


Section 8.1 


Percents 


You hear percents used a lot in everyday life. You might score 83% on 
a test, or a store might have a 20% off sale. A percent is really just a 
way to write a traction — it tells you how many hundredths of a 
number you have. 


Percents Tell You How Many Hundredths You Have 


A percent is a way to write a fraction as a single number. 
It tells you how many hundredths of something you have. 


The word percent means out of 100. 


eas : ta 1 
Writing one percent or 1% is the same as writing 100° 


33 : <3 10 
and writing 10% is the same as writing 100° 


Decimals can also be written as percents. The decimal 0.01 means 
“1 hundredth,” so it’s the same as 1%. There’s more on converting 
decimals to percents next lesson. 


In a box of 100 pencils, 26 are blue. What percent of the pencils are blue? 


Solution 


The fraction of pencils that are blue is 100° 


So you can say that 26% of the pencils are blue. 


It’s useful to be able to visually estimate a percent. 


Estimate what percent of the 
picture on the right is covered by 
the mountain. 


Solution : ; ; 
Trace the outline of the picture onto tracing 


paper. Draw a 10 = 10 grid over the tracing. 


Count the number of squares the mountain 
covers. It covers 37 whole squares, 8 half 
squares and 4 quarter squares. 

37 + (0.5 © 8) + (0.25 © 4) = 42 squares. 


The grid has 100 squares. So the mountain 
covers about 42% of the picture. 


Don't forget: (&% Guided Practice 


For a reminder on how to turn 


fractions into decimals see In Exercises 1—3, write each fraction as a decimal and a percent. 
Section 2.1. 5 25 62 
1. ai 2. ra 3. 7 
In Exercises 4—6, write each percent as a fraction in its simplest form. 
4.1% 5. 50% 6. 20% 
In Exercises 7—9, draw a 10 by 10 square. Shade in the given percent. 
7. 8% 8. 27% 9. 100% 


Percents Can Be Greater Than 100 
You can also have percents that are bigger than 100. 


1 150 
peeriras 0 ee 0 
In the same way that 100 |S 1%, 100 |S 150%. 


And just as 0.01 is the same as 1%, 1.5 is the same as 150%. 
Percents bigger than 100 leave you with more than the original number. 


Look at these oranges: 
This is one whole 


Le This is one and a half 
orange. That's the 


oranges. That’s the 


same as 
SS 100 50 _150 
100 * 1007 100 7" 4" 


orange, or 150% of 


100 
Same aS 100 ° an 


orange, or 100% 
of an orange. 


an orange. 
Guided Practice 
In Exercises 10—12, write each fraction as a percent. 
10. = 1. 12, =~ 
In Exercises 13—15, write each decimal as a percent. 
13. 1.4 14. 3.6 15.220 


To Find a Percent of a Number You Need to Multiply 


You already know that to find a fraction of a number, you multiply the 
number by the fraction. 


Finding a percent of a number means finding a fraction out of 100 of the 
number. 


What is 25% of 160? 


Don't forget: Solution 25 

To multiply a fraction by an Write out the percent as a fraction: 25% = 100 

integer, just multiply the 25 4000 

numerator of the fraction by ——~ x 160 = ——_ Multiply the fraction by the number 
the integer. 100 100 


Simplify the answer 


Section 8.1 — Percents i 


Finding the Original Amount — Write an Equation 


Sometimes, you’ll know how much a certain percentage of a number is 
and want to find the original amount. 


Example ; 4 
25% of a number is 40. What is the number? 
Solution 95 
Write out the percent as a fraction: 25% = 100 
Check if out: Call the number that you’re finding x. 
bale is the same as aati you 25 
100 4° too ~*~ 40 Multiply both sides by 100. 
1 
Weisel MSH VOUs Oe 25x = 4000 _ Divide both sides by 25. 
exactly the same answer. x = 160 
40 is 25% of 160. 
&% Guided Practice 
Find: 
16. 10% of 40 17. 60% of 250 18. 64% of 800 
In Exercises 19-21, find the value of x. 
19. 50% of x is 30 20. 4% of x is 7 21. 65% of x is 130 


22. Pepe was chosen as president of his class. He got 75% of the votes, 
and his class has 28 members. How many people voted for Pepe? 


23. The school basketball team won 60% of their games this season. 
If they won 24 games, how many did they play altogether? 


(% Independent Practice 


In Exercises 1-4, write the fraction as a percent. 


10 50 a3) 156 
0 Ta a 4, 166 
In Exercises 5—8, write the percent as a fraction in its simplest form. 
5.25% 6. 17% Te 13% 8. 150% 
9. Out of 6000 nails made, 2% were faulty. How many were faulty? 
Now try these: 10. 150% of the people who were expected turned up at the school fair. 
Lesson 8.1.1 additional If 340 people were expected, how many came? 


questions — p470 nee 
11. 20% of the students riding a bus are from Town A. If 6 students 


on the bus are from Town A, how many students ride the bus in total? 


12. 80 students auditioned for a play. After the audition, 20% were asked 
to come to a 2nd audition. 50% of those who came to the 2nd audition 
were cast. How many were cast? What percent of the original 80 is this? 


Round Up 


Percents say how many hundredths of something you have. You find a percent of a number by 
converting the percent to a fraction, and then multiplying this fraction by the number. 


_ Section 8.1 — Percents 


California Standards: 


Number Sense 1.3 

Convert fractions to 
decimals and percents and 
use these representations 
in estimations, 
computations, and 
applications. 


What it means for you: 


You'll see how to change 
fractions and decimals into 
percents. 


Key words 


* percent 
* decimal 
* fraction 
¢ hundredth 


Don't forget: 


To multiply a decimal by 100 
you just move the decimal 
point two places to the right. 


Don't forget: 


1 can be rewritten as 1.00. 


Changing Fractions and 
Decimals to Percents 


Changing a fraction or a decimal into a percent is all about working 
out how many hundredths there are in tt. The number of hundredths 
/s always the same as the percent. 


Changing Decimals to Percents 


1% is the same as the decimal 0.01 — which is one hundredth. 


Each 1% is one hundredth. So the number of hundredths in the 
decimal is the same as the number of the percent. 


0.04 = 4 hundredths = 4% 
0.5 = 0,50 = 50 hundredths = 50% The first two digits after the decimal point 
. on tell you the number of hundredths. 
0.31 = 31 hundredths = 31% 
0.025 = 2.5 hundredths = 2.5% — Any numbers that come after that are parts of 1%. 


So to rewrite any decimal as a percent, you need to multiply it by 100 and 
add a percent symbol. 


Write 0.25 and 3.12 as percents. 


Solution 
0.25 * 100 = 25, so 0.25 = 25% 


3.12* 100 = 312, so 3.12 =312% 


Multiply decimals by 100 to 
get the number of the percent 


& Guided Practice 


In Exercises 1—9 write each decimal as a percent. 


1.0.01 2.0:5 3.0515 
4. 0.23 5. 0.87 6. 1 
10 8. 2.5 9.11.6 


Changing Fractions to Percents 


, a. il 
You’ve already seen that 1% is the same as the fraction 7 1° change a 


fraction to a percent you need to work out how many hundredths are in it 
— because that’s the same as the number of the percent. 


Section 8.1 — Percents — 


ye 
Write q a8 a percent. 


Solution 


sa ; 
To write 7 as a percent you need to change it to hundredths. 
That means you want the denominator of the fraction to be 100. 


So you need to multiply the top and bottom of the fraction by the 
number that will change the denominator to 100. 


4xn=100 n = the number you need to multiply by 
n=100+4=25 Divide both sides by 4 

Now turn the original fraction into a percent: 

3 3x25 75 _ 750% 


4 4x25 100 


3 
Write g asa percent. 


Solution 

This time the denominator of the fraction isn’t a factor of 100. 
So the fraction won’t be a whole number of hundredths. 

The most straightforward way of dealing with a fraction 

like this is to convert it into a decimal first. 


2 328-0375 
8 7 


Now change the decimal to a percent by multiplying it by 100: 
0.375 x 100 = 37.5, so 0.375 = 37.5% 


(&% Guided Practice 


In Exercises 10—18 write each fraction as a percent. 


1 100 2 
10. {00 11. 100 12: 100 

1 2 3 
13. 5 14. 2 15. 5 

7 1 53 
16. iG 17. Tae 18. Tit 


Section 8.1 — Percents 


Using Fractions in Real Life 


Percentages are useful for reporting numbers. The meaning of 96% is 


Check it out: 


In real-life questions, it’s 
important to make sure that 
you get the right numbers in 
the numerator and the 
denominator of the fraction. 


The phrase “out of” in the 
question often gives you a 
clue where the numbers 
should go — if it’s “x out of y,” 
then x is the numerator and y 
is the denominator. If there 
isn’t an “out of” in the 
problem, try to reword it a bit 
so that there is. For example, 


in Guided practice Ex. 20, you 


could reword the problem to 
say, “15 out of 24 seventh 
graders go to camp.” 


Now try these: 


Lesson 8.1.2 additional 
questions — p470 


Round Up 


usually easier for people to understand than the meaning of =. 


Example ; 4 


Tamika is a professional basketball player. She makes 552 out of 625 
free throws in a season. What percent of her free throws does she make? 
Solution 


; . : 2 
Tamika made 552 out of 625 free throws. Written as a fraction that’s ~~. 


625 isn’t a factor of 100. So first turn the fraction into a decimal. 


a = 552 + 625 = 0.8832 
625 ™ 


Now change the decimal to a percent by multiplying it by 100: 
0.8832 x 100 = 88.32 


Tamika made 88.32% of her free throws. 
You could round this to 88%. 


(% Guided Practice 


19. In a set of napkins, 18 out of 24 are blue. What percent is this? 
20. In a class of 24 7th graders, 15 go to camp. What percent is this? 


21. James buys a ball of string that is 5 m long. Wrapping a parcel he 
uses a piece that is 0.8 m long. What percent of the string has he used? 


22. A clothing manufacturer makes 3000 T-shirts. If 213 are returned 
because the color is wrong, what percent are the right color? 


Vo Independent Practice 


In Exercises 1-4, write each decimal as a percent. 
1. 0.05 2.02 o032 4. 0.235 


5. Puebla and Mark are changing the decimal 0.5 into a percent. 
Mark says 0.5 = 5%. Puebla says 0.5 = 50%. Who is correct? 


In Exercises 6—9, write each fraction as a percent. 


6 0 1 5) 


10. Out of 50 dogs that are walked every day in the local park, 20 are 
labradors. What percent is this? 

11. Mandy surveyed 96 seventh graders on their favorite cafeteria meal. 
33 students responded “spaghetti bolognese.” What percent is this? 


12. Tyrone is saving up $80 to buy some hockey skates. He has already 
saved $47.20. What percent is this of the total that he needs? 


Knowing how to change a decimal or a fraction to a percent will often come in handy. Percents are far 
easter to compare than fractions and decimals because they're all measured out of one hundred. 


Section 8.1 — Percents Sa 


California Standards: 


Number Sense 1.3 


Convert fractions to decimals 
and percents and use these 
representations in 
estimations, computations, 
and applications. 


Number Sense 1.6 


Calculate the percentage of 
increases and decreases of 
a quantity. 


What it means for you: 
You'll see how to use percents 
to show how much a quantity 

has gone up or down by. 


Key words: 


* percent 

¢ increase 
* decrease 
* compare 


Check it out: 


“50 increased by 20%” is the 
same as “120% of 50.” 

Both are 100% of 50, plus 
20% of 50. 

So you could do this 
calculation by multiplying 50 
by 1.2 — because 1.2 is the 
decimal equivalent of 120%. 


Check it out: 


Percents don’t have any units. 
To find a percent you will 
always be dividing a number 
by another number that has 
the same units. So they 
cancel out. 


Section 8.1 — Percents 


Percent Increases and 
Decreases 


When a number goes up or down, you can use percents to describe 
how much ft has changed by. This can come in useful in real-life 
situations like comparing price rises or working out sale discounts. 


You Can Increase a Number by a Given Percent 


You can increase a number by a certain percent of itself. 
So, say if you want to increase a number by 10%, you have to 
work out what 10% is, then add this to the original number. 


Increase 50 by 20%. 
Solution 
First work out 20% of 50: 


20 
20% of 50 = 100 ~ 20 = 9.2 x 50= 10 
This is the amount that you need to increase 50 by: 
50+ 10=60 
So, 50 increased by 20% is 60. 


A photograph with a length of 14 cm is enlarged. This increases its 
length by 8%. What is the final length of the enlarged photograph? 


Solution 
First work out 8% of 14 cm: 


8 
8% of 14 cm = T00 * 14 cm = 0.08 x 14cm = 1.12 cm 


This is the amount that you need to increase 14 cm by: 
14cm+ 1.12 cm= 15.12 cm 
The length of the enlarged photograph is 15.12 cm. 


(&% Guided Practice 


In Exercises 1-4, find the total after the increase. 
1. 100 is increased by 10% 2. 20 is increased by 5% 
3. 165 is increased by 103% 4. 40 is increased by 20.5% 


5. Sarah goes out for lunch. Her bill comes to $15. She wants to leave an 
extra 17% as a tip for the server. How much should Sarah leave in total? 


You Can Describe an Increase as a Percent 


When a number goes up, you can give the increase as a percent of the 
original number. 


A loaf of bread has 24 slices. As a special buy, a larger loaf is sold, 
which contains 27 slices. What is the percent increase in the number of 
slices? 


Solution 
First find the increase in the number of slices: 
27—24=3 
Call x the percent increase and write an equation. 
x% of 24 is 3 
x 24=3 

og aa 
~ 100 

x x 24 = 300 Multiply both sides by 100. 

x=12.5 Divide both sides by 24. 


The number of slices has increased by 12.5%. 


&% Guided Practice 


6. Reynaldo has 140 marbles. He buys 63 more. By what percent has 
he increased the size of his marble collection? 


7. A company increases its number of staff from 1665 to 1998. 
What is this as a percent increase? 


You Can Decrease a Number by a Given Percent Too 


You can also decrease a number by a percent of itself. 


Example ; 4 
Check it out: 


You could also do this by 
multiplying 80 by 0.85. 

0.85 is the decimal equivalent 
of 85% — and finding 85% of 
a number is the same as 
decreasing it by 15%. 


Decrease 80 by 15%. 
Solution 
First work out 15% of 80: 
Is 

15% of 80 = 100 * 80 =0.15 x 80 =12 
This is the amount you decrease 80: 

80 — 12 = 68 
So, 80 decreased by 15% is 68. 


Section 8.1 — Percents 


Check it out: 


Make sure you find the 
percent of the original 
amount. 12.8 feet is 
decreased to 9.6 feet, so you 
find the change as a percent 
of 12.8 feet, which was the 
original amount. 


Check it out: 


There’s a formula you can 
use to work out the percent 
increase or decrease: 


Percent change = 
original amount — new amount| 
original amount 


Absolute value is used so 
you can use the formula for 
either a percent increase or 
decrease. 


x100 


&% Guided Practice 


In Exercises 8-11, find the total after the decrease. 
8. 100 is decreased by 15% 9. 40 is decreased by 35% 
10. 37 is decreased by 8% 11. 10 is decreased by 3.9% 


12. Tandi has saved $152. She spends 25% of her savings on a shirt. 
How much does Tandi have left? 


You Can Describe a Decrease as a Percent 


When a number goes down, you can use a percent to describe how much 
it has changed by. The decrease is described as a percent of the original 
number. 


A river is 12.8 feet deep on January 1. By September 1, the depth has 
fallen to 9.6 feet. Find the percent decrease in the river depth. 
Solution 
First find the amount that the depth is decreased by: 

12.8 feet — 9.6 feet = 3.2 feet 


Call x the percent decrease and write an equation. 
x% of 12.8 feet is 3.2 feet 


Xx 


> 100 x 12.8 feet = 3.2 feet 


x x 12.8 feet = 320 feet Multiply both sides by 100. 
x= 25 Divide both sides by 12.8 feet. 
The river depth has decreased by 25%. 


% Guided Practice 


Find the percent decreases in Exercises 13-14. 
13. 90 is reduced to 81. 14. 4 is reduced to 3.5 


15. Jon is selling buttons for a fund-raiser. He starts with 280 buttons 
and sells all but 21. What percent of his stock has Jon sold? 


Use Percents to Compare Changes 
You can use percent increases and decreases to compare how much two 
numbers have changed relative to each other. For example: 


Snowman 1: 


OSfeat 5 foot J] 


17% decrease 


Snowman 2: 


Snowman 1 and Snowman 2 have 
both lost the same amount in 
height as they've melted — 1 ft. 
But the percent decrease is 
greater for Snowman | — 1 ft is 
a bigger change relative to 6 ft 
than to 7 ft. 


Tfoet. 6 foot 


14% decrease 


Section 8.1 — Percents 


Example ! 6 


In a store, a bagel is 40¢ and a loaf of bread is $1.60. The store raises the 
price of both items by 5¢. Which has the larger percent increase in cost? 


Solution 


Check it out: The price of both items is increased by 5¢. 
In terms of actual cost both 
items increased by the same 
amount, 5¢. But the bagel 
has increased by a greater 
proportion of its original cost 
than the loaf. 


So the percent increase in the cost of a bagel is: 

aa xd40¢=5¢ => (5¢ x 100) +40¢ = 12.5, so a 12.5% increase. 
And the percent increase in the cost of a loaf is: 

Ti x 160¢=5¢ = (5¢ x 100) + 160¢ = 3.125, so a 3.125% increase. 


WyYou need to have the original value and the increase in the 
same units. $1.60 has been converted to 1GO¢ here. 


The bagel shows the larger percent increase in cost. 


(% Guided Practice 


16. Cindy has 250 baseball cards. Jim has 200 baseball cards. Both 
buy 50 extra cards. Whose collection increased by the larger percent? 


17. Ava and Jan have a contest to see whose sunflower will increase in 
height by the greatest percent. Ava’s starts 10 cm high and grows to 
100 cm. Ian’s starts 20 cm high and grows to 110 cm. Who won? 


Vo Independent Practice 


In Exercises 1—6, find the amount after the percent change. 


1. Increase 200 by 25% 2. Decrease 200 by 75% 
3. Increase 49 by 7% 4. Decrease 82 by 56% 
5. Increase 50 by 142.6% 6. Decrease 80 by 33.2% 


7. At store A, apples used to cost $1.50 a pound. Then the price rose 
by 6%. What is the new cost of a pound of apples? 


8. Kiona’s brother Otis is 115.5 cm tall. The last time he was measured, 
his height was 110 cm. Find the percent increase in his height. 


9. Last year, School C had 120 6th grade students. This year they have 
5% fewer 6th graders. How many fewer students is this? 


10. Mr. Hill’s house rental costs $900 a month. He moves to a house 


Rew Taser: with a rental of $828 a month. Find the percent decrease in his rental. 


Lesson 8.1.3 additional 
questions — p470 11. Duena collects comic books. 10 years ago, Comic A was worth $70 


and Comic B was worth $40. Now Comic A is worth $84 and Comic B 
is worth $49. Which has shown the greater percent increase in value? 


Round Up 


Percent increases and decreases tell you how big a change in a number is when you compare tt to 
the original amount. It’s usetul to be able to work them out in real-life situations, especially when 
youre thinking about tips and discounts — and youll learn more about them in Section 8.2. 


Section 8.1 — Percents Sn 


Section 8.2 introduction — an exploration into: 


What's the Best Deal? 


Discounts on sale items in stores are sometimes advertised as percents off the original prices and 
sometimes as dollar amounts off the original prices. By working out how much the percent 
discount fs, you can tind out which is the better deal among difterent sales. 


You often won’t have a calculator or pen and paper to hand when you want to work things like 
this out. So it’s a good idea to develop strategies for calculating percent discounts in your head. 


The easiest percents to find are 10% and 50%. From these you can find pretty much all the 
percent discounts that are commonly used in sales. 


A shirt is originally priced at $20 and is on sale with 40% off. 
The shirt is also on sale for $20 at a different store. You have a 
store coupon that you could use to save $7.50 at this store. 
Which store will the shirt cost less at? 


Solution 

To answer this question, you can find 40% of $20 and see if it’s a bigger saving than $7.50. 
10% of $20 = $20 + 10 = $2 

40% = 4 x 10% =4 x $2 =$8 => This is a bigger saving than $7.50. 

So the shirt costs less at the first store (with 40% off). 


Another way of doing this is to find 50% and 10%, then find 40% by subtracting the 
10% amount from the 50% amount. 

50% of $20 = £20 + 2 = $10 and 10% of $20 = $20 + 10 = $2 

So 40% = 50% — 10% = $10 — $2 = $8 


Ve Exercises 


For each of the following Exercises explain how you found the percent discount. 


1. A pair of sunglasses is originally priced at $15 and is on sale in a store with 15% off. 
They are also on sale on an internet site for $13. Which is the best deal? 


. Two stores are having a sale on the same video game originally priced at $20. 
Store A has the game on sale for $5 off. Store B has the game on sale for 30% off. 
Which store has the better deal? 


. A $70 DVD player is on sale in two different stores. One store is selling the DVD player 
for 40% off. A second store is selling the player for $35 off the original price. 
Which is the better deal? 


. Astore has a side table, originally priced at $55, with $10 off. The same table can also be 
found on the internet for $60 and is on sale for 25% off. Which is the better deal? 


Round Up 


$20 off might sound like a bigger saving than 5%, and often will be. But not if youre buying 
something very expensive. So It definitely pays to be able to tind percents without a calculator. 


Aum Section 8.2 Exploration — What's the Best Deal? 


Section 8.2 


Discounts and Markups 


Caltornia Glandarde: /n the last Section, you learned all about percent increases and 

decreases. In real life they're used all the time. One thing that theyre 
: used for is working out how much ftems will cost in stores — these 

Convert fractions to decimals ‘ ‘ Z 

and percents and use these price changes are known as discounts and markups. And that’s what 


representations in this Lesson /s all about. 
estimations, computations, 
and applications. 


Number Sense 1.3 


A Discount is a Percent Decrease 


Number Sense 1.6 


Calculate the percentage of When you go shopping, you might see items that are on sale — they cost 
increases and decreases of less than their regular price. 
a quantity. 


Number Sense 1.7 


Solve problems that involve 
discounts, markups, 
commissions, and profit and 
compute simple and 
compound interest. 


35% off. 
Today only. 


What it means for you: 
You'll see how percents are 
used in real life to figure out 


discounts and markups on The difference between the regular price and the sale price is called the 
tugs wratcre being soll discount. Discounts are often given as percents of the original value 
— so they’re examples of percent decrease. 


Key words: 


* percent 

: a A skirt costing $28 is on sale at 20% off. What is its sale price? 
Solution if 
Write the percent of the discount as a fraction: 20% = 100 


Work out the amount of the discount: 


20 
100 * $28 = 0.2 x $28 = $5.60 


Now subtract the amount of the discount from the original price: 
$28 — $5.60 = $22.40 


OR 


The skirt has been discounted by 20%. This means that its sale price is 
(100 — 20)% = 80% of the original price. 


Write the percent as a fraction: 80% = —~ 


Find the reduced price: 


80 
Too * $28 = 0.8 x $28 = $22.40 


Both methods give the same answer. You can use whichever one you 


find easier to remember. 
Section 8.2 — Using Percents — 


Check it out: 


To find the amount of two 
discounts in a row you can't 
add the percents. The 2nd 
percent is taken after the 1st 


one has already been applied. 


So in Example 2 to find the 
new sale price, you found 
10% of 50, and then 15% of 
45. This isn’t the same as 
finding 25% of 50. 


(% Guided Practice 
1. A CD costing $16 goes on sale at 25% off. What is its sale price? 


2. A wheelbarrow has been marked at a discount of 35%. What 
percent of the original price is it on sale for? 


3. An MP3 player retailing for $90 has been marked down at 15% off. 
What is the sale price of the MP3 player? 


4. A power tool that usually retails at $52 is being sold for $38.74. 
What is the percent discount on the power tool? 


Work Out Two Discounts in a Row Separately 


Sometimes the same item might be discounted twice. 
You have to work out each discount separately, one after the other. 


A shirt that usually costs $50 is on sale at 10% off. The store then takes 
an extra 15% off the discounted price. What is the shirt’s new sale price? 


Solution 

First work out the price after the original discount: 
10 

109 * 50=S5.q $50 — $5 = $45 


first discount 


Then work out the price after the second discount: 


15 
100 * $45 = DO ge. $45 — $6.75 = $38.25 


second discount 


The new sale price is $38.25. 


(% Guided Practice 


5. A pair of sneakers that usually costs $100 is on sale at 50% off. The 
store takes another 20% off. What is the new sale price? 


6. A computer costing $976 goes on sale at 25% off. The store offers 
an extra 15% discount for students. What would the student price be? 


7. In a store, two sweaters both costing $60 go on sale. 

Sweater A is put on sale with 20% off, then another 10% is taken off. 
Sweater B is put on sale with 10% off, and then another 20% is taken 
off. Which is the least expensive sweater? 


A Markup is a Percent Increase 


Stores buy goods at wholesale prices. Before selling them, they increase 
the prices of the goods in order to cover their expenses and make a profit. 
The prices that stores sell goods for are called the retail prices. 

The difference between the wholesale and retail price is called the markup. 


> Section 8.2 — Using Percents 


Don't forget: 


Both methods will give you 
the same answer, so use 
whichever one you feel most 
comfortable with. 


Check it out: 


The method for finding a 
change as a percent was 
covered in the last Lesson. 


Now try these: 


Lesson 8.2.1 additional 
questions — p471 


Round Up 


The wholesale price of plain paper is $3.20 a ream. If the markup is 
75%, what is the retail price of a ream of plain paper? 
Solution 75 


Write the percent of the markup as a fraction: 75% = 100 


75 
Work out the amount of the markup: 100 * $3.20 = 0.75 x $3.20 = $2.40 


Add the markup to the original price: $3.20 + $2.40 = $5.60 
OR 
The markup is 75%. So the retail price is 175% of the wholesale price. 


Write the percent as a fraction: 175% = —~ 


175 
Find the increased price: 100 * $3.20 = 1.75 x $3.20 = $5.60 


10 


(% Guided Practice 


8. The wholesale price of a case of oranges is $13.50. Ifa retailer has 
an 80% markup, what will the retail price of a case of oranges be? 


9. A $125 wholesale price chair is marked up 62%. Find its retail price. 


10. An item is marked up 50% from the wholesale price. 
What percent of the wholesale price is the retail price? 


11. A $9.20 wholesale price toy retails at $14.72. Find the percent markup. 


ivf Independent Practice 


1. A hat worth $70 is on sale at 25% off. What is its sale price? 


2. A kettle costing $34 is put on sale at 10% off. The store then offers 
another 25% off the discounted price. What is the new sale price? 

3. Ina sale you buy a basketball with 20% off a retail price of $20, 
sneakers with 40% off a retail price of $80, and a tennis racket with 20% 
off a retail price of $100. What is the total? What percent discount is 
this on the full amount? 

4. A $12 wholesale price bag is marked up 40%. Find its retail price. 


5. The wholesale price of a sweater is $35. If the markup is 55% what 
is the retail price of the sweater? 

6. A shirt with a wholesale price of $36 is marked up 40%. In store it is 
put on sale at 20% off its retail price. What is the shirt’s sale price? 

7. A store buys 100 kg of pears for $1.20/kg. They mark them up 50%. 
Half sell at retail price and half at 25% off. How much profit does the 

store make? 


Discounts and markups are real-life examples of percent increase and decrease problems. Whether it’s 
a discount or markup, you need to take care that you tind the percent of the original price. 


Section 8.2 — Using Percents i 


California Standards: 


Number Sense 1.3 

Convert fractions to decimals 
and percents and use these 
representations in 
estimations, computations, 
and applications. 


Number Sense 1.6 


Calculate the percentage of 
increases and decreases of 
a quantity. 


Number Sense 1.7 

Solve problems that involve 
discounts, markups, 
commissions, and profit and 
compute simple and 
compound interest. 


What it means for you: 
You'll learn about more 
real-life uses of percent 
increase. 


Key words: 
* tip 

° tax 

* commission 
* percent 


Check it out: 


There are other people who 
you might tip for their service 
— a taxi driver, a hairstylist, or 
a parking valet for instance. 


Check it out: 

If you rounded down to $50 
you'd leave a tip of $5 — and 
that would be less than 10%. 


Check it out: 


It would also be reasonable 
here to round to $18 and 
leave a tip of $1.80. 


Tips, Tax, and Commission 


This lesson is about some more real-life uses of percent increase. 
You'll come across them in a lot of everyday situations, so they're 
definitely worth knowing about. 


A Tip is Calculated as a Percent of a Bill 


When you eat at a restaurant you would usually leave a tip for the person 
who waited on you. The standard amount to leave is 15% of your bill — 
though you might vary this percent depending on the quality of the service. 


Finn’s restaurant bill comes to $16. He wants to leave a 15% tip for the 
server. How much tip should he leave? 


Solution 
To find how much to leave for a 15% tip, Finn should 


multiply his bill by > or 0.15. 


0.15 x $16 = $2.40 So Finn should leave a $2.40 tip. 


You Might Need to Work Out a Tip Mentally 


Using mental math, 10% is an easier percent to work out than 15%. 
So find 10% of the bill and leave that plus half as much again. 


In Example 1, Finn might first work out that, as his bill is $16, 10% is $1.60. 
100% 


($1, 60|$1 .60|$1.60]$1.60]$1.60]$1.60]$1.60]$1.60]$1.60| 
“15% 
So his tip should be $1.60 + G x $1.60) = $1.60 + $0.80 = $2.40. 


You might sometimes estimate a tip, but you should usually round up and 
not down. For example, if your bill was $54.40 and you wanted to leave a 
10% tip, you could round the bill to $60, and leave a $6 tip. 


Raina’s taxi fare is $17.61. She wants to give the driver a tip of about 
10%. Estimate how much she should give as a tip. 


Solution 
To estimate the tip needed, round up Raina’s $17.61 fare to $20. 


0.1 x $20 = $2 So, Raina should give a $2 tip. 


es 
10% = 355 = O11 


> Section 8.2 — Using Percents 


Check it out: 


Like a tip, a tax is an extra 
amount paid on top of the 
basic cost of the item. 

It's paid by the buyer. 


Check it out: 


You're working out what 
percent $0.21 is of $3.50. 
So you could write the fraction 


$0.21 
$3.50: then convert it to a 


decimal: $0.21 + $3.50 = 0.06. 


This is 6 hundredths, which is 
6%. 


(% Guided Practice 


1. Vance’s restaurant bill comes to $40. He leaves a 15% tip. 
How much is the tip? How much does he leave altogether? 


In Exercises 2—5, use mental math to find 15% of each amount. 
2. $10 3. $4 4. $7 5. $12.60 


6. Mrs. Clark’s haircut costs $48.59. She wants to leave a 20% tip. 
Estimate what amount would be sensible for her to leave as a tip. 


Sales Tax is a Percent Increase on an Item’s Cost 


When you buy certain items, you pay a sales tax on them — an extra 
amount of money on top of the cost of the item that goes to the 
government. A sales tax is calculated as a percent of the cost of the item. 


Tax rates are set by local governments — so they vary from place to place. 


In Fort Bragg, sales tax is 7.75%. Pacho buys a book costing $12 before 
tax from a bookstore in Fort Bragg. How much sales tax will he pay? 


Solution 


To find the sales tax Pacho paid, find 7.75% of the selling price. 
0.0775 x $12 = $0.93 
775% = 2 = oorm7” 
Pacho pays $0.93 sales tax on his book. 


Example ; 4 


On a vacation, you buy a souvenir that was $3.50 before tax. 
You were charged $3.71. What is the rate of sales tax here? 


Solution 
The amount of tax paid was $3.71 — $3.50 = $0.21 
Let x = the rate of sales tax. 
7h x $3.50 = $0.21 Multiply both sides by 100 
$3.50x = $21 Divide both sides by $3.50 


x=6 So the rate of sales tax is 6%. 


(% Guided Practice 


7. Hazel bought a calculator costing $29.50 (before tax) in Santa Rosa, 
where the sales tax is 8%. How much sales tax did she have to pay? 


8. The sales tax in San Francisco is 8.5%, while in Oakland it is 
8.75%. What is the price difference in buying a $21,000 (before tax) 
car in Oakland and San Francisco? 


9. Dale bought a table costing $520 (before tax). He paid $37.70 sales 
tax on it. What was the rate of sales tax where he bought the table? 


Section 8.2 — Using Percents Si 


Commission is Paid to a Sales Agent 7 ) 


Commission is sometimes paid to sales agents — like realtors, or car 
salespeople. Realtors may get an amount of money for each property they 
sell — how much they get is calculated as a percent of the selling price. 


Althea is a realtor. She gets 6% commission on the sale price of a house. 
If a house sells for $210,000 how much commission will she receive? 
Solution 

To find the commission that Althea gets, find 6% of the selling price. 
$210,000 x 0.06 = $12,600 

The realtor will receive $12,600 commission. 


& Guided Practice 


10. A shoe salesman receives a 10% commission on each pair of shoes 
he sells. What commission will he get on a pair costing $89? 


11. A travel agent receives an 8% commission on all cruise sales. Ifa 
cruise ticket costs $1689 how much commission will the agent get? 


12. An auctioneer takes a commission on all items sold. A lamp sells for 
$80, and the auctioneer gets $9.60. What percent commission does 
the auctioneer take? How much does the seller receive? 


({%/ Independent Practice 


1. Shakia wants to leave her hairstylist a 25% tip. If her haircut cost 
$42, what tip should she leave? 


2. In a restaurant, Mr. Baker’s bill comes to $76.32. He wants to leave a 
tip of about 15%. Using mental math, estimate what tip he should leave. 


3. In Santa Clara, the sales tax rate is 8.25%. If Nina buys a radio 
costing $40 before tax, how much sales tax will she pay? 


4. Brad’s restaurant bill comes to $25. He leaves a tip of $4. 
What percent of the bill has he left as a tip? 


5. Leah buys a pair of jeans in Clearlake, where the sales tax rate is 
7.75%. If the jeans cost $40 before tax, how much does she pay in total? 
Now try these: 


Lesson 8.2.2 additional 
questions — p471 


6. A salesperson gets 7.5% commission on each car sold. How much 
commission will the salesperson earn on a car costing $18,600? 


7. The sales tax rate in Roseland is 8%. Daniel eats in a restaurant in 
Roseland. The bill is $100 before tax. After the tax has been added he 
works out 25% of the total to leave as a tip. What tip does he leave? 


Round Up 


Tips, tax, and commission are all just types of percent increases. Don’t forget though — tips and tax 
are paid by the buyer and commission Is paid by the seller. So you need to think carefully about 
what it is that youre being asked to find. 


Section 8.2 — Using Percents 


Lesson 


8.2.3 


California Standards: 
Number Sense 1.3 

Convert fractions to decimals 
and percents and use these 
representations in 
estimations, computations, 
and applications. 


Number Sense 1.7 

Solve problems that involve 
discounts, markups, 
commissions, and profit and 
compute simple and 
compound interest. 


What it means for you: 
You'll learn what profit is and 

how to find profit as a percent 
of acompany’s sales. 


Key words: 
* profit 

* revenue 

* expenses 

* percent 

* sales 


Check it out: 
You know that 
Profit = Revenue — Expenses. 


Now add “Expenses” to both 
sides of the equation: 


Profit + Expenses = Revenue. 


Profit 


If you buy something and then sell tt tor more than the amount 
that it cost you, the extra money that you get is called protit. 
Because you end up with more money than you started with, 
you can think about profit as a percent increase. 


Profit is the Amount of Money that a Business Makes 


A business has to spend money buying stock and paying staff. 

The amount of money that a business spends is called its expenses. 

A business also has an income from selling its products or services. 

The total amount of money that a business brings in is called its revenue. 


The profit that a business makes is just the difference between its 
revenue and its expenses. 


A film had a revenue of $55 million in ticket sales and $35 million in 
licensing agreements. It had expenses of $4 million in advertising and 
$48 million in production costs. What profit did the film make? 


Solution 
The film’s total revenue = $55,000,000 + $35,000,000 = $90,000,000 
The film’s total expenses = $4,000,000 + $48,000,000 = $52,000,000 


Profit |= Revenue — Expenses 
= $90,000,000 — $52,000,000 = $38,000,000 


Guided Practice 


1. Janet buys a rare baseball card for $15. She later sells it to another 
collector for $18. What profit has she made? 


2. This year a company had a revenue of $500,000 and $356,000 of 
expenses. What profit did the company make this year? 

3. A school held a fund-raiser. They paid $200 to hire a band, and $400 
for food. They took $1000 in ticket sales. How much profit did the event 
make? 

4. A bookstore’s total expenses in one year consisted of $300,000 to 
buy stock, and $150,000 to pay staff and cover other expenses. 

Their profit was $40,000. What was their total revenue? 


Section 8.2 — Using Percents 


Profits are Often Given as Percents 


You can also work out a percent profit. This compares the amount of 
profit to the amount of sales revenue. 


A company makes a profit of $90,000 on total sales of $720,000. 
What is their profit as a percent of sales? 
Solution 
The company made $90,000 profit on sales of $720,000. 
Write this as a fraction, and convert it to a decimal. 
$90, 000 
$720,000 19 


Now change the decimal to a percent by multiplying by 100. 
0.125 x 100 = 12.5, so their profit is 12.5% of their sales. 


Guided Practice 


5. Sayon’s lemonade stand made a $20 profit. He sold $80 worth of 
lemonade. What profit did he make as a percent of sales? 


6. A company made a profit of $6000 on total sales of $40,000. 


Don't forget: What was their profit as a percent of sales? 
To find x% of a number, just 7. Sophia buys a set of books for $75. She later sells the books to a 
multiply the number by a0 collector for $90. What percent profit has she made? 


8. Company A made a 12% profit on sales of $295,000. 
How much profit did they make? 


You Can Compare Profits Using Percents 


Businesses often use percents to compare the profits that they have made in 
consecutive years. This shows how the company is performing over time. 


This year, Company B increased its profits by 5% over the previous year. 
If last year’s profit was $43,900, what was this year’s profit? 


Solution 


5 
Write the percent of the increase as a fraction: 5% = 100 


Work out the amount of the increase: 


2) 
100 * $43,900 = 0.05 x $43,900 = $2195 
Now add the amount of the increase to the original profit: 


$43,900 + $2195 = $46,095 


Section 8.2 — Using Percents 


Example ; 4 
Last year, Company C made profits of $40,000. This year, they made 
profits of $28,000. What was the percent decrease in their profits? 
Solution 
Find the amount of the profit decrease: $40,000 — $28,000 = $12,000 
Now divide the amount of the decrease by the first year’s profits: 


$12,000 
$40,000 — oe 


Change the decimal to a percent by multiplying by 100: 
0.3 x 100 =30, so they had a 30% decrease in profit. 


(&% Guided Practice 


9. This year, Company D increased its profits by 10% over last year. 
If last year’s profits were $12,000, what was this year’s profit? 


10. Company E’s profits fell by 4% this year compared to last year. 
If last year’s profits were $29,500, what were this year’s profits? 


11. Last month, Company F made profits of $1250. This month, they 
made profits of $1500. Find the percent increase in their profits. 


12. Last year, Company G made profits of $200,000. This year, they 
made profits of $192,000. Find the percent decrease in their profits. 


( Independent Practice 


1. In one year, a company has a total revenue of $185,000 and total 
expenses of $155,000. What were the company’s profits that year? 


2. A website selling clothes made a profit of $7890 in a month. In the 
same month its revenue was $12,390. Find its expenses for that month. 


3. A toy store makes $12,000 profit on sales of $300,000. 
What percent profit has the store made? 


4. A grocer buys $270 of fruit. He sells it for $283.50. 
What is his profit? What is his percent profit? 


5. This year, Company H’s profits fell by 7% compared to the previous 
Now try these: year. If last year’s profit was $22,500, what was this year’s profit? 


Lesson 8.2.3 additional 


Guest onete pan 6. Last month, a store made profits of $4800. This month, they made 


profits of $5400. What was the percent increase in their profits? 


7. Your class organizes a dance as a fund-raiser. You spend $100 hiring 
a DJ, $180 on food, and $40 on tickets and fliers. You have 50 tickets — 
if they all sell, what will you need to price them at to make a 25% profit? 


Round Up 


Profit is the money that a business Is left with when you take away what it spends trom what it takes 
in sales, Percent change in protit is a way of measuring the performance of a business over time. 


Section 8.2 — Using Percents 6. 


California Standards: 


Number Sense 1.3 

Convert fractions to decimals 
and percents and use these 
representations in 
estimations, computations, 
and applications. 


Number Sense 1.6 


Calculate the percentage of 
increases and decreases of 
a quantity. 


Number Sense 1.7 


Solve problems that involve 
discounts, markups, 
commissions, and profit and 
compute simple and 
compound interest. 


What it means for you: 
You'll see what interest is and 
how to work out how much 
simple interest you could earn 
over time. 


Key words: 

¢ interest 

* simple interest 
* principal 

* interest rate 


Check it out: 


To invest just means to put 
money into something. 


Simple Interest 


Interest is an tmportant real-life topic because it’s all about saving and 
borrowing money. If you keep your money in a savings account, the 
bank will pay you something just for keeping it there. The interest 
that you gain will be based on how much you put in — and that 
means It’s another use of percent increase. 


Interest is a Fee Paid For the Use of Money 


When you keep money in a savings account, the bank pays 
you interest for the privilege of using your money. 

When you borrow money from a bank, the bank charges 
you interest for the privilege of using their money. 


Interest is a fee that you pay for using someone else’s money. 


The interest to be paid is worked out as a percent of the money invested or 
loaned. The percent that is paid over a given time is called the interest rate. 


Simple Interest is Paid Only on the Principal 


The amount of money you put into or borrow from a bank is called the 
principal. Interest that is paid only on the principal is called simple interest. 


With simple interest, the interest rate tells you how much money you will 
get back every year as a percent of the principal. 


nn ° ; Number of years | Interest earned 
sccount witha simple interest (2 (St 
account with a simple interest 
rate of 5% per year. For each $105 


year you leave your money in 


For example: think about 


the account, you wll get 5% of 


$100 back. 


You deposit $50 in a savings account that pays a simple interest rate of 
2% per year. How much interest will you get over 3 years? 
How much will be in the account after 3 years? 


Solution 


2 
First find 2% of $50: $50 x Te $1. This is the amount of interest 
you will get each year. 


So over 3 years you will earn: 3 x $1 =$3 
After 3 years you will have: $50 + (3 x $1) = $53 in the account. 


Section 8.2 — Using Percents 


(% Guided Practice 


1. If you put money into a savings account which pays simple interest, 
will the amount of interest you get in the first year be the same as in the 
second year? Explain your answer. 


2. You borrow $150 from a bank at a simple interest rate of 
8% per year. How much interest will you pay in one year? 


3. You deposit $200 in a savings account that pays a simple interest 
rate of 5% per year. How much interest will you get over 4 years? 


4. You deposit $65 in a savings account that pays a simple interest rate 
of 4% per year. How much will be in your account after 4 years? 


Use the Simple Interest Formula to Calculate Interest 


Look back at Example 1. To work out how much interest you got over 
3 years, you worked out the percent of the principal that you would get 
each year and multiplied it by 3. 


So the calculation you did was: 


50 x 3 =$3 

( 100 00)” ° 

Don't forget: Now think about what each part of that equation represents. 

You can remove the This is the This is the time that the 


parentheses from this 
equation because of the 


associative property of 
multiplication — see Lesson 
lede5: 
This is the 


This is the interest rate 
written as a fraction. interest earned. 


principal. money is in the account for. 


You can use this to figure out a general formula for finding simple 
interest. First assign a variable to stand for each part of the equation: 


¢ P stands for the principal. 


er stands for the interest rate (in % per year), written as a fraction or a 
decimal. 


¢ ¢ stands for time (in years). 


e I stands for the amount of interest that has built up. 


To find the amount of interest that you got, you multiplied together the 
principal, the interest rate, and the time the money was in the account for. 


Section 8.2 — Using Percents 


Written as a formula this is: 


Don't forget: 


When you write the interest 
rate, you can write 6% as 


6 
either the fraction Too or the 
decimal 0.06. 


Check it out: 


Read each question carefully. 
Sometimes you'll be asked to 
just find the amount of 
interest, other times you'll be 
asked to find the total amount 
in the account. 


To find the total amount that 
an account will contain, first 
calculate the interest. 

Then add the interest to the 
principal. 


Now try these: 


Lesson 8.2.4 additional 
questions — p472 


Round Up 


You deposit $276 in a savings account that has a simple interest rate of 
6% per year. How much interest will you get over 5 years? 


Solution 

l= Prt 

I = $276 x 0.06 x 5 Substitute the values into the formula 
I= $82.80 


Over 5 years you'll earn $82.80 interest. 


(&% Guided Practice 


5. You borrow $57 from a bank at a simple interest rate of 9% per year. 
How much interest will you pay in one year? 


6. You deposit $354 in a savings account that pays a simple interest 
rate of 2.5% a year. How much interest will you get over 7 years? 


7. You deposit $190 in a savings account that pays a simple interest 
rate of 4% a year. How much will be in your account after 4 years? 


8. You put $520 in a savings account with a simple interest rate of 6% a 
year. You take it out after 6 months. How much interest will you get? 


{% Independent Practice 


1. You borrow $75 from a bank at a simple rate of 9% per year. 
How much interest will you pay over 7 years? 


2. You deposit $64 in a savings account that pays a simple interest rate 
of 2.5% a year. How much will be in your account after 17 years? 


3. Ian put $4000 into a short-term investment for 3 months. The simple 
interest rate was 5.2% per year. How much interest did Ian earn? 


4. Luz borrows money from a bank at a simple interest rate of 5% a year. 
After 4 years she has paid $50 interest. How much did she borrow? 


5. Ty puts $50 in a savings account with a simple interest 
rate of 3% a year. He works out what interest he will get 
in 5 years. His calculation is shown on the right. What 
error has he made? How much interest will he get? 


6. Anna puts $50 in a savings account that pays a simple interest rate of 
5% a year. After 4 years she takes out all the money, and puts it in a new 
account that pays a simple interest rate of 6% a year. She leaves it there 
for 5 years. How much will Anna have in total at the end of this time? 


Interest is money that fs paid as a fee for using someone else's money. Simple interest means that 
each year you get back a fixed percent of the initial amount you invested. Make sure you understand 
how simple interest works. You'll use a lot of the same math in the next lesson on compound interest. 


Section 8.2 — Using Percents 


Lesson 


8.2.5 


California Standards: 


Number Sense 1.3 

Convert fractions to decimals 
and percents and use these 
representations in 
estimations, computations, 
and applications. 


Number Sense 1.6 


Calculate the percentage of 
increases and decreases of 
a quantity. 


Number Sense 1.7 


Solve problems that involve 
discounts, markups, 
commissions, and profit and 
compute simple and 
compound interest. 


What it means for you: 
You'll learn about compound 

interest, and how to work out 
how much compound interest 
you could earn over time. 


Key words: 


* compound interest 
* principal 

* interest rate 

* annually 

* quarterly 

* monthly 


Check it out: 


Quarterly means every three 
months — this is a quarter of 
the year. 


Check it out: 


0.25 is used here because 
the interest is compounded 
quarterly. 

If it were compounded yearly, 
the multiplication factor would 
be 1. 

And if it were monthly, the 
multiplication factor would be 
one-twelfth. 


Compound Interest 


In the last Lesson, you saw what interest was and how to work out 
simple interest. There’s another type of interest that you need to know 
about called compound interest. And that’s what this Lesson /s about. 


Compound Interest is Paid on an Entire Balance 


Simple interest is only paid on the principal. So although the balance of 
your account rises, the amount of interest you get is the same each year. 


Compound interest is paid on the principal and on any interest you’ve 
already earned. Interest is added (or compounded) at regular intervals 
— and the amount paid is a percent of everything in the account. 


Think about putting $100 in 
an account with an interest 
rate of 5% compounded 


$ 
ar none ithe geomt [——{S10 = 009 = 
U 
ie will me 5% of the ($10,500 x 0.05) = $525 
account’s balance paid into 3 [estos * 0.05) = $551.25 


your account. 


Number 
of years 


oso st,000_— 


Interest earned Total 


Interest can also be worked out daily, monthly, or quarterly. It often isn’t 
an exact number of cents — so the bank rounds it to the nearest cent. 


You put $80 into an account with an interest rate of 5% per year, 
compounded quarterly. What is the account balance after 6 months? 


Solution 

After the first 3 months you'll get: 

I= Prt = $80 x 0.05 x 0.25 = $1 interest. 
So you'll have $81 in the account. 


Over the next 3 months, you'll get: 
I= Prt = $81 x 0.05 x 0.25 = $1.01 interest. 
So you'll have $82.01 in the account. 


In 6 months you earned $2.01 interest and have $82.01 in the account. 


&% Guided Practice 


1. If you put money into a savings account which pays compound 
interest, will the amount of interest you get in the first year be the same 
as in the second year? Explain your answer. 


2. You borrow $100 from a bank at an interest rate of 5% a year 
compounded annually. How much interest do you pay in 2 years? 


Section 8.2 — Using Percents 


Calculate Compound Interest Using the Formula 


There’s a formula for calculating the amount in an account (A) that has 
been earning compound interest: 


¢ P is the principal. This is the amount that is put into the account or 
loaned in the first place. 

* ris the interest rate, written as a fraction or a decimal. 

So an interest rate of 6% could be written as as or 0.06. 


* tis the time between each interest payment in years. 

In Example | this was 0.25 because interest was paid quarterly. 
¢n is the number of interest payments made. In Example 1 
this was 2 — in 6 months quarterly interest was paid twice. 


You put $80 into an account that pays an interest rate of 6% per year 
compounded quarterly. Use the compound interest formula to find the 
account balance after 6 months. 


Solution 

A=P(1+rt)" 

A =80(1 + (0.06 x 0.25))? Substitute the values into the formula 
A= 80 x 1.015? 

A= 82.418 Evaluate 


The account balance is $82.42 to the nearest cent. 


Don't forget: 


On bank statements, interest 
payments are usually rounded 
to the nearest cent. 


% Guided Practice 


3. You put $100 into an account with a compound interest rate of 10% per 
year, compounded annually. What’s the account balance after 4 years? 


4. You put $150 into an account with a compound interest rate of 4% per 
year, compounded quarterly. What’s the account balance after 6 months? 


5. You put $88 into an account with a compound interest rate of 1% per 
year, compounded quarterly. What’s the account balance after 9 months? 


6. You put $200 into an account with a compound interest rate of 2% per 
year compounded monthly. What’s the account balance after 7 months? 


Comparing Simple and Compound Interest ) 


Imagine you have $10,000 to invest for three years, and you intend to make 
no transactions during that time. You can choose from two accounts: one 
pays 5% simple interest per year, the other 5% compound interest per 
year, compounded annually. 


Section 8.2 — Using Percents 


This table shows the amount of interest the two accounts would build up: 


|__| SIMPLE INTEREST] COMPOUND INTEREST 
Number | Interest Total Interest Total 
of years |earned earned 

$500 10,500 $500 $10,500 


| 


The account with compound interest would earn you an extra $76.25. 


Comparing two accounts with the same annual interest rate: 
¢ If you are SAVING a fixed sum of money, the account with compound 
interest will be a better choice because it will earn MORE interest. 
¢ If you are BORROWING a fixed sum of money, simple interest will be 
a better choice because you’ll be charged LESS interest overall. 


&% Guided Practice 


7. On a loan of $100, Bank A charges simple interest at 6% a year. 
Bank B charges 6% a year, compounded annually. Neither loan offers 
repayment in installments. Which bank has the better deal? 


8. Myra has $100 to invest for 6 years. She can pick from 2% simple 
interest a year, or 2% compound interest a year, compounded annually. 
Check it out: How much more will be in her account if she picks compound interest? 


TO Come Sees 9. Rai has $500 to invest for 3 years. He can pick from 5% simple 
compound interest when the : a : 

iarereeraiee ore cliieren interest a year or 4% compound interest a year, compounded quarterly. 
you'll have to work out the Which will leave him with the greater account balance? 


account balances. 
VA Independent Practice 


In Exercises 1—3, work out the account balance using the formula. 

1. $100 is invested for 5 years at 5% a year, compounded annually. 
2. $50 is invested for 2 years at 3% a year, compounded quarterly. 

3. $800 is invested for 8 months at 5% a year, compounded monthly. 


4. Ezola borrows $200 at 7% a year compounded quarterly. She makes 
no repayments in the Ist year. What does she owe at the end of it? 


5. Ben puts $2000 in an account that pays 5% a year simple interest. 
Dia puts $2000 in an account that pays 5% a year compounded 
annually. What’s the difference between their balances after 6 years? 


Now try these: 6. Geroy has $1000 to invest for 2 years. He can pick from 3.5% 
Lesson 8.2.5 additional simple interest a year or 3.4% compound interest a year, compounded 
questions — p472 monthly. Which will leave him with the greater account balance? 


7. Kim puts $10,000 in an account that pays a rate of 4% interest a year 
compounded annually. After 2 years the rate goes up to 5% a year 
compounded quarterly. What is her account balance after 30 months? 


Round Up 


Compound interest is when you're paid interest on the whole account balance and not just on the 
money you first put in. It’s a great way to save — but not always such a good way to borrow. 


Section 8.2 — Using Percents 


Section 8.3 introduction — an exploration into: 


Estimating Length 


An estimate is an educated guess about something — such as the size of a measurement. 
In this Exploration, you'll test your estimation skills by estimating the length of different objects 
in the classroom. Youll then test your estimates by measuring, and finding your percent error. 


If you estimated the length of a field and were only 2 inches away from the actual measurement, it 
would be much more impressive than if you estimated the length of a pencil and were 2 inches out. 
That’s why you use percent error — 2 inches as a percent of the length of a field, would be tiny, 
whereas 2 inches as a percent of the length of a pencil would be much bigger. 


A student estimates that the length of a math textbook is 30 centimeters. 
She measures it, and finds that it’s actually only 27 centimeters long. 
What is her percent error? 

Solution 


Her error is 30 — 27 = 3 centimeters. 
You have to find 3 centimeters out of 27 centimeters as a percent: 


7 x 100 = 11.1 [==> So her percent error was 11.1%. 


Ve Exercises 


1. Make a copy of the table below. Complete it by estimating the things listed, measuring 
them, and then calculating the percent error. 


a 

| Length of student desk | of student desk 

a 

a 

[wah origheewien | | 
Pick two other 


items in your => 


classroom. 


2. How did your accuracy change over the course of the Exploration? 
Did your estimation skills improve? Explain your answer. 


Round Up 


Percent error tells you how big your error is compared to the size of the thing you are measuring. 
You normally estimate with “easy” numbers — lke whole numbers, or to the nearest 10 or 100. 
For instance, youd estimate something as “about a meter” rather than “about 102.3 centimeters.” 


ZEt-@ Section 8.3 Exploration — Estimating Length 


California Standard: 


Mathematical Reasoning 2.7 


Indicate the relative 
advantages of exact and 
approximate solutions to 
problems and give answers 
to a specified degree of 
accuracy. 


What it means for you: 
You'll see how to round 
numbers, and how to 
describe how you’ve rounded 
them. 


Key words: 

* rounding 

* decimal places 
¢ hundredth 

* thousandth 


Check it out: 


Rounding is all about figuring 
out which of two numbers 
your answer is closer to. 


Check it out: 


72.5 lies exactly half way 
between 72 and 73. The rule 
is to round it up to 73 though. 


Section 8.3 


Rounding 


Often, it’s fine to give an approximate answer. For instance, ff you 
calculate the length of a yard as 11.583679 meters, then itd 
probably be most sensible to say that it’s approximately 11.58 meters. 
Also, rounding numbers that have lots of digits makes them easter to 
handle. There’s a set of rules to follow to help you round any number. 


Rounding Makes Numbers Easier to Work With 


Sometimes, using exact numbers isn’t necessary. 


For example: the exact number of people who came 
to a football game might be 65,327. But most people 
who want to know what the attendance was will be 
happy with the answer “about 65,000.” 


Rounding reduces the number of nonzero digits in a number while keeping 
its value similar. Rounded numbers are less accurate, but easier to work 
with, than unrounded numbers. 


There are Rules to Follow When You Round 


Think about rounding 65.3 to the nearest whole number. 


“To the nearest whole number” means that the units column is the last 
one that you want to keep. So look at the digit to the right of that: 


65.3 


You're rounding to this place... __...s0 look at this place. 


Because this digit is less than 5, it means that the number is closer to 65 
than to 66. So you can round it down to 65. 


It might help to think about where the number is on a number line: 


You can see that 65.3 is 


64.5 65 65.5 66 66.5 closer to 65 than to G6. 


Rules of rounding: 
¢ Look at the digit to the right of the place you’re rounding to. 


e If it’s 0, 1, 2, 3, or 4, then round the number down. 
e If it’s 5, 6, 7, 8, or 9, then round the number up. 


Section 8.3 — Rounding and Accuracy 


Check it out: 


To help you figure out where to 
round a number, you can circle 
the digit you’re rounding to. 


For example: if you’re 
rounding 1872 to the nearest 
hundred, ring the digit that 
represents hundreds. 


1872 


Now look at the digit to the 
right of that. In this case, as 
itis 7, you round up to 1900. 


Check it out: 


Rounding to the nearest 
hundredth is the same as 
rounding to 2 decimal places. 
Rounding to the nearest 
whole number is the same as 
rounding to 0 decimal places. 


Round 57.51 to the nearest whole number. 
Solution 
You’re rounding to the nearest whole number, so look at the units column. 


f You're rounding to this place... 


S731 
t__ ...50 look at this place. 


This digit is 5 — so you can round 57.51 up to 58. 


(% Guided Practice 


In Exercises 1—9, round the number to the nearest whole number. 


13a 2.4.8 eRe) 
4.21.6 Bs fad 6. 43.19 
7. 0.61 8. 127.20 9. 1849.27] 


You Need to Say What You’re Rounding To 


When you round, you need to say in your work what you’ve rounded your 


answer to. That might be... 

... to the nearest whole number 17.23 ———> 17 
... to the nearest 10 285 ———~> 290 
... to the nearest 100 1243 ———~> 1200 


... to the nearest one-hundredth 1.379 ——~ 1.38 


&% Guided Practice 


In Exercises 10—15, round the number to the size given. 

10. 726 to the nearest 10 11. 1851 to the nearest 100 

12. 21241 to the nearest 1000 13. 0.15 to the nearest 10th 

14. 0.2149 to the nearest 100th 15. 0.00827 to the nearest 1000th 


You Can Round to Decimal Places 


Another way of rounding numbers is to round to decimal places. 


Thousandths 
4 3 decimal places 


[1 ].[2 [3 |14] 
f ~~ Hundredths 


2 decimal places 


O'dseimal pi 
ecimal places NG 


Tenths 
1 decimal place 


Section 8.3 — Rounding and Accuracy 


The number of decimal places that have been used is just the 
number of digits there are after the decimal point. 


Round 1.48934 to 3 decimal places. 


Solution 
You're rounding to 3 decimal places, so look at the number to the right 
of the third digit after the decimal point. 


£_ You're rounding to this place... 


1.48934 
t__ ...50 look at this place. 


This digit is 3 — so you can round 1.48934 down to 1.489. 


(% Guided Practice 


In Exercises 16—21 round to the number of decimal places given. 

16. 0.27 to 1 decimal place 17. 2.237 to 1 decimal place 

18. 4.118 to 2 decimal places 19. 1.4619 to 2 decimal places 
20. 0.6249 to 3 decimal places 21. 0.012419 to 4 decimal places 


Vo Independent Practice 


In Exercises 1—8, round the number to the size given. 
1. 7.8 to the nearest whole number 2. 423 to the nearest 10 


3. 19410 to the nearest 100 4. 1.205 to the nearest 100th 
5. 5.63 to 1 decimal place 6. 0.74 to 0 decimal places 
7. 1.118 to 2 decimal places 8. 7.2462 to 3 decimal places 


9. Duenna’s school has 1249 pupils on its roll. How many pupils does 
it have to the nearest hundred? What about to the nearest 10? 


10. Multiply 1501 by 8. Give your answer to the nearest 1000. 
11. Divide 150 by 31. Give your answer to | decimal place. 
12. Kelvin is asked to round 1.836 to 2 decimal places. 


His work is shown on the right. What mistake has he 
Now try these: made? What answer should he have gotten? 


round down to 18. 
ee 


Lesson 8.3.1 additional : oS 
questions — p472 13. The local news reports that, in a survey of 3000 local families, 


1000 had 3 or more children below the age of 18. The actual number 
was 583. Do you think it was sensible to round to the nearest 1000 
here? What would you have rounded to? 


Round Up 


When you dont need to use an exact number you can round. Rounding makes numbers with a lot of 
digits easter to handle. Use the digit to the right of the one youre rounding to to decide whether you 
need to round up or down. And don’t forget to always say how you've rounded a number — whether 
it’s to the nearest 100, the nearest hundredth, or to a certain number of decimal places. 


Section 8.3 — Rounding and Accuracy i 


California Standards: 


Mathematical Reasoning 2.7 


Indicate the relative 
advantages of exact and 
approximate solutions to 
problems and give answers 
to a specified degree of 
accuracy. 


Mathematical Reasoning 3.1 


Evaluate the 
reasonableness of the 
solution in the context of 
the original situation. 


What it means for you: 
You'll see how to round 
numbers in situations where 
the normal rules of rounding 
don’t apply. 


Key words: 


* rounding 

* decimal places 
* round up 

* round down 


Check it out: 


Whenever you're solving a 
real-life problem, you have to 
check that your answer is a 
reasonable one for that 
particular problem. 

If the question asked how 
many cans Latoria would use, 
the answer could be 5.2. But 
she couldn’t buy this number 
of cans. 


Rounding Reasonably 


There are times when the rules about rounding up and down that you 
learned in the last Lesson don?t apply. In some real-life situations it 
isn't reasonable to round an answer up, and in others it isn't reasonable 
to round it down. This Lesson ts all about being able to spot ther. 


Ordinary Rounding is Rounding to the Nearest 


In the last Lesson, you learned about the ordinary rules of rounding. 
For example: 
Anything from here Anything from here 
to here is rounded to here is rounded 
down to 1 up to2 


oe a To To 


1g bl 12 13141.516 1.718195 


¢ If the digit to the right of the place you’re rounding to is 0, 1, 2, 3, or 4 
you should round down. 

¢ If the digit to the right of the place you’re rounding to is 5, 6, 7, 8, or 9 
you should round up. 


Rounding with these rules is called “rounding to the nearest” because 
whether you round up or down depends which number the digit is closest to. 


Sometimes It’s Sensible to Round a Number Up 


There are real-life situations when it’s sensible to round an answer up — 
even though it’s actually closer to the lower number. 


Latoria is decorating. She has to paint a total wall area of 130 m’. A can of 
paint covers 25 m? of wall. How many cans of paint should Latoria buy? 


Solution 
To find exactly how many cans of paint Latoria will need, divide 
the total area of wall by the area covered by one paint can. 


130 m? + 25 m? = 5.2 


But Latoria can only buy a whole number of cans. So you need to round 
your answer to a whole number. 
¢ Conventional rounding rules would say that the digit to the right of 
the units column is a2. So the answer would round to 5 cans. 
¢ But if Latoria only buys 5 cans, she won’t have enough paint to cover 
the whole wall. So you need to round the answer up to 6 cans. 


Section 8.3 — Rounding and Accuracy 


Real-life situations where you need to round up instead of down include: 

¢ Working out how many of something you need for a task — it’s better 
to have a bit left over than not have enough. Example | was a good 
illustration of this. 

¢ Figuring how much to leave for a tip — it’s fine to leave a little over the 
percent tip you intended, but you wouldn’t want to leave any less. 

¢ Working out how much money you need to buy an item — if you give 
too much you get change, but if you don’t have enough you can’t pay. 


(% Guided Practice 


1. A large cake contains 5 eggs. You’re baking a small birthday cake 
that is half the size. How many eggs should you buy? 


2. Reece is laying a path that is 76 m long. Each bag of gravel will 
cover 3 m of path. How many bags should Reece buy? 


3. To get a grade A on a math test, Kate needs to score 80% or higher. 
If the test has a possible total of 74 points, how many points does Kate 
need to score an A? 


4. Emilio’s taxi fare comes to $17.42. He wants to leave a tip of at least 
10%. What is the amount of the smallest tip he can leave? 


5. At Store A, a can of tuna costs $1.77. Tess is going to the store to buy 3 
cans for a recipe. If she only has dollar bills, how many should she take? 


Sometimes It’s Sensible to Round a Number Down 


There are real-life situations when it’s sensible to round the answer down 
— even though you'd round it up according to the rounding rules. 


A store charges $2.50 for a carton of orange juice. 
If you have $7, how many cartons of orange juice can you buy? 


Solution 

To find exactly how many cartons you can buy, divide the money that 
you have by the price of one carton. 

Don't forget: 


There are some things that 
you can usually buy fractions 
of. These will mostly be 
products that are sold by 
weight or length. 

For example, you could buy 
part of a pound of fruit, or 
part of a yard of fabric. 


$7 + $2.50 = 2.8 cartons 


$2.50 $2.50 $2 


But you can only buy a whole number of cartons. So you need to round 
your answer to a whole number. 
¢ Conventional rounding rules would say that because the digit to the 
right of the units column is an 8, the answer would round to 3 cartons. 
e But you can’t buy 3 cartons because you don’t have enough money to 
pay for them. So you need to round the answer down to 2 cartons. 
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Real-life situations where you need to round down instead of up include: 
¢ Working out how many whole items you can make from an amount of 
material. For instance, if it takes 4 balls of yarn to knit a sweater, and 
you have 10 balls, you might calculate that you can knit 2.5 sweaters. 
This isn’t a reasonable answer — you can only knit 2. 
¢ Working out how many items you can buy with a certain amount of 
money — you can’t buy part of an item. 


Ve Guided Practice 


6. Ata local store, pens cost $2 each. If you go in with $13.30, how 
many pens can you buy? 


7. You are making up bags of marbles to sell at a fund-raiser. Each bag 
contains 24 marbles. How many bags can you make from 306 marbles? 


8. A room has 4 walls, each with an area of 22 m’. One can of paint 
covers 30 m’?. How many whole walls can Trayvon paint with 2 cans? 


9. Blanca is packing books into a box that 

supports a maximum weight of 50 pounds. 
Each book weighs 2.2 pounds. How many 
books can Blanca put in the box? 


({% Independent Practice 


1. Joel has 26 yards of material. He needs 3 yards to make one 
cushion. How many cushions can he make? 


2. A bread recipe calls for 5 cups of flour. How many loaves can be 
made from 64 cups of flour? 


3. Lydia is making gift tags. One sheet of card makes 4 tags. How 
many sheets of card will she need to make 57 tags? 


4. A class is planning to buy their teacher a going-away present. The 
vase they want to buy costs $50 and there are 23 people in the class. 
How much should they each contribute? 


5. Patrick’s restaurant bill came to $22.92. He wants to leave a tip of 
at least 15%. What is the amount of the smallest tip he can leave? 


6. You have a | kg bag of flour. You want to use it to make 7 cakes for a 


5 
Now try these: bake sale. How many whole grams of flour will go into each cake? 


Weccon es 2 addiicnal 7. You use a payphone to make a call. Calls are charged at $0.32/minute. 
questions — p473 If you have $3 change, how many full minutes can you talk for? 


8. Hannah is saving to buy an MP3 player costing $80. Each week she 
gets an allowance of $6.20, which she saves toward it. How many 
weeks will she need to save for? 


Round Up 


Usually, when you round a number you use the “rounding to the nearest” method. But in some 
situations you might need to round a number up or down that youd usually round the other way. 
[t's all about making sure your answer /s reasonable — there’s more on that in the next two Lessons. 
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Lesson 


8.3.3 


California Standards: 
Mathematical Reasoning 2.7 
Indicate the relative 
advantages of exact and 
approximate solutions to 
problems and give answers 
to a specified degree of 
accuracy. 


Mathematical Reasoning 2.8 
Make precise calculations 
and check the validity of 
the results from the 

context of the problem. 


Mathematical Reasoning 3.1 
Evaluate the 
reasonableness of the 
solution in the context of 
the original situation. 


What it means for you: 
You'll think about how 
accurate answers to questions 
need to be, and when it’s a 
good idea to round them. 


Key words: 


* exact 

* approximate 

* rounding 

* round-off error 


Check it out: 


A wavy equals sign “~” means 
“is approximately equal to.” 


Don't forget: 


An irrational number is a 
decimal that carries on 
forever without repeating. 


Don't forget: 


Circumference = x x diameter 


Don't forget: 


The Pythagorean Theorem: 


tA 
o a+b? = Cc? 
a 


Exact and Approximate 
Answers 


When you’e figuring out the answer to a math question, it’s 
important to think about how precise your answer needs to be. 
You have to decide if it’s sensible to round an answer or not, and 
how much to round it by. And that’s what this Lesson /s about. 


Leave xn and / In For a Completely Accurate Answer 


Sometimes in math you’ll need to give very exact answers, and sometimes 
you'll only be able to give an approximate answer. 


Think about finding the area of this circle. 
The formula is: Area = 1tr’. 


Area = 1 x 37. 
But there are different ways that you could write your answer. 


To find the area, you would do the calculation: 


¢ 7 is an irrational number, so the only way to 
write the answer absolutely accurately would be: Area = 97 cm? 


¢ If you’re asked for an approximate 
answer then round the number off: Area ~ 28.3 cm? (to 1 decimal place) 


If the question doesn’t tell you how precise your answer needs to be then 
make it as accurate as possible. That means leaving irrational numbers, 
like 1 or square roots, and non-terminating decimals in your answer. 


Guided Practice 


1. What is the area of a circle with a radius of 5 feet? 


2. If the radius of planet Earth at the equator is 6380 km, what is its 
circumference at the equator? Give your answer to the nearest 100 km. 


3. You are asked to do the calculation ; x 4. Think of two ways that 
you could write your answer exactly. 


4. A square has a side length of 10 cm. What is the length of its 
diagonal? What is the length of its diagonal to 2 decimal places? 


5. 6 people share 10 pears equally. How many pears will each person 
get to 1 decimal place? How many thirds of a pear will each person get? 
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Check it out: 


Measurements always 
introduce some error — you 
can never measure anything 
completely accurately. 


Although the rope in 
Example 2 is 2.2 m long to the 
nearest 0.1 m, you don’t know 


the exact length. For example, 


it could be 2.21 m or 2.18 m. 


Check it out: 


When you have approximate 
data in a calculation involving 
multiplication, any rounding 
errors are multiplied, making 
your answer less precise than 
the data you began with. 


In Example 2, the least 
precise measurement was 
given to 1 decimal place. This 
was then multiplied by 27, 
giving a bigger rounding error. 
This makes it unreasonable to 
give the answer to 1 decimal 
place — it’s more sensible to 
give the answer to the nearest 
whole number instead. 


The reason for this is 
demonstrated in more detail 
in Example 3. 


The Data in the Question Decides the Accuracy 


In real-life problems, approximate answers often make more sense than 
exact ones. There are two things to think about when deciding whether to 
round your answer, and how to round it: 

1) The context of the question. 


As you saw in the last Lesson, how you round may be affected by what the 
question is asking you to find. 


Lupe is making buttons. It cost her $15 to make 13. What is the lowest 
price she can sell each one for and make at least as much as she spent? 
Solution ‘6 15 

Each button cost Lupe exactly $73 to make. 73 = 1.153846 | 

¢ As she can’t charge less than a cent, you should round to 2 decimal places. 
e And as she needs to make at least what she spent, round up not down. 


So Lupe needs to charge $1.16 for each button. 


2) The accuracy of the data in the question. 
Sometimes data you are given to use in a question will be approximate. 
If it is, then your answer depends on how precise the data is. 


ae ot : — oat 
A goat is tied to a length of rope, which is oh * : 
measured as 2.2 m long. If the goat walks a y 
complete circle as shown, how far has it walked? | — % 
Solution Se goat's 
The formula for finding the circumference of a circle is C = 21r. pau 


Using mt = 3.142, the goat has walked 2 x 3.142 x 2.2 = 13.8248 m. 


But the rope’s length is approximate — it could be a little more or less 
than 2.2 m. You are told the rope’s length to the nearest 0.1 m, so it’s 
sensible to give your final answer to the nearest meter. 

The goat has walked 14 m to the nearest meter. 


Guided Practice 


6. Lee measures the legs of a right triangle as 6.2 in. and 8.3 in., to the 
nearest tenth of an inch. He calculates the hypotenuse as 10.36 in. 
Is this an appropriate level of accuracy? Explain your answer. 


7. La-trice completes a motor race of 190 miles, to the nearest ten 
miles. She then drives the car a further 0.92 miles back to the pit lane 
Should the total distance she traveled be given to the nearest 10 miles, 
to the nearest mile, or to the nearest hundredth of a mile? 


8. Eli wants to make a tablecloth that overhangs by 10 cm for his 
rectangular table. To what level of accuracy should he measure the 
length and width of his table? 
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Check it out: 


The length could be anything 
from 4.15 cm to just less than 
4.25 cm. All the values in this 
range would round to 4.2 cm. 


The width could be anything 

from 3.35 cm to just less than 
3.45 cm. All the values in this 
range would round to 3.4 cm. 


Check it out: 


The earlier you round, the 
bigger your round-off error 
tends to be. If Shantel had 
multiplied 1.86 and 0.55, then 
rounded her solution, her 
round-off error would have 
been smaller. 


Now try these: 


Lesson 8.3.3 additional 
questions — p473 


Round Up 


Rounding Makes Your Answer Slightly Inaccurate 


Rounding numbers creates small inaccuracies called round-off errors. 


4.2 cm 
The length of this rectangle’s sides have been measured to the 


nearest tenth of a centimeter. Think about finding its area: ee 
Area = length x width = 4.2 x 3.4 = 14.28 cm’= 14.3 cm? 


But the measurements are rounded to the nearest tenth of a centimeter. 
So actually: 4.15 cm < length < 4.25 cm and 3.35 cm < width < 3.45 cm. 


The minimum area of the rectangle is found by multiplying the 
smallest possible length and the smallest possible width, so: 
Minimum area = 4.15 x 3.35 = 13.9025 cm? 


And the rectangle’s maximum area = 4.25 x 3.45 = 14.6625 cm? 


The actual value could be anywhere between these two. The difference 
between the true value and your calculated value is a round-off error. 


(&% Guided Practice 


9. Daisy measures the lengths of 2 planks as 10.2 m and 5.6 m to the 
nearest 10 cm. She adds them to give a total of 15.8 m. Find the 
greatest and least possible sums of the lengths. 


10. Rey measures a triangle’s base as 10 mm, and its height as 6 mm 
to the nearest mm. With round-off error, what is its minimum area? 


11. Shantel is finding the product of 1.86 and 0.55. She rounds both 
numbers to | decimal place, multiplies them and gives her answer to 
1 decimal place. What round-off error has she introduced? 


(% Independent Practice 


1. Liam measures the base of a triangle as 2.34 m and its height as 
1.69 m. What is the triangle’s area to the nearest m*? 


2. A square has a side length of one seventh of a meter. What is its 
exact area? What is its area to 2 decimal places? 


3. Zoe and Tion both add a third to a seventh and give the answer to 2 
decimal places. Their work is below. Which answer is most accurate? 


Zoe Tion 
meas eer ee 
A ue ae 3 7 


10 + 21 =0.48 (2 decimal places) 0.33 + 0.14 = 0.47 (2 decimal places) 


4. Kelly measures the side length of a cube as being 10.1 cm to the 
nearest mm. With round-off error, what is its minimum volume? 


5. Inez adds the areas of a circle with a 2 cm radius, and a triangle with 
a base of 6 cm and a height of V2 cm. What is her exact answer? 


Sometimes in math you'll be asked to give an approximate answer. Always think carefully about how 
much to round your answer. And don't forget that rounding always introduces round-of? errors. 
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Lesson 


8.3.4 


California Standards: 


Mathematical Reasoning 2.1 


Use estimation to verify the 
reasonableness of 
calculated results. 


Mathematical Reasoning 2.3 


Estimate unknown 
quantities graphically and 
solve for them by using 
logical reasoning and 
arithmetic and algebraic 
techniques. 


Mathematical Reasoning 3.1 


Evaluate the 
reasonableness of the 
solution in the context of 
the original situation. 


Number Sense 1.3 

Convert fractions to decimals 
and percents and use these 
representations in 
estimations, computations, 
and applications. 


What it means for you: 


You'll think about ways to 
check whether the answer to 
a question is sensible and of 
roughly the right size. 


Key words: 


* reasonable 
* sensible 
* estimate 


Check it out: 


Think about: 

e Whether your answer ought 
to be a whole number. 

e Whether your answer 
should be negative or 
positive. 

e Whether to round an 
answer up or down. 


Reasonableness and 
Estimation 


When you answer a math question, you need to be sure your answer 
makes sense and /s about the right size. Making an estimate before 
doing a calculation Is a good way to check your answer is sensible — 
/f your estimate /s very different from your answer, youll know there's 
an error somewhere. 


Think About Whether Your Answer is Sensible 


The first thing to look at is whether your answer is a sensible answer to the 
particular question you’ve been asked. 


Mrs. Moore is splitting students into teams. She needs to split 59 students 


to split the students up? 


Solution 


ona team. This isn’t reasonable. You can’t put part of a person on a team. 
Rounding up doesn’t work — 15 people on each of 4 teams needs 60 
people. And rounding down to 14 means some people are left out. 
The most reasonable thing to do would be to split the students into 
almost equal teams of 15, 15, 15, and 14. 


(% Guided Practice 


In Exercises 1—3, say whether the answer given is reasonable. 

1. A camp has 4 empty tents and 18 new visitors. So the camp 
supervisor decides to put 4.5 people in each tent. 

2. Kea has $7. 1 kg of plums costs $4. Kea says she can buy 1.75 kg. 
3. The area of a square is 36 cm’. Alan finds its side length by taking 
the square root of 36. He says the side length of the square is +6 cm. 


Look at Whether Your Answer is the Right Size 


Another thing to think about is whether your answer is about the right size. 
Sometimes it’s quite clear that your answer is the wrong size. 


Rocio wants to find out how far 2 miles is in meters. She does a 
calculation and gets the answer 3.2 meters. Is she likely to be correct? 
Solution 

2 miles is a fairly long walk, but 3.2 meters is only about as big as two 
adults lying head to toe. Her answer isn’t likely to be correct. 


Section 8.3 — Rounding and Accuracy 


into 4 teams, as equal in size as possible. What would be a reasonable way 


If Mrs. Moore split the class equally there would be 59 + 4 = 14.75 people 


Use an Estimate to Check Your Answer : 


Sometimes it’s not quite so obvious that an answer is the wrong size. 
So, it’s a good idea to estimate the answer to a problem before you solve it. 


You do this by rounding the numbers and using mental math to do a 
simple calculation. If the estimate is about the same as the answer, 
you'll know it’s probably right. 


Think about finding the product of 41 and 29. This is what Ralph did: 


1) He estimated the answer first by rounding 
both numbers to the nearest 10. 


2) Ralph’s answer of 451 is very different 
from his estimate of 1200. He thinks 
there may be an error in his work. 


3) He checks his work and finds his error. The error Ralph made was a 
With the error corrected, his worked missing O in the tens column. 


answer is close to his estimate — so he 
can be more confident his answer is right. 


Whenever you think your answer to a question is not reasonable, you 
should go back and check your work to find the error. 


Estimation can be very useful in real-life problems too. 


Ceria buys a sweater for $51.99 and jeans for $39.50. 
Sales tax is charged at 8.75%. She pays $99.50. 

Use estimation to check if the total cost is about right. 
Don't forget: 


The symbol = means “is 
approximately equal to.” 


Solution 
First round the costs of the items and add them: 
$51.99 =$50 $39.50 = $40 
$50 + $40 = $90 
Now round the sales tax rate, and apply it to the total cost: 
8.75% = 10% 
$90 x 0.1 = $9 
Add the tax to the item’s cost to find the final price: $90 + $9 = $99 


This is very close to the total cost, so it is probably correct. 
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(% Guided Practice 


4. Find the product of 51 and 68. Check your answer using estimation. 


5. Karl put $1021 into a savings account paying 6% simple interest per 
year. Estimate roughly how much interest Karl will earn in a year. 


6. Ruby’s meal cost $39.95. She wants to tip the waiter 15%. She says 
she should leave about $4. Is she right? Estimate what tip to leave. 


7. The school council sold 197 tickets to a dance. A ticket entitles you 
to 2 cartons of juice. If juice cartons come in boxes of 52, estimate 
how many boxes the school council should buy. 


{% Independent Practice 


In Exercises 1-4, say whether the answer given is reasonable. 
1. Umar buys lettuce for $2.10, some bananas for $2.05, and a melon for 
$4. He estimates that his bill will be about $80. 
2. A shirt selling for $51.30 is discounted by 22%. Clare says this is a 
reduction of about $10. Is her estimate reasonable? 
Don't forget: 3. In winter, the temperature outside Iago’s house is 23 °F. He converts 
it to °C, and says it is —5 °C. 
4. Lashona measures the legs of a right triangle as 7 in. and 9 in. Using 
the Pythagorean theorem, she says the hypotenuse is 11.4018 in. long. 


Die 
C= 9 F — 32). 


5. Rachel’s cab fare is $32. She wants to give a 10% tip. Rachel says 
this is $10. Does this seem reasonable? 


6. Jeron and Ann are painting. Jeron paints 1.8 walls/hour, and Ann 
paints 2 walls/hour. Ann says it will them take less than 2 hours to paint 
7 walls. Is this a reasonable thing to say? 


7. Felix finds the length of a rectangle with a 10 mm? area and a3 mm 
width. He says its length is 3.333333 mm. Is this a sensible answer? 


8. Tandi is finding the circumference of a circular trampoline. 
She measures its radius as 3 m, and says its circumference is 19 m. 
Does this seem reasonable? 


9. Ben is saving up to buy a $98 camera. To earn money he washes 
cars, charging $12 per car. Estimate the number of cars he will have to 


wash to earn $98. 


Notas ulanea 10. Xenia uses the Pyth h find the h fa righ 
rseecnre a 4 additional . Xenia uses the Pythagorean theorem to find the hypotenuse of a right 


questions — p473 triangle. Its legs are 36 cm and 60 cm. She gets 48 cm. Is this sensible? 
11. Divide 9.88 by 5.2. Check your answer using estimation. 


12. Evan walked for 1.9 km at 2.8 km/hr, and then for 5.9 km at 
3.2 km/hr. Estimate how long his walk took in hours and minutes. 


Round Up 


It’s always important in math to think about whether your answers are reasonable or not — there's 
no point in giving an answer that doesnt make sense. Remember that you can always estimate 
before finding an exact answer. Then you'll have an idea whether your answer (s right or not. 
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Chapter 8 Investigation 


Nutrition Facts 


Percents are used a Jot in real Iifé, so you really need to get contident working with ther. 
In this Investigation, you'll see how percents are used to provide information about foods. 


On the right is a nutrition facts label from a packet of crackers. (Qyyepiesi mnt CAPTc | 
The table below shows the recommended daily values you NUTRITION FACTS 
should eat if you need 2000 calories or 2500 calories a day. PRET armen 


2000 calories per day | 2500 calories per day Calories to) Saeties vem rat 
EE 
Total Fat 5.59 8% 
oe Saturated Fat 0.6 g 3% 
Cholesterol 300 mg Trans Fat 0g 
Sodium 2400 mg Cholesterol 0 mg 


Total carbohydrates 300 g Sodium 180 mg 
: : Total Carbohydrate 21g 
Dietary fiber 25g Dietary Fiber 3g 


Sugars 0g 
Protein 4g 


Serving size = 30g Servings per box = 5 


The Percent Daily Value figures on the label show what 
percent of the recommended daily value each serving contains. 
The number of calories you need depends on things like your gender, and the exercise you do. 


1) How many calories per day are the percent daily values on the nutrition facts label based on? 


2) The label reads 7% for the percent daily value of total carbohydrate. 
What fraction was converted to report this percent? 


3) Suppose there were 8 mg of cholesterol in a serving size. What would you report as the percent 
daily value for this amount? Explain the calculations and rounding technique you used. 


4) The percent daily value of sodium is found by dividing the 180 milligrams of sodium in the 
crackers by the 2400 milligrams of sodium recommended. What rounding technique did the 
company use to post a percent daily value of 7%? Suggest a reason why this was. 


Extension 
1) Compute the percent daily values for the crackers above 


using the 2500 calorie diet. NUTRITION FACTS 


F Serving size = 30g _ Servings per box = 5 
2) The same company put out a reduced fat version of the (pa)> |"Amountrersevina SSS 
same cracker. The nutrition facts label is shown here. Calories 120 Calories from Fat 25 
Calculate the percent increase or decrease in the actual eBay: Nalue 
: : Total Fat 3 5% 
amounts in each category (NOT the percent daily values), Sect ar ay 
going from the original to the reduced fat cracker. Trans Fat 0g 


Round your answers to the nearest whole percent. Cholesterol 0 mg 
Sodium 150mg 


Open-ended Extension Total Carbohydrate 23 g 
Find food labels for two similar products. Dietary Fiber 3.5 g 
Calculate the percent differences between the products. sugars: Dg 

Then make a poster comparing the products. Protein $9 


Round Up 


Percent dally values make things easter to interpret. [td be hard to remember how many grams 
of difterent things you should have — using percent daily values mean you dont need to. 


Chapter 8 Investigation — Nutrition Facts 


(/ Lesson 1.1.1 — Variables and Expressions 


Write the variable expressions in exercises | — 4 as word expressions. 


1. 10(5+ 8) 2, 2p+] 

3. 3r—4s 4. 5(2x + 6) 
Evaluate the expressions in exercises 5 — 8 when r = 4 and s = 7 

5. 2(rs—r’) 6. s°—7r—3s 
7. (2rs—2)+6 8. 5s—3r+30 


Mike and Abdul collect model cars. Mike has m cars and Abdul has /0m cars. 
9. Write a sentence that describes how many cars Abdul has compared to Mike. 
10. If Mike has 6 cars in his collection how many does Abdul have? 


11. A company uses the formula 25 + 13.50/ to calculate the daily cost in dollars for renting 
lawn equipment. The variable / represents the number of hours the equipment is rented for. 
How much would it cost to rent a piece of equipment for 4 hours? 


12. The formula for the perimeter, P, of a rectangle is given by the formula P = 2/ + 2w 
where / is the length and w is the width. Find the perimeter of a room whose length is 10 feet 
and width is 14 feet. 


Lesson 1.1.2 — Simplifying Expressions 


Simplify the expressions in exercises 1 — 6 by expanding parentheses and collecting like terms. 
1. 3x+5y+ 8x-3y+2+4 2. —5(7c — 8) 3. —e(2f—7) 
4. 2x-5-8x+11 5. 5(3r+6)—23 6. 5(7a+ 6) + 4(5 — 3a) 


7. Hector is 3 years older than Ami. Kim is twice as old as Hector. Toni is 5 years younger than Kim. 
If Hector is x years old, write an expression for the combined age of Hector, Ami, Kim and Toni, then 
simplify your answer as much as possible. 


Lisa earns $8 per hour in her job. She works a fixed 20 hours between Monday and Friday and 
sometimes works extra hours at the weekend. 

8. Write an expression to describe how much money she earns in a week if she works an extra / hours 
over the weekend. 

9. Use your expression to find how much Lisa earns in a week if she works 6 hours over the weekend. 


10. Kendra, Shawn, and Mario are collecting bottles for a recycling project at their school. Kendra 
collected 5 times as many bottles as Shawn. Mario collected 15 bottles. Let s represent the number of 
bottles Shawn collected. Write down and simply an expression for the total number of bottles collected. 


( Lesson 1.1.3 — Order of Operations 


Evaluate. 

1. 16+ 2°4+5 2. 244+4°3-—8? 3. (2+3) (11-8) 
Simplify. 

4. ke(8+2)—-12 5, 447 «(1253 46) 6 yt -9-2)ey+25 


7. Insert parentheses into the expression 3 + 8 * 47 — 10 = 2 to make it equal 27. 


The local brake repair shop charges $65 per hour for labor plus cost of parts. 
8. Write a calculation to describe the cost of a 3-hour repair if parts cost $54. 
9. Evaluate your expression to find the cost of the job. 


Additional Questions 


{% Lesson 1.1.4 — The Identity and Inverse Properties 
1. What is the multiplicative inverse of 3? 
2. What is the additive inverse of (x + y)? 
3. Does zero have a multiplicative inverse? Explain your answer. 


Simplify the expressions in Exercises 4— 10. Justify each step. 

4. 2+x-x 5. b=a*l 6. —l2a+ 12a+5 
7. 5(4b+2)+b 8. d*1+2-d 9. 8(p—=)+1 
10. 2(3y + : +0)+(8+8—6y) 

Determine if the following statements are true or false. 

11. Any whole number can be written as a fraction. 

12. Any fraction can be written as a whole number. 


13. A number multiplied by its reciprocal is always 1. 
14. A number divided by itself is zero. 


{ Lesson 1.1.5 — The Associative and Commutative Properties 


Identify the property used in Exercises | — 3. 


L. 2+x=%72 2. (2°3)°7=2°(3°7) 3. (2x + 5)8 = 16x + 40 
Simplify the expressions in Exercises 4— 9. Justify your working. 

A. (5+ 2x) F3x 5... 20 7 Eee 6. 12(7g) 

7. —3y+(7y+2-3) S. Tr +e tort 9. Sewe7 

Determine if statements 10 — 14 are true or false. 

10. Subtraction is commutative. 11. Division is commutative. 

12. Subtraction can be rewritten as addition by adding the opposite. 1 

13.5 —(a—3) =(5-a)-3 14.a=b=ax > 


(& Lesson 1.2.1 — Writing Expressions 


Write the variable expressions to describe the word expressions in exercises | — 6. 

1. the product of 5 and a number, x 2. the quotient of a number, y, and 10 
3. 12 less than a number, c 4. 2 increased by twice a number, f 
5. the product of 8 and the sum of a number, 7, and 5 

6. 15 decreased by twice the quotient of a number, p, and 4 


Are these statements true or false? If false, rewrite the statement so that it is correct. 
7. To triple a number means to add 3 to the number. 

8. To quadruple a number means to multiply the number by 4. 

9. Twice a number means to raise a number to the second power. 


Write variable expressions for the following. Use x as the variable in each case and say what it represents. 
10. The height of a triangle is 8 cm. What is the area of the triangle? 

11. The width of a rectangle is 9 meters. What is the area of the rectangle? 

12. William has $25 more than Luke. How much money does William have? 

13. The video store charges a monthly membership fee of $15 

plus $2.50 per movie rental. What is the total cost of per month? 


Additional Questions 


—&% Lesson 1.2.2 — Variables and Expressions 


Prove the equations are true in Exercises 1 — 3. 
1. 200-7) +4=55+11¢2 2. 8°3+6°9=6 
3. 7-4-2°%+5=5(2?+ 1)-(3* 13-1) 


Say whether each of the following is an expressions or an equation. 
4. 3b 5. 4x = 12x +5 6. 2+7=32 7. 2a—4 


Write an equation to describe each of the sentences in Exercises 8 — 14. 

8. Three more than the product of five and b is equal to 40. 

9. Twenty decreased by the quotient of four and / is equal to 10. 

10. Eight increased by the product of three and c is equal to the difference of five and c. 

11. Three less than the quotient of y and 2 is equal to the sum of 11 and y. 

12. Jessica earns $8.50 per hour. She earned $306 for working / hours. 

13. A cell phone company charges a $10 monthly fee plus $0.05 a minute for phone calls. 
Denise's monthly bill for m minutes of phone calls was $14.75. 

14. Jose had $75. He bought 3 movie tickets at $d a ticket and spent $25 on food, leaving $24.50. 


&% Lesson 1.2.3 — Solving One-Step Equations 


Name the operation that is appropriate for solving each of the equations in Exercises 1 — 3. 


1.5¢=45 2. b-7=3 3. w+12=4 
Find the values of the variables in Exercises 4 — 9. 

4. 3k=39 5. b-5=12 6. -45=x-40 
7. —-18 =-3p 8 h+-8=11 9. a—24=-60 


10. The Spring Hill city council is planning to construct a new courthouse that, at 970 feet, will be 
twice as tall as the existing courthouse. Use the equation 2x = 970 to find the height of the existing 
courthouse. 


11. Marcus purchased an outfit for $54 after receiving a $15 markdown. This can be described by 
the equation x — $15 = $54. Solve the equation and say what x represents. 


12. The height of the Washington Monument is 152 meters. The combined height of the Washington 
Monument and the Statue of Liberty is 245 meters. Write an equation to find the height of the 
Statue of Liberty and then solve for the height. 


(&% Lesson 1.2.4 — Solving Two-Step Equations 


In exercises 1 — 4 say which order you should undo the operations in. 
1. 8x-2=22 2.w+12+8=12 3. 3 *(d—4) = 24 4.b+2-4=6 


Find the values of the variables in Exercises 5 — 10. 
5. 3b+4=16 6. 30=12+9x 7. y+8+10=15 
8. -45=x+9-48 9. 18=-3p+9 10. 8h — 12 =-76 


11. A decorator charges $17 an hour plus a $25 fee for each job. In one job the decorator made $620. 
Write an equation using this information and solve it to find how many hours the job took. 


12. The video store charges a monthly membership fee of $15 plus $2.50 per movie rental. 
Amanda's monthly bill was $30. Write an equation and solve it to find the number of movies she rented. 


Additional Questions 


{% Lesson 1.2.5 — More Two-Step Equations 


Find the values of the variables in Exercises 1 — 6. 


1 eae 8 2. 6= : 3 » =-8 
=e - 6=Ga » 3 5=- 
i, p10 i Gg PT) 
_ 2 ow ee 7 
Solve the equations in exercises 7 — 10 and check your solution. : 
7.3x-5=7 8.-18 =2y-6 9.n=+8+2=-7 10. (1=—10 
In Exercises 11 — 14 say which order you should undo the operations. 
2 4c+5 3a+2 
I. <x=8 is pene 14,54 —** =19 
3 7 9 8 


(% Lesson 1.2.6 — Applications of Equations 


In Exercises 1 — 2 use estimation to pick the answer that is reasonable. 
1. Joan's annual income in $16,276. Which of the following is her weekly income? 


a. $846,352 b. $313 c. $1600 
2. Acar travels at a speed of 45 mph. Which of these is the distance it would travel in ’2 an hour? 
a. 22.5 miles b. 90 miles c. 15 miles 


3. Tonya is 10 years younger than her brother. The sum of their ages is 32. How old is Tonya? 


4. A decorating firm needs to order 362 gallons of paint. Paint is sold in 5 gallon containers. Write an 
equation to describe the number of containers, 1, they must order. Solve the equation and say if your 
answer is reasonable in the context of the situation. 


5. Lana got her car repaired at the local garage. She paid $585 for parts and labor. The parts cost 
$225. She was billed for 8 hours of labor. Solve an equation to find the hourly labor charge, $d. 


6. A parking garage charges $3 for the first 2 hours, then $2.50 for each additional hour. 
How many hours, /, after the first two hours can you keep your car in the garage if you have $15? 


7. Joyce spent $205 on supplies for her art work. She paid $175 for the easel and canvas. She also 
bought two sets of paint brushes which cost $d each. How much did each paint brush set cost? 


(%/ Lesson 1.2.7 — Understanding Problems 


In Exercises 1 — 3, say what missing piece of information is needed to solve each problem. 
1. The length of a rectangle is 5 cm. What is the area? 

2. Neal has $75. How long is it going to take him to save $200? 

3. Greg’s car repair bill was $225. Parts cost $85. What was the hourly labor charge? 


In Exercises 4 — 5, solve the problem and state what information is not relevant. 

4. Taylor's cell phone plan charges a monthly fee of $15 plus $0.05 a minute for each call. 
Taylor's cell phone costs $65. How much was last month's bill if she used 90 minutes? 

5. Kenneth makes $12 per hour in his job. Last week he worked 5 days. 

How many hours did he work if his paycheck was $420? 


In Exercises 6 — 7, fill in the blanks to make the statements true. 


6. miles + 2 hours = 48 
7. 15 meters/second ° = 45 meters 
8. Newtons ° 6 = 48 Newton-meters 


Additional Questions 


(% Lesson 1.3.1 — Inequalities 


Fill in the blanks in Exercises 1 — 3. 
1, Ifx>y then py __x. 2. Ifm<nthenn __m. 3. Ifa>bthen  <__ 


In Exercises 4 — 6 give a number that is part of the solution set of the inequality. 
4. x>—4 a. 2M 6. x22 


Write the inequality expression for the given number line in Exercises 7 — 9. 


7. «++e++++> 8. +++ 9. 
Af 2-16 1.2 3 2-10 1 2 3 10123 45 6 
Determine if the statements in Exercises 10 — 13 are true or false. 
10. Inequalities have an infinite number of solutions. 
11. 4 is in the solution set of x >-3. 
12. 5 is in the solution set of y = 5. 
13. ¢> 2 means the same thing as 2 <t. 


& Lesson 1.3.2 — Writing Inequalities 


In Exercises 1 — 3, insert an inequality symbol to make a true statement. 
1. 24inches___ 3 feet 2. I century __ 6 decades 3. Sdays____ 50 hours 


Write an inequality to describe the sentences in Exercises 4 — 7. 
4. A number, p, decreased by four is more than fifteen. 

5. Twenty-five times a number, m, is less than or equal to seven. 
6. The quotient of a number, y, and three is less than ten. 

7. Eight increased by a number, c, is at least twelve. 


Write an inequality to describe the situations in exercises 8 — 11. 

You will need to use and define a suitable variable in each case. 

8. The maximum weight permitted on the bridge is ten tons. 

9. You must be at least twenty-five years old to run for an elective position on the city council. 
10. The minimum allowed height for entry to a rollercoaster ride is 120 cm. 

11. Sarah and Miguel have over $350 in savings combined. Sarah has twice as much as Miguel. 


&% Lesson 1.3.3 — Two-Step Inequalities 


Write an inequality to describe the sentences in Exercises | — 4. 

1. Seven more than the quotient of a number, y, and three is less than twenty. 

2. Eight increased by the product of a number, w, and five is at least twelve. 

3. Nine is less than or equal to the difference of five and the product of two and a number, h. 
4. Sixteen less than the quotient of a number, 4, and five is at most twenty-four. 


5. Danielle ordered a meal that cost under $20. She had a $12 main course and a drink and desert each 
costing $d. Write an inequality to describe how much Danielle spent. 


6. Pam is making a rectangular fenced area in her back yard. She has 100 meters of fencing. The 
width of the fenced area must be 20 meters. Write an inequality to describe the possible lengths, /. 


7. Roberto needs an average score of at least 90 from four algebra tests to gain a grade A. His first 
three test scores are 98, 97, and 82. Write an inequality to describe what Roberto's final test score, x, 
must be in order to get an A. 


Additional Questions 


(&% Lesson 2.1.1 — Rational Numbers 


Show that the numbers in Exercises 1-4 are rational. 


1. -6 2. 4 

3. 4.5 4. 0.75 

Convert the fractions in Exercises 5—8 into decimals without using a calculator. 
3 3 

5. 5 6. 8 
84 5 

7. a 8. 6 


Say whether the statements in Exercises 9-14 are true or false. 

9. All terminating decimals are rational numbers. 

10. All decimals can be written as the quotient of two integers. 

11. All rational numbers can be written as a decimal. 

12. Terminating and repeating decimals are rational numbers. 

13. 7m is a rational number because you can write it as a fraction by putting it over 1. 


14. “ is a terminating decimal because when you do | + 6 on a calculator you get 0.166666667. 


(Lesson 2.1.2 — Converting Terminating Decimals to Fractions 


Convert the decimals in Exercises 1—3 into fractions without using a calculator. 


£0.37 2. —0.103 3. 0.023 
Convert the decimals in Exercises 4—6 into fractions and simplify them if possible. 
4. 0.208 5. —12.84 6. —4.005 
Say whether the statements in Exercises 7—10 are true or false. 

7. 0.23 = 0.2300 8. 2.05 = 2.50 


9. Dividing the numerator and denominator of a fraction by the same number makes another fraction 
with the same value as the original. 
10. Any decimal greater than 1 can be written as a mixed number or an improper fraction. 


11. Mario noticed that 8 out of 10 people on a particular team were female. Sarah looked at the same 
team and said 4 out of 5 people were female. How can they both be right? 


&% Lesson 2.1.3 — Converting Repeating Decimals to Fractions 


In Exercises 1-3, use x = 0.5. 
1. Find 10x. 2. Use your answer to Exercise | to find 9x. 
3. Write x as a fraction in its simplest form. 


In Exercises 4-6, use x = 1.67. 
4. Find 100x. 5. Use your answer to Exercise 4 to find 99x. 
6. Write x as a fraction in its simplest form. 


Say whether the statements in Exercises 7—9 are true or false. _ 
Te 1235 = 123535 8. 32.34 = 323.4 
9. Every rational number is a terminating or repeating decimal. 


Find whether each number in Exercises 10—12 is equal to 38. 
10. = 11, 32 12.35 


Additional Questions 


& Lesson 2.2.1 — Absolute Value 


Find the value of the expressions given in Exercises 1-3. 


1. |-2| 25 iS 3. |3| 

In Exercises 4—6, say which expression has a larger value. 

4. |-8| or |-4| 5. [5 — 8| or [24 — 25| 6. |6 + 1| or |-3 — 3} 
Solve the equations given in Exercises 7-9. 

7. |b) =8 8. |a|/=0.5 9. |h| = 6.5 

Say whether each statement in Exercises 10—13 is true or false. 

10. |3 — 5| =|3| -|5| 11. |3| x |5| =|3 x 5 


12. A number and its opposite always have the same absolute value. 
13. Absolute value is the distance of a number from its opposite on the number line. 


Evaluate the expressions given in Exercises 14-17 when a =-3, b= 4, and c = 2. 
14. b—|al 15.3 x |b-c| 
16.2 x |a—c|+|b-al 17.|b + 4|— |c-—9| 


18. If x and y are not 0, |x| = |y|, and x + y = 0, then what can we say about x and y? 


&% Lesson 2.2.2 — Using Absolute Value 


In Exercises 1—6, find the distance between the pairs of numbers given. 


1. 8 and 12 2. Oand7 3. —7and7 
4. —2 and6 5. —3 and-8 6. 2.4 and 8.2 
Say whether each statement in Exercises 7—10 is true or false. 

7. |d—e|=|d|—|e| 8. |d-—e|=d-e 


9. Absolute value can be used to compare numbers. 
10. If |a — 5] is small then a and b are far away from each other. 


11. Town A is 500 feet above sea level. Town B is 355 feet below sea level. How much higher is Town 
A than Town B? 


12. Which of the statements below can be represented by the inequality |x — y| < 8? 
a. The length of a rod is 8 cm greater than the length of its bracket. 
b. The length of a rod is within 8 cm of the length of its bracket. 


Lesson 2.3.1 — Adding and Subtracting Integers and Decimals 


Use the number line to work out the calculations in Exercises 1-6. 


1. 2+8 2. 9-6 3. 4-(-3) 
4. -8-(-2) 5. 5-8 6. -6+ (4) 
Evaluate the expressions in Exercises 7—12 without using a number line. 

7. 346-500 8. 500-346 9. —846 + 86 
10. —36.4 — 45.82 11. 8.76 — 27.2 12. 14.9 + 5.3 


Say whether each statement in Exercises 13-18 is true or false. 

13. The sum of two negative numbers is always negative. 
14.2-—3+5=2-(3+5) 15.—x —x =-2x 
16.-—x + x = 2x 17.x-(y) =xt+y 
18.x + (-y) =x-y 


Additional Questions 


% Lesson 2.3.2 — Multiplying and Dividing Integers 


Evaluate Exercises 1-4 using the number line. 


1, 3X2 2: =a 

3. 12+4 4, -10+5 

Evaluate Exercises 5—6 by drawing a rectangle and breaking the numbers into tens and units. 
5. 15x 14 6. 24x 18 

Evaluate Exercises 7—8 using long multiplication. 

7 15x14 8. 24 x 18 

Evaluate Exercises 9-17 without using a calculator. 

9, —12 x 84 10. —62 x —34 11. 14 x —36 

12. 816 +3 13. 448 +7 14. 736 = 8 

15. 1455 +—5 16. —3258+9 17.728 + 14 


Say whether each statement in Exercises 18—19 is true or false. 
18. The product of two negative numbers is positive. 
19. The quotient of a positive number and a negative number is negative. 


(% Lesson 2.3.8 — Multiplying Fractions 


Use the area model to evaluate the fraction multiplications in Exercises 1—2. 


1 1 3 1 
1. ar 2. ra 
Find the product in Exercises 3-5. 

2.95 46 34 
Find the product in Exercises 6—11. Simplify the results as much as possible. 

3 8 1.2 1 2 
6. 15 Ts Lx, 8. 42x35 

3 -—6_-5 2. 6 


12. A rectangular patio measures 4 meters long and - meters wide. What is the area of the patio as 
a mixed number? 


&% Lesson 2.3.4 — Dividing Fractions 


Find the reciprocals of the numbers in Exercises 1-3. 
3 5 


1. ri 2 @ 3. 2 
Calculate the divisions in Exercises 4-9. Give your answers as fractions in their simplest form. 
a 5.3 ae) 
4. 4 “ier” 3 5, 8 . 7 6. 8 . 6 
2.4 ll, 25 oe: 
Te —_ 3 a 9 8. RD . 74 9, 5 . 4 
Evaluate the expressions in Exercises 10—12 and express the solutions as mixed numbers or integers. 
1 3 2 1, -4 
. 8-4 .-Sf4- .l-+— 
10. —8 5 6 11. —5 : a 12 ae 


13. What is the product of a number and its reciprocal? 


14. The area of a room is 1405 square feet, and its length is 145 feet. What is the width of the room? 


Additional Questions 


(% Lesson 2.3.5 — Common Denominators 


Find the prime factorization of the numbers given in Exercises 1-6. 


1. 18 2. 24 3. 56 
4. 11 5. 120 6. 150 
Find the least common multiple of the pairs of numbers in Exercises 7—12. 
7. 2and3 8. 5 and 8 9. 4and6 
10. 8 and 12 11. 3 and 9 12. 12 and 18 
In Exercises 13-16 put the fractions in each pair over a common denominator to show which is larger. 
3 1 5 3 
13. 4 and oy 14, 6 and 8 
4 7 11 9 
15. 5 and 8 16. 2D and 10 
: 3.4 7 9 3) 
17. Put the fractions ee PETES TC and ra order. 


18. Three-fifths of the senior class voted to have the prom at the same place as last year’s prom. 
One-third voted to change locations. Which option won the vote? 


(/ Lesson 2.3.6 — Adding and Subtracting Fractions 


Evaluate the expressions in Exercises 1—9. Give your answers as fractions in their simplest form. 


2 5 4 3 3,4 
1. 3 3 2. 5 5 3. ras 
7 11 7 9 2.4 
—i-= . = ee 
4. 7D 5 10 2 a8 
2.1 z 5 _i_[-3 
Ts “31> 8. 3. 6 9, 15 eH 


Say whether the statements in Exercises 10—11 are true or false. 

10. Subtracting a negative number is the same as adding a positive number. 
3) -3 

u.-[J-5 


12. Jennifer left home and jogged ; ofa mile. She got tired, walked back of a mile, and then took a 
break. How far away from home was she when she took the break? 


(% Lesson 2.3.7 — Adding and Subtracting Mixed Numbers 


Evaluate the expressions in Exercises 1-12. Give your answers in their simplest form. 


ee: 5. al 2. 96 

1. alas 2. ae 3. 40-25 

+ gl li. ll 2. i 

4. 10-0, 5. oer 6. . 25 

i 43 —|-22) 8. 32 +6. 9-32-15 
2 5 A ce lg a. 38 
em ee ay aie ee ce 
10. ~°5 | A 11. 3 65+ 8) 12. ear UP 


13. The length of a rectangular room is 3 feet, and its width is s feet. 


What is the perimeter of the room? 


14. In the morning, Jacob drank a glass and a half of fruit juice. That evening he drank another three 
and two-thirds glasses. How much juice did Jacob drink in total? 


Additional Questions 


(Lesson 2.4.1 — Further Operations With Fractions 


Do the calculations in Exercises 1-12 and simplify your answers where possible. 


2.18 S 3.7 ne 
3 A 5. ell 5. =o 80 
163 3 re ae 9341). 43 
7 a oa Oy ga ye ss [23+ )245 
42 1 5_ 1 3 
3 8 6 6) 3 3 _ 
10.3 +3 1. | 5 | 3 1253.95 
6 4 12 4 

Exercises 13—14 are about a room that is 85 feet wide and 102 feet long. 
13. What is the area of the room? 
14. What is the perimeter of the room? 

&% Lesson 2.4.2 — Multiplying and Dividing Decimals 
Use the area model to solve the multiplications in Exercises 1-2. 
1. 0.6x0.1 2: 08% 01 
Calculate the products in Exercises 3—5 by rewriting the decimals as fractions. 
3. U6x05 4. 0.4 x 0.05 5. 12% 23 
Calculate the quotients in Exercises 6—8 by rewriting the decimals as fractions. 
6.. 0.3 > 01 7. 005 +01 8. 15.96 + 4.2 
Find the products in Exercises 9-11. 
9. —1.23 x —0.006 10. —2.04 x —0.008 11.3.5 x -0.4 


Say whether each statement given in Exercises 12-13 is true or false. 

12. Dividing a number by 100 moves the decimal point two places to the right. 

13. If you multiply together three decimals, each with two decimal places, then the answer can have up 
to six decimal places. 


14. If 54 + 18 = 3, what is 0.54 + 0.018? 


& Lesson 2.4.3 — Operations With Fractions and Decimals 


Calculate the value of each expression given in Exercises 1-9. 


3 1 1 
1. 2 x0.08 2. -0.28x 4 3. [2.84 
I a 3 
4. 0.6x(1+1.4) 5, 2+(4x12) 6. 2-05 
2445.6 ss 
7. [2 +0.25)x0.8 8. 2445.6 9. 5 
6 3 3 
; 05+3 


10. What is the area of a rectangular room that is 16- feet long and 10.5 feet wide? 


11. What is the length of a rectangle with an area of 1832 square feet and a width of 14.5 feet? 


Additional Questions 


(&% Lesson 2.4.4 — Problems Involving Fractions and Decimals 


: : 1 1 1 
1. While cooking, Jose used 6 > cups of flour, 22 cups of sugar, 5 > cups of water, and 4 cup of 
chocolate chips. How many cups of ingredients did he use in total? 


Exercises 2-4 use the table on the right, which shows what proportion of 850 
high school students use various methods of transport to get to school. 
2. How many students walk or take the school bus to school? 

3. How many students use a car to get to school? cael a 
4. How many students use public or “Other” transportation to get to school? 


A neighborhood has a meeting hall with a floorspace of 206.4 square yards. 
On Wednesdays half of the floorspace is used by the knitting club. 

5. How many square yards do the knitting club use? 

6. How much would it cost to carpet the meeting hall if carpet costs $8.25 per square yard? 


7. A shop sells wire in spools and each spool has 9 " yards of wire on it. Jeanie needs nineteen pieces 


of wire, each 1.5 yards in length. How many spools of wire must Jeanie buy? 


&% Lesson 2.5.1 — Powers of Integers 


Write each of the expressions in Exercises 1—9 as a power in base and exponent form. 


1. 4°4 2. 6°6°6 3: Fe Oe Qed 
4. -6°-6 5. —5°—5 «5 6. 7 

7. 3°3°4°4e5 8. 4°-4°6°6°6 9. —-4+-4) 
Evaluate the expressions in Exercises 10-13. 

10. (-3/ 11.-(37) 

12. (2) 13.47 «3! 


Say whether each of the statements in Exercises 14—17 is true or false. 

14. A negative number raised to an even power always gives a positive answer. 
15. -2)* = -(2') 

16.2+2+2+2+2=2° 17.3 °3°3 +3 = 3% 


—&% Lesson 2.5.2 — Powers of Rational Numbers 


Evaluate each of the expressions in Exercises 1-9. 


2 3 
4, [-5) 5, [= 6. (0.3) 
Fe (OABY 8. (—0.4) 9. (0.06) 
Write each of the expressions in Exercises 10—12 in base and exponent form. 
111.1 3.3 -1 -1. -1 
10. eas 11. (—0.04)(—0.04) i, ae tS 


Say whether each of the statements in Exercises 13—15 is true or false. 


2 2 2 
a. a a —a - a 
13. If 3 is between 0 and | then (<| a 14. [=2| -|4| 


15. Raising a decimal to a power is like repeatedly multiplying the decimal by itself. 


Additional Questions 


& Lesson 2.5.3 — Uses of Powers 
Find the area of the squares in Exercises 1-2. 
1. 4cm 2. 


1.2m 


3. What is the area of a square with a side length of ; a foot? 


4. What is the volume of a cube of side length 2.4 feet? 


Write the numbers in Exercises 5—8 in scientific notation. 


5. 218,534 6. —32,400,000 

7. 5,183,000,000 8. 500 

The numbers in Exercises 9—11 are written in scientific notation. Write them out in full. 
9. 7.36 x 10? 10. —8.1 x 10° 11. 6.123929 x 10’ 


—&% Lesson 2.5.4 — More on the Order of Operations 


Evaluate each expression in Exercises 1—12. 


1. 12=3+4 2, 10-6 +3 3. 8*6=12 

4. 2°+4—20 5, (8—5)°+9 6. 2443? (25-3) 

7. -5*- 8? 8. (5) -(8) 9. (3°—2+3)=5° 
3, 5)_ 10 4362 

10. [3+ 3]. 11. (0.5) + 8(5) +3? 8 12. 


Say whether each of the statements in Exercises 13-18 is true or false. 

13.6737 =s +3" 14, 2° 3?=(2 * 3) 15.(a*bp=a+b 
16. In the order of operations, division comes before subtraction. 

17. You should always do divisions before multiplications. 

18. It doesn’t matter which order you do additions and parentheses in. 


f&% Lesson 2.6.1 — Perfect Squares and Their Roots 
Give the perfect square of each of the numbers in Exercises 1-6. 
1,3 Ze 4 3. 5 
4. -6 5. 13 6. -11 
Evaluate the expressions in Exercises 7—12. 
Ty. $225 8. —~v100 9, 9? 
10. 121 11. —36? 12. —25? 
13. There are 400 people in a marching band. How many people should be in each row if the band want 


to march in a square formation? 


A square shaped room has an area of 576 square feet. 

14. What is the length of the room? 

15. As part of a renovation, each wall is being extended by 5 feet. What will be the area of the newly 
renovated room? 


Additional Questions 


(% Lesson 2.6.2 — Irrational Numbers 


In Exercises 1—6, prove that each number is rational by writing each one as a fraction in its simplest 


form. 

1. 10 2. 0.6 3: 0.375 

ae 5, 25 6. 3.2 

Classify each of the numbers in Exercises 7—15 as rational or irrational. 

7. 2h 8. 2.756 9% 8 | 

10. V49 11. J6 12. -16? 
1 —— 

13. —8? 14, 2.24635 15.—1.2 


Say whether each of the statements in Exercises 16—22 is true or false. 
16. Irrational numbers can be written as the quotient of two integers. 

17. The square root of a number that is not a perfect square is irrational. 
18. The square root of any integer other than a perfect square is irrational. 
19. Irrational numbers can be displayed in full on calculators. 

20. Terminating and repeating decimals are rational numbers. 

21. All integers are rational numbers. 

22. All rational numbers are integers. 


&/ Lesson 2.6.3 — Estimating Irrational Roots 


Say whether each of the numbers in Exercises 1-4 is rational or irrational. 


1, 12 2. 25 
3. —V36 4. —V14 


Use your calculator to approximate the square roots in Exercises 5-8. 
Give your answers to six decimal places. 


5. V8 6. 23 
7. 129 8. V520 
In Exercises 9-12, say which two perfect squares each number lies between. 


9-3 10.17 
11.55 12.2 


In Exercises 13—16, find the whole numbers that each root lies between. 
13. V18 14, /2 

15. 33 16. V112 

In Exercises 17-19, say whether each statement is true or false. 


17. V7 =2.64575131106 18. V11 + 3.31662 
19. The square root of a perfect square is irrational. 


20. Will a 13 foot long bookcase fit along the wall of a square room with a floor area of 140 ft*? 
Explain your answer. 


Additional Questions 


(&% Lesson 3.1.1 — Polygons and Perimeter 
1. Describe how to find the perimeter of a square. 


Find the perimeter of the figure in Exercises 2—5. 
3. 3m 4 5 2 ft 


. 


8cm 8m 


Karl is putting up a fence around an 8 foot square plot. 
6. What is the perimeter of the plot? 
7. The fence is going to be 4 rails high. How many feet of railing will Karl need to complete the fence? 


Alejandra is walking around the edge of a rectangular field measuring 23 meters by 14 meters. 

8. What is the perimeter of the field? 

9. Alejandra walked a total of 407 meters. How many times did she walk around the field? 
(&% Lesson 3.1.2 — Areas of Polygons 

Find the area of each figure described in Exercises 1-2. 

1. A triangle with base of 3 m and height of 4 m. 

2. A parallelogram with base of 3 ; in. and height of 25 in. 


3. Copy the sentence below, and fill in the blank with the term that best completes the statement. 
The area of a triangle is the area of a parallelogram that has the same base and vertical height. 


4. Ramon is tiling a square kitchen that is 20 feet on each side. 
If each tile is a 1 ft square, how many tiles will he need? 


Find the area of each of the shapes in Exercises 5—7. 


5. et 6. 1. 12 in 
4.5 ft 7in 
8 ft 16 in 
& Lesson 3.1.3 — Circles 
In Exercises 1—2, determine the missing measure. j 
1. Radius=____ cm, diameter = 15 cm. 2. Radius = 18 ; in, diameter=__in. 


3. Explain the difference between the radius and the diameter of a circle. 
4. Explain how to find the circumference of a circle when given the diameter. 


: : : : : 22 
In Exercises 5—12, use 3.14 for m in calculations involving whole numbers and decimals and ae for 
those involving fractions. 


Find the circumference of each circle described in Exercises 5—7. i 
5. Radius = 3.3 in. 6. Radius = 2.52 yds. 7. Diameter = 6 > mm 


Leilani is designing a circular medal with a 3 inch radius. Find: 
8. The circumference of the medal. 9. The area of the circular surface of the medal. 


Find the area of each circle described in Exercises 10-12. 


10. Radius = 19 cm 11. Radius = ; in 12. Diameter = 65 m 


Additional Questions 


(Lesson 3.1.4 — Areas of Complex Shapes 


In Exercises 1—3, find the area of each complex shape. 


1, 2m 2. 2yd 3. 4 cm 
“ 2 yd 1.5m 
avd 1.5m 
5 yd 


4m 


In Exercises 4—6, find the blue area. 


5. 6. 
(op) 
i) 
2 8cm 


16cm 


Wd g/L 


7. The math club created a new logo for their t-shirts. 
The new logo is shown on the left. 
What is the area covered by the logo? 


6 in 8 in 


3in 6 in 


% Lesson 3.1.5 — More Complex Shapes 


In Exercises 1—3, find the area of each complex shape. Use 3.14 for 7. 


6cm 


The shape on the left is part of a design for a quilt Regina is making. 
The four triangles are all the same size. 


A 
<p 4. What is the area of the blue part of the design? 
5. What is the area of the red part of the design? 


In Exercises 6—7, find the perimeter of each shape. 


Additional Questions 


&&% Lesson 3.2.1 — Plotting Points 


In Exercises 1—3, plot each pair of coordinates on the coordinate plane. 
1. (4,-1) 2. (2, -3) 3. (-3, 2) 


4. On the coordinate plane, which axis is the horizontal axis? 
5. What are the coordinates of the origin on the coordinate plane? 


Use the grid below to answer Exercises 6—13. 

Identify which shapes are at the following coordinates: 

6. (1,3) 7. (-5,-3) 8. (0, -4) 
Find the coordinates of: 


9. The black square 10. The blue triangle 
11. The red circle 


One of the following pairs of coordinates on this grid does not belong 
with the others: (4, 1), (-1, 3), C4, 0), (-5, -3) 

12. Say which pair of coodinates does not belong. Explain your answer. 
13. Which pair of coordinates could put instead of your answer to 
Exercise 15 that would match the others in the set? Explain your answer. 


© Lesson 3.2.2 — Drawing Shapes in the Coordinate Plane 


In Exercises 1-4, plot the points given to find the missing coordinates. 


1. Square ABCD: A(?, ?) B(4, 4) C(4, 0) DCO, 0) 

2. Rectangle EFGH: E(-2, 4) F(1, 4) Gd, -1) H(?, ?) 

3. Rhombus KLMN: K(C-4, 1) L(?, ?) M(O,-1) N(-4, -4) 
4. Parallelogram QRST: QC3, 4) R(4, 4) S(?, ?) TS, 2) 


Exercises 5—8 are about the shapes from Exercises 1-4. 
5. Find the perimeter and area of square ABCD 6. Find the perimeter and area of rectangle EFGH 
7. Find the area of rhombus KLMN 8. Find the area of parallelogram QRST 


9. Alyssa, the yearbook editor, has mapped out the layout of each yearbook page using a grid. If the 
photo of the volleyball team is placed with the edges at (1,2), (1, 8), (8, 2), and (8, 8), what area will the 
photo cover? 


(% Lesson 3.3.1 — The Pythagorean Theorem 


In Exercises 1-3, copy and complete the following sentences: 


1. For any right triangle, c? = a* + b*, where c is the length of the and a and b are the 
lengths of the : 

2. The hypotenuse is always the side of a right triangle. 

3. Inaright triangle, the hypotenuse is always opposite an angle that measures__—°. 


4. The Pythagorean Theorem is only true for right triangles. If you know the lengths of the three sides 
of a triangle, how can you use the Pythagorean Theorem to find out if it is a right triangle? 


In Exercises 6—8, use the Pythagorean Theorem to decide whether a triangle with the given side lengths 
is a right triangle or not. 
5. 4cm,9cm, 12 cm 6. 10 ft, 6 ft, 8 ft 7. Syd, 7 yd, 5 yd 


Additional Questions 


Lesson 3.3.2 — Using the Pythagorean Theorem 


In Exercises 1-8, use the Pythagorean Theorem to find the missing length. 
Round decimals to the nearest hundredth. 


1. 2. 3. 
vf SAG a 
12 yd 5 
Cc 
4. Sin 5. e 6. 


20.3 in 
7. Lana has a triangular corner bookshelf. She wants to add rope edging along the hypotenuse. 
If each of the leg sides is 2.5 feet long, how much rope edging will she need? 


Eduardo and Destiny are planting a vegetable garden. Each plot needs to be fenced in. 
In Exercises 8 and 9, determine how much fencing is needed for the plot shown. 


6 ft 


(/ Lesson 3.3.3 — Applications of the Pythagorean Theorem 


1. Mrs. Lopez is decorating the class bulletin board. She wants to place decorative trim around the 
perimeter and along each diagonal. The board is 8 ft. long and 4 ft. wide. 

How much trim will Mrs. Lopez need? 

2. Erica usually runs the distance around the park shown on the right each day. 
When it is raining, she ends the run early by returning home along the diagonal. 
How much further does Erica run on a dry day compared to a rainy day? 


Erica's 
house 


3 miles 


4 miles 


3. The school yard has a baseball diamond that is really a 90 foot square as 
shown on the left. If the catcher throws from home plate to 2nd base, what is 
the distance thrown? 


A quilt square is stitched along each diagonal to make 4 right triangles. Each diagonal is 12 inches long. 
4. What is the perimeter of the square? 

5. What is the area of the quilt square? 

6. How many quilt squares from can be cut from a piece of fabric that is 8 feet long and 2 feet wide? 


Additional Questions 


W Lesson 3.3.4 — Pythagorean Triples and the Converse of the Theorem ———— 


Tell whether the side lengths given in Exercises 1—5 indicate a right, obtuse or acute triangle. 
1. 13, 13,20 2s 8.9511 3. 45, 60, 75 
4. 4, 7.5, 8.5 Be. 25 Le 


6. A blanket has length of 80 inches, width of 60 inches and a diagonal of 100 inches. Is the blanket a 
perfect rectangle? Explain your answer. 


Exercises 7—9 are about a triangle, XYZ. Side XY is 10.5 cm long. Side YZ is 17.5 cm long. 

7. Ifside XZ was 13 cm long, would XYZ be right, acute or obtuse? 

8. If XYZ was obtuse, and XZ was the longest side, what could you say about the length of XZ? 

9. Tammy claims that there is only one possible length for XZ that would make XYZ a right triangle. 
Is this true? Explain your answer. 


&% Lesson 3.4.1 — Reflections 


Copy shape A on to a set of axes numbered —6 to 6 in both directions. 

1. Draw the image A’, made by reflecting A over the x-axis. 

2. Write the coordinates of the vertices of the image A", made by reflecting A over 
the y-axis. 


6 
5 
Ye 
3 
2 
1 


6 5432-1 


y 
6 
5 
4 
3 
2 


1 
0 
1 


Copy shape B on to a set of axes numbered —6 to 6 in both 
directions. 

3. Draw the image B', made by reflecting B over the y-axis. 
4. Draw the image B", made by reflecting B over the x-axis. 
- 5. Write the coordinates of the vertices of the image B"", 
made by reflecting the image B' over the x-axis. 


1 


Copy shape C on to a set of axes numbered —6 to 6 in both directions. = 
6. Draw the image C', made by reflecting C over the x-axis. A =4 
7. Write the coordinates of the image C", made by reflecting C over the y-axis. 

8. The vertices of the image C" have the coordinates (—2, —3), (4, —6), (—6, —6), and 

(-4, -3). Describe in words the transformation used to create C" from the image C'. 


& Lesson 3.4.2 — Translations ——_—@£_—@ _—@—@< + a cg 


In Exercises 1—3, copy the shapes shown on to grid paper, and graph the indicated translations. 
1. @, y) > @&-2, y—5) 2. (y) (+3, y+ 2) 3. @ yO (&t+7,y—2) 


y. 


Use the grid shown on the left to answer Exercises 4—9 

In Exercises 4—7, describe the indicated translations in coordinates. 
4. XtoW 5. XtoZ 

6. WtoY 7. ZtoY 


Exercises 8—9 each describe a translation between two shapes on the grid. 
Write the translation described in the form “A to B”. 


8. (x,y) > @&, y+ 3) 9. (x,y) > (x-2,y +5) 


Additional Questions 


& Lesson 3.4.3 — Scale Factor 


In Exercises 1—3, draw an image of each figure using the given scale factor. 
1. Scale factor 0.4 2. Scale Factor 1.25 


3. Scale Factor 1.5 


4. Explain what happens when a scale factor of 1 is applied to a figure. 


In Exercises 5—7, find the scale factor that produced each transformation. 
Ti 


as 6. 
x’ ¥ id 
an 


& Lesson 3.4.4 — Scale Drawing 


In Exercises 1—5, make the following scale drawings 

1. A rectangular 20 x 40 ft. swimming pool, using the scale 1 in=5 ft 

2. A square play ground with sides of 60 yds using a scale 1 cm = 10 yds 
3. A rectangular 28 x 32 ft classroom using a scale 1 cm = 4 ft 

4. Acircular spa tub with a 9 ft diameter using a scale of 2 in = 3 ft 


This is a scale drawing of Michael’s patio, using 
the scale | grid square = 2 ft. 

In Exercises 5—12, find the real life dimensions 
of the following objects. 


5. Planter | 
6. Planter 2 
7. Fire pit 
8. Dining Table 
Rocking 9. Serving Cart 


chair 


10. BBQ grill 
11. Rocking Chair 
12. Fountain 


13. Ian made a miniature of a portrait he was 
painting. The miniature was 7 inches long. 

If the actual portrait is 42 inches long, what is the 
scale factor he used? 


Zn §6Additional Questions 


& Lesson 3.4.5 — Perimeter, Area, and Scale 


In Exercises 1—5, calculate the perimeter and area if the image if the figure shown is multiplied by the 
given scale factor. 


1. Scale factor 1 2. Scale factor 5 3. Scale factor : 
4. Scale factor 1.5 5. Scale factor 2 


4 
In Exercises 6—8, find the scale factor used in each transformation. 
6. Perimeter of original = 35 in.; Perimeter of image = 50 in. 


7. Area of original = 92 mm; Area of image = 23 mm 
8. Area of original = 12 cm; Area of image = 72 cm 


& Lesson 3.4.6 — Congruence and Similarity 


In Exercises 1—6, each pair of figures is similar. 
1, Finda. 2. Find band c. 3. Find d. 
30m 21.21 ft 


| 
_ [po 
a ; L357 > 21.21 tt 
7.07 tt 10 ft 
O [zi] 


ly 


7.07 ft 


4. Finde and f. 5. Find g. 6. Find A, i, j and k. 
10 in 


6cm 


7in 


Additional Questions 


( Lesson 3.5.1 — Constructing Circles 


In Exercises 1—6, use a ruler and compass to construct circles with the following features. 


1. Circle of radius 2 in, with a chord of length 3 in. and a central angle of 120°. 

2. Circle of radius 3 in, with a chord of length 3.5 in. and a central angle of 55°. 

3. Circle of diameter 4.5 cm, with a chord of length 3 cm and a central angle of 160° 

4. Circle of diameter 5 in, with a chord of length 4 in. and a central angle of 40° 

5. Circle of radius 5 cm, with a chord of length 3.5 cm and a central angle of 145° 

6. Circle of radius 3.2 cm, with a chord of length 4.8 cm and a central angle of 70° 

In Exercises 7—8, copy and complete the sentences. 

7. The is the distance from a point on the circumference of a circle to the center. 

A is the distance from a point on the circumference to another point on the circumference. 
8. A chord of a circle can never be than the circle’s diameter. 


({/ Lesson 3.5.2 — Constructing Perpendicular Bisectors 


Use the diagram below to find the midpoints of each segment in Exercises 1-6. 


4m 2m 4m om om om om 2m 5m im, 2m 


po 
M NO FP Q R =, T U VW xX 

1. Segment NR 2. Segment PR 3. Segment PT 
4. Segment NT 5. Segment SV 6. Segment MX 


In Exercises 7—9, use a compass and straight edge to construct line segments of the following lengths, 
then construct their perpendicular bisectors. 


7. 45 inches 8. 4.1 cm 9, 35 inches 


&% Lesson 3.5.3 — Perpendiculars, Altitudes, and Angle Bisectors 


Draw a line segment, AB, that is 5 inches long. In Exercises 1-8, mark the following points on the line. 
Draw a perpendicular through each point. 


1. Point C, 1 inch away from A. 2. Point D, a inches away from A. 
3. Point E, 1 | inches away from B. 4. Point F, 7 inch away from B. 

5. Point G, 1 ; inches below AB. 6. Point H, 2. inches below AB. 

7. Point I, | inch above AB. 8. Point J, inch above AB. 


9. Draw a line segment PQ that is 4 cm long. Use a protractor to draw an angle at Q measuring 140°. 
Mark a point R on the new ray that you have drawn, so that the distance QR is 3 cm. 

10. Bisect angle PQR using a compass and straightedge. 

Mark the point S on the angle bisector that is 5 cm away from Q. 

11. What are the measures of the angles PQS and SQR? 

12. Use a compass and straightedge to bisect the angle PQS. 

Mark a point T on the new angle bisector that is 3.5 cm from Q. 

13. What are the measures of angles PQT and TQS? 


Additional Questions 


{/ Lesson 3.6.1 — Geometrical Patterns and Conjectures 


In Exercises 1—2, draw the next instance in the given sequence. 


tALVW 7 aon 


Exercises 3—7 are about the sequence of dots shown below. 


8 
® ee 
@ i eee 
@ ee eee 
Instance | Instance 2 Instance 3 
3. Make a specific conjecture about instance 4. 4. Make a specific conjecture about instance 5. 
5. Make a general conjecture about the pattern. 6. Draw the 6th instance in the sequence. 


7. How many dots are in the 10th instance? 


Are the following conjectures true or false? Explain your answers. 

8. There were 365 people inside the school building during the last fire drill. 

Conjecture: If John was inside the school at the time, John is a student. 

9. There is a pecan tree in Maria's yard. Yesterday Maria picked up nuts that had fallen in the yard. 
Conjecture: The nuts Maria collected must be pecans. 

10. Marcus made a perfectly square table. One corner is a right angle. 

Conjecture: All the corners of the table are right angles. 

11. Angela has a round cushion with a diameter of 1 yard. 

Conjecture: The radius of the cushion is 18 inches. 


In Exercises 12—14, find the next three numbers in the series. 
12.6, 17,28, 39 «x. 13.3, 7,12, 18 so. 14.1, 1,.2,3,5,8 4. 


& Lesson 3.6.2 — Expressions and Generalizations 


In Exercises 1—2, find the next term in the following sequences. Explain your answer. 
1. January, April, July... 2. Sunday, Tuesday, Thursday... 


Exercises 3—5 are about the following number sequence: 3, 13, 23, 33... 
3. Find the next term in the sequence. 

4. Write an expression for the mth term in the sequence. 

5. Use your answer to Exercise 4 to find the 17th term in the sequence. 


Exercises 6—8 are about the following number sequence: —6, 2, 10... 

6. Find the next term in the sequence. 

7. Write an expression for the nth term in the sequence. 

8. Use your answer to Exercise 4 to find the 12th term in the sequence. 


Use the diagram below to answer Exercises 9-12. 


yyy yay 


9. How many circles are in the 4th row? 10. How many circles are in the 5th row? 
11. How many circles are in the nth row? 12. How many circles are in the 9th row? 


Additional Questions 


Lesson 4.1.1 — Graphing Equations 
In Exercises 1-4, say whether the equation given is a linear equation or not. 
1. y=2x+4 2. ¥=3 =x 
3. yt+x?=12 4. 2y-x=8 
The diagram on the right is the graph of the equation y = 2x + 1. 
Use the graph to explain whether the following are solutions to the equation y = 2x + 1. 
Sy 21, y=2 6. 4=—l,y==1 


7. Show that x = 2, y= 9 is a solution of the equation y = 12x — 15. 


8. Show that x =—2, y= 1 is a solution of the equation y = 3x + 7. 


9. Find the solutions to the equation y = sx + 1 which have x values of —2, —-1, 0, 1, and 2. Use the 
ordered pairs you have found to draw the graph of y = ox ae le 


10. Find the solutions to the equation y = 2x — 2 which have x values of 0, 0.5, 1, 1.5, and 2. Use the 
ordered pairs you have found to draw the graph of y = 2x — 2. 


(Lesson 4.1.2 — Systems of Linear Equations 


1. How many possible solutions are there to a system of linear equations in two variables? 


In Exercises 2—3, write a system of linear equations to represent the statements. 
2. Twice a number, y, is equal to a number, x, increased by 9. 
Four less than the product of a number, x, and 3 is equal to a number, y. 
3. A number, g, increased by the product of a number, p, and 3 is equal to 10. 
A number, p, is equal to the quotient of a number, q, and 2. 


4. Explain how to find the solution of a system of two linear equations by plotting them both on a graph. 


5. Check that the point (—1, 1) is the solution to the system of equations y = 2x + 3 and y—x = 2. 


Solve the systems of equations in Exercises 6—9 by graphing. 
6. y=xt+landy=2x+1 7. y=1—xand 2y=2x+2 
8. y=2x and 4y = 2x 9, y=0.5x+ 1 and 2y=x 


&% Lesson 4.1.3 — Slope 


In Exercises 1— 3, say whether the slope of each line is positive, negative, or zero. Then find the slope. 


4. Plot the graph of the equation 2y = 1 —x and find its slope. 


5. Point A with coordinates (—1, 4) lies on a line with a slope of 4. Give the coordinates of any other 
point that lies on the same line. 


In Exercises 6—11, find the slope of the line that passes through the two points given. 
6. (3, 1) and (4, 2) 7. (1, 1) and (2, 3) 8. (0, 2) and (2, 0) 
9. (-2, -3) and (-1, 0) 10. (-1, 3) and (3, 5) 11. (2, 1) and (3, 0) 


Additional Questions 


&% Lesson 4.2.1 — Ratios and Rates 


In Exercises 1—2, express each statement as a ratio in its simplest form. 
1. A store sells 2 rulers for every | eraser that is bought. 
2. For every 2 lemons that I have, I also have 8 oranges. 


3. Clayton is cooking breakfast for his family. He knows that he needs 18 pancakes to feed all 6 
people. What is this written as a unit rate? 


In Exercises 4—9 express the quantities as unit rates. 


4. 60 apples in 10 pies. 5. $4 for 2 meters of fabric. 
6. 70 grams of food for 2 gerbils. 7. 120 miles in 3 hours. 
8. 90 books for 15 students. 9. $2.97 for 3 pens. 


In Exercises 10-13 say which is the better buy. 
10. 1 pen for $2 or 5 pens for $9 11.2 kg of rice for $6, or 3 kg for $8.40 
12. 300 ml of soda for $1.29, or $2.20 for 500 ml. 13.$7 for 100 minutes of calls or $7.20 for 2 hours. 


14. A store sells 2kg bags of flour for $3.20, and 500 g bags of flour for $0.90. 
What is the price per kg for each size? 


(/ Lesson 4.2.2 — Graphing Ratios and Rates 


1. Ata gas station the price of gas is $2.40 a gallon. Draw a graph to represent the relationship 
between the cost of the gas and the volume purchased. 


2. A doctor measured a patient’s resting pulse rate at 80 beats per minute. Draw a graph to show the 
relationship between time and the number of times the patient’s heart beats. 
Use it to estimate how many times the patient’s heart will beat in 18 minutes. 


The graph on the right shows the relationship between the cost of hiring a bike 
and the number of hours you hire it for. Use the graph to answer Exercises 3-5. 
3. How much does it cost to hire a bike for 5 hours? 

4. What is the slope of the graph? 

5. How much does it cost to hire a bike for | hour? O24 6 8 


Time (hours) 
6. Madre works as a waitress. Today she worked an 8 hour shift, and was paid $92. Plot a graph of the 
amount Madre earns against the time she works for. Then find how much Madre is paid per hour. 


& Lesson 4.2.3 — Distance, Speed, and Time 


1. Dan walks 12 blocks to school. It takes him 6 minutes. What is his average speed? 
2. Ifa tortoise is crawling along at a speed of 6 yards per minute, how far will it crawl in 4 minutes? 
3. Mr Valdez drove 400 miles in 8 hours. What was his average speed? 


4. A hiking club go on a camping expedition. They can cover a distance of 18 km each day. If they 
plan to go 90 km in total, how long will their expedition take? 


5. A plane flies 2520 miles in 4 hours and 30 minutes. What is its average speed for the flight? 


6. A machine can make 5 miles of silk ribbon in an hour. What length of ribbon can the machine make 
in an average 40 hour working week? 


7. Each day Tya cycles to the bus stop to catch the school bus. She rides at an average speed of 10 mph, 
and the bus goes at an average speed of 40 mph. It takes her half an hour to do the 15 mile trip. Assuming 
she doesn’t have to wait for the bus, find how long she spends riding her bike. 


Additional Questions 


& Lesson 4.2.4 — Direct Variation 


The numbers a and b are in direct variation, and a = 3 when b = 4. In Exercises 1-6, find the value of a 
when b equals the value given. 

1. 8 2. 2 ee 

4. 7 5. -l 6. —34 


7. It costs a school $100 to take 20 students on a trip to the museum. Use direct variation to find how 
much it would cost to take 55 students. 


8. What point on the coordinate plane do all graphs that show direct variation pass through? 


9. It took Jesse 3 hours to drive the 159 miles to his Grandmother’s house. If he was driving at a 
constant speed, how far would he have driven after 2 hours? 


10. A saleswoman receives $20 in comission for every $150 worth of goods she sells. Show this 
relationship on a graph. Use your graph to find how much commission she receives from $225 of sales. 
The numbers x and y are in direct variation, and x =—1 when y= 1. 

11. Write an equation relating x and y, and graph it on the coordinate plane. 

12. What is the slope of your graph from Exercise 11? What does the slope represent? 


Lesson 4.3.1 — Converting Measures 


In Exercises 1—6, give the ratio between the units. 
1. feet:inches 2. centimeters:millimeters 3. meters:kilometers 
4. fluid ounces:cups 5. kilograms:grams 6. pint:quart 


7. Complete this equation: 0.1 km =? m=? cm= 100,000 mm 


8. Complete this equation: 2 quarts =? pints =? cups = 64 fluid ounces 


In Exercises 9-16, set up and solve a proportion to find the missing value, x, in each case. 
9. 480 mm=xcm 10. 15 kilometers =x meters 11. 64 ounces = x pounds 
12. 5.5 pints = x cups 13. 50 grams = x kilograms 14. 300 pounds = x tons 


15. Nora is making soup. Her recipe calls for 3 quarts of water. How many one cup servings will it make? 


16. Dell needs 70 feet of wallpaper border. If the border comes in 5 yard rolls, how many should he buy? 


% Lesson 4.3.2 — Converting Between Unit Systems 


In Exercises 1-4, give the ratio between the units 


1. inches:centimeters 2. kilometers:miles 

3. liters:gallons 4. kilograms:pounds 

In Exercises 5—10 find the missing value, x, in each case. Give all your answers to 2 decimal places. 
5. 18 inches =x cm 6. 49 kg = x pounds 7. 840 yards = x meters 

8. 31 km=x miles 9. 10 gallons = x liters 10. 14 kg =x ounces 


11. Salma’s house is 3 km from the store. She cycles to the store to buy bread, and then rides on to the 
library. The library is a further 750 m from the store. How many miles has Salma cycled in total? 


12. Bill is working on a science project. His task is to record the daily high temperature outside the 
school for a week. Bill’s table of results is shown below. Fill in the missing temperatures. 


TT A A A 
Fremperawreeo! [2 [=| [|u| 


Additional Questions 


&% Lesson 4.3.3 — Dimensional Analysis 


1. Match the equations with their missing units. 
dollars 


1) 320 copies x 0.10 “copy, = 32? A) inches 

ii) 100 feet + 5 minutes = 20 ? B) dollars 

ae inches _ feet 

lil) 2 feet x 12 Go = 24? ade 
In Exercises 2—9, find the missing unit 
2. 90 miles +3 hours = 30 3. 4 hours x 20 S25 = g0 
4. 2 persons x 3 days = 6 5. 10 inches x 5 inches = 50 

1 

6. 1095 days x 3 are =3 7. 8 miles + 2 miles per hour = 4 
8. 15 m/s+5s=3 9. 16 m*/person-day + 4 m’/person = 4 


10. The school dance team sell team pins during recess to fund travel to an out of town tournament. They 
earn $15 each day. The cost of the trip is $300. How many days do they need to sell for to cover the trip? 


11. My go-kart can travel at a maximum speed of 10 miles/hour. How far can it go in 1800 seconds? 


(/ Lesson 4.3.4 — Converting Between Units of Speed 


In Exercises 1—6 create a conversion factor equal to one for each pair of units. 


1. Days and weeks 2. Meters and kilometers 

3. Seconds and minutes 4. Miles and kilometers 

5. Days and hours 6. Meters and yards 

In Exercises 7-10 perform the conversions to find the missing numbers. 

7. 32 miles per hour = w km per hour 8. 5 yards per minute = x meters per minute 
9. 10cm per second = y cm per hour 10.3 feet per minute = z yards per hour 


11. Which is faster, 85 miles per hour, or 120 km per hour? 


12. Davina and Juan had a race over a course 1000 m long. Davina’s average speed was 9 kilometers per 
hour. Juan’s average speed was 3 meters per second. Who won the race? 


( Lesson 4.4.1 — Linear Inequalities 


In Exercises 1-4, write the inequality in words. 


Ls. pd 2. q<-I3 
3. r<—2 4. 522.5 
In Exercises 5-8, plot the inequality on a number line. 

ae ea | 6. k<-2 
7, n2-1 8. m<0O 


9. A number, x, increased by twelve is at least nineteen. Write this statement as an inequality and solve it. 


In Exercises 10—13, solve the inequality for the unknown. 
10.a+2<10 11.5—-4>0 
12.c + (-2)<-l 13.d—(4) 28 


14. Ula is painting a room. She needs at least 5 liters of paint to cover the walls. She already has a 1.5 liter 
can. Write and solve an inequality to show how many liters of paint, p, Ula needs to buy. 


15. Mike is 8 cm taller than Darla. She is less than 160 cm tall. Write an inequality to show Mike’s height. 


Additional Questions 


(% Lesson 4.4.2 — More On Linear Inequalities 


In Exercises 1—6, solve the inequality for the unknown. 


1. 2x>18 2. 3x<48 
3. x+82>8 4, x+12<11 
5. 86x < 1032 a 5x 218 


7. Which of the following is the correct solution of the inequality —2y < 4? 
a) y<-2 b) y>2 c) y>2 


In Exercises 8—13, solve the inequality for the unknown. 


8. 2x<—-4 9. x+3>-1 
10. 4x =>8 l1.x+-10<1 
12. <-7 13.x+—5 <-6 


In Exercises 14-17 say which inequality goes with which solution graphed on the number line. 


14. 2x<4 x A 
4-32-10 1 2 
15. 233 +++O——+->>> x  B 
: 67891011 
16. 2x>1 a C 
-1 0 12 3 4 
17. =“ e1 <++O—+——+>> 


0.50 0.5 1 15 2 2.5 


& Lesson 4.4.3 — Solving Two-Step Inequalities 


1. Eva is saving money to buy a computer. She needs to save at least $720. She already has $200, and 
thinks that she can save $40 more each month. Write and solve an inequality to find the number of 
months, m, that Eva will have to save for to get her computer. 


In Exercises 2—7, solve the inequality for the unknown. 


Ze oer 8 a. 2x= 913 
4. 4x+5<-—55 % 13x=6>=38 
6. —18x +3239 dy. =1e38 72 


8. Sean is 6 years older than twice his cousin’s age. Given that Sean is over 30, write and solve an 
inequality to describe his cousin’s age, c. 


In Exercises 9-14, solve the inequality for the unknown. 


0, Geo)44>7 10.(x=4)-521 2m 
<_< 

11. (x= 3)+9<-2 12.(x=7)-4>-8 

i= 4521 14.-= -7<-1] 4m 


15. The diagram on the right shows the floor of a room in Felicia’s 

house. Felicia has decided to lay a new carpet in the room. 

She hasn’t measured the distance labeled x yet, but she knows that the xm 
total area of the floor is less than or equal to 80 m’. 

Write and solve an inequality for x. 


Additional Questions 


( Lesson 5.1.1 — Multiplying With Powers 


Write the expressions in Exercises 1—3 in base and exponent form. 
L. 15415 2. 8°8°8*898 3. wewew 


Evaluate the expressions in Exercises 4-9 using the multiplication of powers rule. Give your answers in 
base and exponent form. 

4, 3° +33 Ss. 6 *6" 6. 22! 

1 @*a 8. (—5)**(-5)’ 9, x ox 

10. The distance from Anna’s middle school to her home is 3” times the distance from the school to the 
library. If the distance from the school to the library is 3° yards, how many blocks away is Anna’s mid- 
dle school from her home? 


Evaluate the expressions in Exercises 11—15 using the multiplication of powers rule. Give your answers 
in base and exponent form. 

11.4°8 12725125 13.3 ° 81 

14.8 * 16 15. 1000 + 100 16. 36 * 7776 


16. The 7th grade class has a display at the science fair which is a triangle-shaped board with a base of 
3? inches and a height of 3° inches. What is its area? 


(&%/ Lesson 5.1.2 — Dividing With Powers 


Evaluate the expressions in Exercises 1—6 using the division of powers rule. Give your answers in base 
and exponent form. 

1, 12% 1? Ze APS TT 3. og +g! 

4. 207+ 20 5. 18+ 15" 6. (—8)' + (-8) 


7. The area of a rectangular game board is s° centimeters’. The length of the board is s? centimeters. 
What is the width of the board? 


Evaluate the expressions in Exercises 8—13 using the division of powers rule. Give your answers in base 
and exponent form. 

8. 64+2 9. 128+8 10. 4096 + 32 

11.3125 = 25 12. 343 + 49 13. 12167 + 529 


14. Each month, a company purchases 10’ cell phone minutes and shares them equally among its 10? 
employees. How many minutes does each employee receive? 


& Lesson 5.1.38 — Fractions With Powers 


Simplify the expressions in Exercises 1-4. Give your answers in base and exponent form. 
37 (s\ 5 BY tei 3 2VP (2) 
» (4 (al 45) 
5 10 12 9 8 6 
a)’ {a =) (4 2) .(z 
_ a (3 7m [| “(i . 2) 5] 


7. Can either the multiplication of powers rule or the division of powers rule be used to simplify the 


: 3. 1 ‘ 
expression > +77 ? Explain your answer. 


2 
8. Lisa studied 2] hours for her math test and : as long for her science test. How long did she study 


for her science test? Give your answer in base and exponent form. 


3 
2, : ‘. 
2| as far as Ashanti. How far does Louise run? 


2 
9. Ashanti runs | yards every day. Louise runs 


Give your answer in base and exponent form. 


Additional Questions 


/ Lesson 5.2.1 — Negative and Zero Exponents 


Evaluate the expressions in Exercises 1-4. 


1.2) 2. Gy), x7 40 
3. 38°+ 38° 4. (9-5) 
Rewrite each of the expressions in Exercises 5—10 without a negative exponent. 
= ae 6. 10° ee 
8. 41% 9, 99° 10.x” 
Rewrite each of the expressions in Exercises 11—14 using a negative exponent. 

1 1 
I. io 12.5 

I 1 

13. 55555 x55 x55 x55 os (—c) x (—e) x(-c) 


15. Lisa’s little sister is 1 year old and her big sister is 25. The ages of all three sisters are powers of the 
same base. How old is Lisa? Give your answer in base and exponent form. 


& Lesson 5.2.2 — Using Negative Exponents 
Simplify the expressions in Exercises 1-4. Give your answers as powers in base and exponent form. 
L. 7x7 2; 208329" 
3. 43% = 437! 4, 12-%+12° 


Simplify the expressions in Exercises 5-8 by first converting any negative exponents to positive 
exponents. Give your answers as powers in base and exponent form. 


5. 4x 45 6. 98% x 98> 
i: @ Xa” 8, 32° « 32° 
1 = 3 
38° + ne 3 
9. 332 10. 7 = 


—2 
11. 3 of the 7th grade class received an A on a recent science test. If there are 25 students in the 


class, how many students received an A? 


& Lesson 5.2.3 — Scientific Notation 


Write the numbers in Exercises 1—12 in scientific notation. 


1. 420 2. 6,000 

3. 917,000 4. —938,700 

5. 245,000,000,000 6. 93,000,000 

7. 147,396,000,000 8. 53,560,000,000,000 
9. 0.00032 10. 0.00000000819 

11. 0.000000064 12. 0.000000387 

Write the numbers in Exercises 13—16 in numerical form. 

13. 4.35 x 10? 14. 8.31 x 10° 

15. 4.79 x 10°’ 16.9.101 x 10°” 


17. A wealthy businessman is worth 5.28 billion dollars. What is 5.28 billion in scientific notation? 


18. Pritesh converts the number 16,200 into scientific notation and gets 16.2 x 10°. Explain his mistake. 


Additional Questions 


& Lesson 5.2.4 — Comparing Numbers In Scientific Notation 


In Exercises 1—6, say which of the two numbers is greater. 


1, 3,27 * 10°, 3.27 * 10° 2. 4.9 x 107, 4.9 x 107 
3. 7.8 x 10°, 7.8 x 10° 4. 4.36 x 103, 8.2 x 10° 
5. 2(1,5 * 10°),3.0* 10” 6. 9.67 x 10”, 8.412 x 10% 


Order the expressions in Exercises 7—10 from least to greatest. 
7. 3.2 x 10°, 4.35 x 103, 9.874 x 107, 1.4 x 10°, 4.2 x 10! 

$. 9.99 x 10% 9.9 * 10%, 9.999 x 10°, 9.9999 « 10° 

9. 2.7 x 108, 3.965 x 10%, 1.982 = 103, 8.623 x 108 

10. 4.3 x 10°, 3.4 x 10°, 5.2 x 10°, 3.5 x 10° 


A space shuttle has two solid rocket boosters that each provide 1.19402 x 10° kg of thrust; 3 main 
engines that each provide 154,360 kg of thrust, and 2 orbital maneuvering systems engines which each 
provide 2.452 x 10° kg of thrust. 

11. What is the thrust of a single solid rocket booster as a decimal? 

12. Which type of engine has the greatest amount of thrust? 

13. Which engine has the least amount of thrust? 

14. What is the total amount of thrust provided by the engines? Give your answer in scientific notation. 


(/ Lesson 5.3.1 — Multiplying Monomials 


State whether or not each expression in Exercises 1—3 is a monomial. 


1, 5y 2. 2x+2y 3. ~ 
Identify the coefficient in Exercises 4—7. 
4. 17a 5. Sly" 
x 51x° 
eo Ie 
Simplify the expressions in Exercises 8-16 by turning them into a single monomial. 
8. 17x3 x 2x? 9. 6ab? x b’c 10. 18x22? x xz? 
1. we x 2wn’ « 34en? 12. ae yxy 13. za x x ae 


Square each monomial in Exercises 14-16. 
14. 8° 15. 46 uv’ 16. 12d°e°f° 


& Lesson 5.3.2 — Dividing Monomials 


Evaluate each expression in Exercises |-8. 


1. 6b'=5b 2. 81d°=9d4 

3. 18x77 + 3xy 4. 27mn? + 3mn?* 
5. 144d*e°f 7 = 12d¢ef7 6. 200"b" =Sa*b” 
7. 0.6€u2v + 3xy 8. aye : sae 
9 


. Does 36xy’ + 2x*y give a monomial result? 


10. If all their chores are done on the weekend, the Anderson children receive 3x’y’ dollars in total, split 
evenly between the 2x? children. How much does each child receive? 


Say whether each division gives a monomial result in Exercises 11—14. 
11.537 > 5x 12.257 252 
13. 40x*4p'? + 20x*%p"4 14.207" 32x° 


Additional Questions 


(&% Lesson 5.3.3 — Powers of Monomials 


Write the expressions in Exercises 1—9 using a single power. 


1. G’*y 2. (Sy 3. [(C8)’]' 

4. [(-17)P Cy 6. (p’)° 

1, OP 8. (s')? 9. [A]? 
Simplify the powers of monomials in Exercises 10-15. 

10. (4x°) 11. (2y’)? 12. Gabe 

13. (2n*o%p°)’ 14. (g°n'e’)4 15. (-0.3x yz")? 


16. What is the area of a square room with side lengths of 5x*y°z'° centimeters? 
17. What is the volume of a cubic container with side lengths of 2a°b? feet? 


18. What is the volume of a cylindrical container with a radius of 4x*j’ and a height of 3x°? 


% Lesson 5.3.4 — Square Roots of Monomials 


Simplify the expressions in Exercises 1-9. 


1. 81 2. 36 3. V5? 

4. V2 5. vc 6. va? 

Te MR 8. Jy” 9. Vi* 

Find the square roots of each monomial in Exercises 10-15. 

10. 16x* 11. 100x*z° 12.a"b"6" 

13. 49kh*78 14, 625745"" 15. 144a*b""c"'d'4e"® 


16. A square painting has an area of 25x*y’z'* square feet. What is the length of its side? 


In Exercises 17—19, determine whether each square root will be a monomial. 


17. xy? 18. Vs''s 19. V23x'¢4 


(Lesson 5.4.1 — Graphing y = nx? 


In Exercises 16-21, find the y-coordinate of the point on the y = x” graph for each given value of x. 


ad a: 
1. x=5 Ze x= 5 RF x= 7 
Determine which of the points in Exercises 4—9 lie on the graph of y = 2x’. 
4. (-1, 2) 5. (2, 8) 6. (—5, 12) 
7. (4, 40) 8. 2. 1) 9. (3, 18) 


In Exercises 10-15, calculate the two possible x-coordinates of the points on the graph of y = x* whose 
y-coordinate is shown. 

10. 81 11. 144 12.4 

13. 36 14. 14 15.2 


In Exercises 16—18, draw the graph of each of the given equations. 
16. y = 2x 17. y = 3x 18. y= 5x 


Additional Questions 


(% Lesson 5.4.2 — More Graphs of y = nx? 


In Exercises 1-4, plot the graph of the given equation for the values of x between 5 and —5. 
1. y=? 2. y=-2x? 3. =x" 


4. Using your graph from Exercise 2, what is x if —2x? =—18? 
5. Using your graph from Exercise 1, what is x if <x? = —25? 


Answer Exercises 6 and 7 without plotting any points. 


6. The point (5, 5) lies on the graph of y = 5x What is the y-coordinate of the point on the graph of 
y= =x with x-coordinate 5? 


7. The point (—2, 8) lies on the graph of y = 2x”. What is the y-coordinate of the point on the graph of 
—y = 2x’ with x-coordinate —2? 


For each point in Exercises 8—13, say which of the equations shown below it would lie on the graph of. 


y=x? y=-2x? y =0.5x? 
y=3xr y=? y=—-4r 
8. (—9, 81) 9. (-4, -32) 
10. (6, 18) 11. (8, 32) 
12. (10, -400) 13. (-7, -49) 


(/ Lesson 5.4.8 — Graphing y = nx? 


1. Make a table of values for y = 5x° for x between -4 and 4. 
2. Use the points in Exercise | to plot the graph. 


Use your graph of y = 5x? from Exercise 2 to get approximate solutions to the equations in 
Exercises 3-8. 


3. 5x?=125 4. 5x3 = 305 5. 5x? =-30 

6. 5x? =70 7. 5x3=-50 8. 5x? =-210 

Graph the equations in Exercises 9-11. 

9, y=2x 10. y = 3x? 11. y= 

Make a table of values with x values from 4 to 4 for each of the equations in Exercises 12-15. 
12. y =-2x3 13. y = 3x? 

14. y=-3x° 15.y=—233 


Answer Exercises 16 and 17 without plotting any points. 

16. If the graph of y = 0.2x° goes through (4, 12.8), what are the coordinates of the point on the graph of 
—y = 0.2x3 with x-coordinate 4? 

17. If the graph of y = 0.8x° goes through (15, 2700), what are the coordinate of the point on the graph of 
y =—1.6x? with x-coordinate 15? 


Additional Questions 


(% Lesson 6.1.1 — Median and Range 


Find the median of each of the data sets in Exercises 1-8. 


tL. 71,3,5,7,9,.11,.13} 2. {9, 23, 48, 7, 100} 

3. {10, 4, 2, 8, 6} 4. {99, 99, 100, 102, 101, 98, 107, 97} 
Se 430, 33,30,33;33,.33) 6. {65, 30, 25, 45, 20, 25} 

ts (UB. 15, 1356, 9.. 12} 8. {20, 60, 80, 80, 20, 60, 60, 60} 
Find the range of each of the data sets in Exercises 9-14. 

9. (71,50; 32,55, 90} 10..( 11, 11, 11,01, 12,12} 

11. {98, 99, 98, 99, 100} 12. {500, 550, 575, 600, 625, 675} 

13. {365, 90, 90, 200, 250} 14. {33.5, 6.5, 200.1, 82.3, 66.4} 


15. Store X sells class rings with a median price of $350 and a range of $50. Store Y sells class rings 
with a median price of $350 and a range of $250. Interpret these statistics. 


16. A cell phone company has packages with a median price of $59.99 per month and a range of $100. 
Another company has packages with a median price of $49.99 and a range of $50. Interpret these 
statistics. 


(&% Lesson 6.1.2 — Box-and-Whisker Plots 


Find the upper and lower quartiles of each data set in Exercises 1-5. 
+ 41, 3,55 79,11, 13,15, 17,19} 

. {88, 77, 9, 23, 48, 7, 100, 102, 99} 

. {99, 99, 100, 99, 99, 100, 102, 101, 98, 107, 97} 

» 420,22, 24, 25, 30, 33,30, 33, 33, 33,.50,53} 

« 400,25, 20; IR, 15, 13,6,9, 12} 


nh ON = 


Create a box-and-whisker plot to illustrate each of the data sets in Exercises 6—11. 

6: file 1, I, M1, 12, 12,03, 13) Te 771,50, 32, 55,90} 

8. {10, 15, 20, 25, 30, 35, 40, 45, 50} 9. {150, 150, 200, 365, 90, 90, 200, 250} 
10. {36, 37, 38, 39, 40, 40, 40, 45} 11. {50, 60, 70, 70, 90, 100, 10, 40} 


12. Terrell recorded the daily temperature each day for a week and made the data set 
{45°F, 40°F, 40°F, 53°F, 52°F, 40°F, 33°F}. Draw a box-and-whisker plot to illustrate this data. 


(&% Lesson 6.1.38 — More On Box-and-Whisker Plots 


1. Principal Garcia is curious to know whether school 2 weeks before -—#_#¢— 
attendance drops off before a holiday. e—— #1 week before 
The box-and-whisker plots on the right show school 


attendance 2 weeks before a holiday and 1 week before 800 850 900 950 1 000 1050 1100 
a holiday. What conclusions can Principal Garcia draw Number of Students in Attendance 
from the plots? 


School A 
2. The ages of the band members from two middle schools are Gehasl 
shown in the box-and-whisker plots on the right. Which school 9 Sp 


has a larger percentage of younger students? ll 12 13 


3. What is the difference between the range of a box-and-whisker Student Ages 
plot and the interquartile range? 


4. Ina box-and-whisker plot, what is shown by the length of the whiskers? 


5. Name the three different areas of a box-and-whisker plot that contain exactly half of the data values. 


Additional Questions 


&% Lesson 6.1.4 — Stem-and-Leaf Plots 


Make stem-and-leaf plots to display the data given in each of Exercises 1-7. 


1. (11,13, 24, 29, 33,.35,.37,.39} 2. {13, 14, 15, 17, 18, 18, 24, 34, 42} 
3. {34, 35, 39, 40, 47, 50, 54, 56, 57, 60} 4. {2,3, 6, 6, 10, 12, 14, 19} 
SB 42, 12,15, 14, 22,235.27, 33,35) 6. {82, 82, 83, 83, 83, 84, 84, 85, 85, 89, 92} 


7. {3,4, 4, 4, 12, 15, 23, 25, 27, 33, 34, 34, 34, 36, 42, 44, 54, 57, 60} 


Find the median and the range of the stem-and-leaf plots in Exercises 8-9. 


8. 4] 13 9. 3] 459 
5| 49 4| 07 
6| 3579 5} 0467 
Key: 4|3 represents 43 6| 0 


Key: 4|0 represents 40 


Draw a back-to-back stem-and-leaf plot for each pair of data sets in Exercises 10-15. 
10. {18, 28, 38, 48, 49, 50} 11. 47,9, 10, 14, 17,23, 25,29} 
{23, 23, 23, 35, 35, 41, 41, 43, 52} {13, 13, 14, 14, 21, 22} 


(/ Lesson 6.1.5 — Preparing Data to be Analyzed 


40 people participated in the tests for a new health food diet. Half ate a regulated 1500 calorie diet 
while the other half ate as much as they wanted from a selected group of health foods. Their weight loss 
in pounds after one month is listed in the chart below. Use this data for Exercises 1-10. 


1500 Calorie Group |5] 9 | 10] 13] 11] 15] 5 [6] 8 | 8 | 7 [3] | 9 [7] 6|5] 313] 10] 


Pica Fos Grp [7Prof af is] ef a}vol of ohooh w)ofshish7|spohrfsfis 


1. Find the minimum of each data set. 2. Find the maximum of each data set. 

3. Find the median of the 1500 calorie group. 4. Find the median of the health food group. 
5. What is the lower quartile of the 1500 calorie group? 

6. What is the lower quartile of the health food group? 

7. What is the upper quartile of the 1500 calorie group? 

8. What is the upper quartile of the health food group? 

9. Create box-and-whisker plots of the two data sets. 

10. Create a double stem-and-leaf plot of the two sets. 


( Lesson 6.1.6 — Analyzing Data 


A chef was trying to determine which of two daily specials is more popular. He kept track of the 
number of orders received for each over 22 days. The results are shown below — use this data for 
Exercises 1-8. 

Special 1: {50, 60, 89, 95, 45, 99, 98, 99, 87, 88, 89, 91, 92, 95, 94, 95, 99, 98, 98, 87, 99, 95} 
Se 2: {85, 85, 85, 45, 77, 62, 88, 87, 99, 95, 94, 99, 66, 68, 72, 75, 98, 99, 99, 99, 99, 99} 
Find the minimum and maximum of each data set. 

Find the range of each data set. 

Find the median of each data set. 

Find the lower and upper quartile of each data set. 

Find the interquartile range of each data set. 

Draw a box-and-whisker plot of each data set. 

Draw a back-to-back stem-and-leaf plot of the data sets. 

Compare the popularity of the two specials. 


PAANRYY 


Additional Questions 


&% Lesson 6.2.1 — Making Scatterplots 


1. What data would you need to collect to test the conjecture “the more books read by a student, the 
higher their grade point average”? 
2. Design a table in which to record this data. 


3. What data would you need to collect to test the conjecture “the further you live from school, the 
fewer after-school clubs you’re a member of”? 
4. Design a table in which to record this data. 


5. Kayla decides to test the conjecture that “the older the child, the taller they are” and collects the data 
shown below. Draw a scatterplot of this data. 


| Avevears) | 3 | 5] 4] 6] 5/6] 3 


6. The data below was collected to test the conjecture “the more minutes offered by a cell phone 
contract, the more expensive the contract”. Draw a scatterplot of this data. 


[Sumter or miner [00 [30] 0 [00] so [ so] sn] 0] 50] sn 


(% Lesson 6.2.2 — Shapes of Scatterplots 


Nn 
A hospital in the desert made the scatterplot on the right to determine 2 60 lauee 
how outside temperature is related to hospital admissions due to heat .g 40 xe tere 
stroke. Use it to answer Exercises 1-2. zs gmle 
1. What sort of correlation does the scatterplot show? 3 20 aie 
2. Is the correlation strong or weak? Explain your answer. ss isi 
. 80 90 100 110 120 
3. Draw an example scatterplot with no correlation. Temperature (°F) 
4. Draw an example scatterplot with a weak negative correlation. o i 
5. Draw an example scatterplot with a strong positive correlation. 8 Soh ieix ok x 
The scatterplot on the right shows how average test score is 3 sob CRC pt : 
related to the distance that students live from school. What sort of vy 25 “eT ee 
correlation does the scatterplot show? s > 
2 2 4 6 8 10 
< Distance from school (miles) 


Lesson 6.2.38 — Using Scatterplots 


Roy decides to test his theory that the older a person in the baseball team is, the more professional 
baseball games they’ve seen. He collects the following data: 


ae _ eas [e[epapep paps 


elas} | [=|] e| sf] 
games seen 


1. Create a scatterplot of the data. 

2. Draw a line of best fit. 

3. Predict how many professional baseball games a 17 year old on the baseball team is likely to have 
seen. 


Additional Questions 


&% Lesson 7.1.1 — Three Dimensional Figures 


In Exercises 1-4, say whether the statements are true or false. 
1. A polygon is any shape that is made from straight lines that are joined end-to-end, in a closed shape. 
2. Pyramids and prisms have circles for their base. 

3. Prisms must have congruent bases at each end. A 

4. Pyramids have diagonals. 


In Exercises 5—7, refer to the figure at the right. 

5. Identify the shape as either a cone, cylinder, prism, or pyramid. 

6. How many diagonals does this shape have? E 
7. Name all diagonals by giving the staring and ending vertex. 


8. Copy the table below and check all statements that are true about the figures. 


o_o] Cylinder [Prism | Pyramid | 


‘The figureisapoyhedron SCT SCT SCT ST 
Thefigurehas diagonals. SSC SCT SCT SCT SCS 
The base of the figure hasacurvededge | —+i| «it Sid SS 
The base of thefigureisapolgon. S| SCT SCT SCC 
FThebases arecongruent Ss SS] SCT SCT SCT SC*d 
faceemostatasinge pont nn | | ff 
faces meet at a single point. 
andtreomerendmecteatasngepore | || 
and the other end meets at a single point. 


(% Lesson 7.1.2 — Nets 


In Exercises 1—3, say which net could make each three-dimensional figure. 


In Exercises 4—6, say whether the statements are true or false. 
4. Every shape has one unique net. 


5. In the net of a cylinder, the length of the rectangle is equal to the circumference of the base circle. 
6. The net of a rectangular prism has five rectangles. 


In Exercises 7—8, draw a net for the solid. 


Te 8. 


Additional Questions 


( Lesson 7.1.3 — Surface Areas of Cylinders and Prisms 


In Exercises 1—3, find the surface area of each triangular prism. 
1. a=5,5=8,h=43 2, a=8,b=12,h=69 
3. a=20, b= 35, h=17.3 


ryd 
In Exercises 4—6, find the surface area of each cylinder. Use m = 3.14. 
hyd 4. r=6andh=11 5. r=12andh=17 
6. r=30 and h=45 


Use each of the diagrams in Exercises 7—9 to write a general formula for finding the surface area of that 
type of figure. 


Te 8. 
h 
Ww 
I 


(/ Lesson 7.1.4 — Surface Areas & Perimeters of Complex Shapes 


Exercises 1—4 are about the figures shown below: 


. Find the edge length of the cube. 

. Find the edge length of the rectangular prism. 

. Find the total edge length of the two figures. 

. Find the total edge length once the figures have been joined. 


36 in 
72 in 
60 in 
A work table has the shape shown on the right. 2 in 
5. What is the total edge length of the tabletop? 
6. What is the total edge length of the base? 68 in 


7. Find the total edge length of the work table. 
32 in 
Work out the surface areas of the shapes shown in Exercises 8-10. Use 1 = 3.14. 


10 in 


Additional Questions 


(/ Lesson 7.1.5 — Lines and Planes in Space 


In Exercises 1—3, copy the sentences and fill in the missing words. 

1. When two planes intersect they can meet along a or at a single 
2. There are ways for a line and a plane to meet. 

3. Coplanar lines are on the same 


In Exercises 4—6, say whether each statement is true or false. If any are false, explain why. 
4. Lines that do not intersect are always parallel. 

5. Perpendicular planes meet at a point. 

6. Skew lines are not coplanar. 


In Exercises 7—9, match each figure to one of the following descriptions: 
a. The intersecting planes meet along a line. 

b. The intersecting lines meet at a point. 

c. One plane intersects two parallel planes. 


7. ; 8. =x 9. = 
& Lesson 7.2.1 — Volumes 


1. A prism is 3 meters high. It has volume 12 m°*. What is the area of the prism's base? 


In Exercises 2—6, work out the volume of the figures. Use m = 3.14. 


Ze 4. 7cm 


3 ft 
5. 3 in 6. 
3m 
5 in 3m 
3m 
4in 


In Exercises 7—8, consider a prism of volume 72 ft’. 

7. What is the height of the prism if the base area is 12 ft”? 

8. Ifthe prism is cut in half, what is its new volume? 4 | 
in 


12cm 


9. Find the volume of the figure shown on the 
right if the area of the shaded base is 26 in’. 


10. The contents of a full baking pan with dimensions 8 in. by 8 in. by 2 in. are 
poured into a cylindrical container with a diameter of 5 in. and a height of 8 in. 
Will the cylindrical container hold all the contents of the pan? Explain your answer. 


Additional Questions 


& Lesson 7.2.2 — Graphing Volumes 


V (cm’) 


Ae Use the graph of the volume of a cube with side length s, shown on the 


left, to answer Exercises 1-4. 

3O 1. Estimate the volume of a cube with side length 2.1m. 
2. Estimate the side length of a cube with volume 25 m*. 

20 3. Estimate the volume of a cube with side length 1.5 m. 


10 4. Estimate the side length of a cube with volume 33 m’. 
s (cm) 


oO T 2 BS 4 io 


Exercises 5—8 refer to the figure at the right. 

5. Write an expression for the volume of the prism. i xyd 
6. Use your expression to find the volume of the prism when x = 5. 7 

7. Graph the volume of the figure against the value of x. x yd 

8. Use your graph to estimate the side length x that makes a volume of 28 yd’. 

2in Exercises 9-11 refer to the figure on the left. 

9. Find an expression that gives the volume of the figure. Use m = 3.14. 
10. Graph the volume of the figure. 

11. Use your graph to estimate the value of / that makes the volume 55 in’. 


& Lesson 7.3.1 — Similar Solids 


In Exercises 1—5, say whether the statements are true or false. 

1. When multiplying by a scale factor, the corresponding angles of the image are multiplied by the 
scale factor. 

2. If you multiply a three-dimensional figure by a scale factor you get a similar figure. 

3. A scale factor of one produces an image the same size as the original figure. 

4. Two figures are similar if one can be multiplied by a scale factor to make a shape that is congruent to 
the other one. 

5. The image will be larger than the original if the scale factor is between 0 and 1. 


In Exercises 6—8, find the scale factor that has been used to create the image in the following pairs of 
similar solids and find the missing length, x. Figures are not drawn to scale. 
6. 7. 


eS - 
18mm 


9mm 
A class constructed a scale model of the figure below. The model was twice as large as the original. 
9. What is the height of the students' model? ia 
10. What is the length of the bottom face of the model? y 
11. What is the length of the top face of the model? 
12. The class decided to construct another model one-quarter the size of 
the original that will be easier to transport. 
What is the height of the new model? 


4in. 


7 vii 


“uty ©=Additional Questions 


(Lesson 7.3.2 — Surface Areas & Volumes of Similar Figures 


Luis draws a figure with area 16 cm’. Find the area of the image if Luis multiplies his figure by the 
following scale factors. 
L. 3 2 20 3. U3 


In Exercises 4—6, find the surface area and volume of the image if the figure shown is multiplied by a 
scale factor of 3. Figures are not drawn to scale. Use m = 3.14. 


7cm 


Exercises 7-8 refer to figure A at the right. The base area of figure A is 24 cm’. 
7. Find the volume of figure A. 3m / 
8. Find the volume of the image if A was enlarged by a scale factor of 4. 


9. A scale model of a building has a surface area of 37.5 ft’. 
If the actual building has a surface area of 15,000 ft’, what scale factor was used to make the model? 


& Lesson 7.3.3 — Changing Units 


In Exercises 1—3, convert the following areas to cm’. 


1, 2) nr 2. 0.085 m? 3. 4.5 m 

In Exercises 4—6, convert the following areas to square feet. 

4. 864 in’ 5. 48 in? 6. 288 in’ 

A cube has a surface area of 240 cm? 

7. What is the surface area in m?? 8. What is the surface area in in”? 


Exercises 9-11 refer to the cylinder on the right. Use m = 3.14 
9. What is the surface area of the cylinder? 

10. What is the surface area in m”? 

11. What is the surface area in in’? 


In Exercises 12—14, convert the volumes to cubic inches. 
12.3 ft? 13. 0.864 ft? 
14.5.1 ft 


In Exercises 15—17, convert the volumes to cubic meters. Use the conversion factor | m = 0.91 yd. 
Round to the nearest hundredth where appropriate. 
15.5 ft’ 16. 25 ft 17. 24.56 yd? 


18. Juan's house has a floor area of 4500 square feet. What is this area in square meters? 


19. An acre is 4840 square yards. What is an acre in square meters? 


Additional Questions 


&% Lesson 8.1.1 — Percents 


1. What percent of the grid shown on the right is shaded? Draw your own 
10 by 10 grid and shade 75% of it. 


In Exercises 2—5 write the fraction as a percent. 


75 36 
2. 100 3. 100 
100 124 | | 
a ind ™ 700 ose fo ini i 
In Exercises 6—9 write the percent as a fraction in its simplest form. 
6. 1% 7. 10% 
8. 40% 9. 26% 


10. Ihave 100 DVDs. 12 of them are comedy films. What percent of my DVDs are comedy films? 
11. If 15% of x is 36, what is x? 
12. What is 25% of 64? What is 125% of 64? 


13. In a 40 game season, a school soccer team won 70% of their matches. How many games did they win? 


&% Lesson 8.1.2 — Changing Fractions and Decimals to Percents 


In Exercises 1—6 write each decimal as a percent. 


1... 0.03 2. 0 a. OT 
4. 0.44 S09 6. 3.6 
In Exercises 7—12 write each fraction as a percent. 
1 a7 140 
de 4 . 100 9, 100 
3 7 5 
10. > 11. x00 12. 


13. A factory has 3000 employees on 2 shifts. The night shift has 600 workers. What is this as a percent? 


14. Shemika grew 48 bean plants for a science project. 33 were grown in soil, and the rest in water. 
What fraction were grown in soil? What percentage were grown in water? 


(%/ Lesson 8.1.3 — Percent Increases and Decreases 


In Exercises 1—4 find the total after the increase. 
1. 80 is increased by 5% 2. 65 is increased by 20% 
3. 100 is increased by 130% 4. 81 is increased by 80% 


5. Tulio’s curtains are 60 inches long. He lengthens them to put in a larger window. Their new length 
is 72 inches. By what percent has Tulio lengthened the curtains? 


In Exercises 6—9 find the total after the decrease. 
6. 50 is decreased by 10% 7. 180 is decreased by 30% 
8. 25 is decreased by 24% 9. 600 is decreased by 4.2% 


10. Nicole has a collection of 110 old coins. She gives 44 of them away to a friend who wants to start 
their own collection. What is the percent decrease in the size of Nicole’s collection? 


11. In 1980 Fremont had a population of 132,000 and Hesperia had a population of 20,600. By 2000, 
Fremont’s population was 203,400 and Hesperia’s was 62,600. Over the 20 years, which city’s population 
increased by the largest number of people, and which city saw the biggest percent increase in population? 


Additional Questions 


({/ Lesson 8.2.1 — Discounts and Markups 


A stationery store is having a sale. They offer the discounts shown in the table below. Use this 
information to calculate how much the items in Exercises 1-6 would cost from the sale. 


Item Notebooks Ring Binders | Adhesive Tape 


Original Price $5.99 $0.59 | $1.99 | $2.99 $4.99 $2.99 


1. 2 ring binders 2. 3 erasers 3. 3 rolls of adhesive tape 
4. 10 notebooks 5. 1 notebook and | pen 6. 6 pencils and 5 erasers 


Find the retail price of each of the items in Exercises 7-11. 

7. Cherry vanity unit — wholesale price $150, markup 45%. 
8. Cherry dresser — wholesale price $850, markup 60%. 

9. Florentine mirror — wholesale price $95, markup 100%. 
10. Sleigh bed — wholesale price $530, markup 85%. 

11. Mattress set — wholesale price $999, markup 50.5%. 


&/ Lesson 8.2.2 — Tips, Tax, and Commission 


In Exercises 1—4 use mental math to calculate each tip. 
1. 10% tip ona $15 taxi ride. 2. 20% tip on a $30 hair style. 
3. 15% tip ona $5 salad. 4. 15% tip on a $34.26 family meal. 


5. A $25 concert ticket had a 15% entertainment tax added to the price. 
What was the total cost of the ticket? 


Work out the total cost after tax of the items in Exercises 6—11. 


6. 5% added to a $39.60 purchase. 7. 8% tax added to a $15,000 car. 
8. 7% tax added to a $549 laptop. 9. 9% tax added to a $2.99 notebook. 
10. 6% tax added to a $0.49 fruit juice. 11. 11% tax added to a $10.34 fruit basket. 


12. Jarrod bought a bike priced at $109.98. After taxes he paid $119.33. What was the rate of tax? 


& Lesson 8.2.3 — Profit 


Find the profit made in Exercises 1-4. 


1. Expenses: $800 2. Expenses: $954 
Revenue: $3000 Revenue: $3975.01 
3. Expenses: $777.77; $5.89 4. Expenses: $800,034; $957.45; $999,381.45 
Revenue: $1,258.34 Revenue: $12,456,901 
In Exercises 5—8, find the percent profit. Round each answer to the nearest whole percent. 
5. Profit: $245 6. Profit: $300 
Total Sales: $4,875 Total Sales: $879.20 
7. Profit: $9,000,000 8. Profit: $4,432,567 
Total Sales: $21,000,000 Total Sales: $6,289,437 


9. The math club sold 500 pencils at 10 cents each as a fundraiser. They paid the supplier 2 cents for 
each pencil. Emmitt says the profit is $40 but Lonnie says it is $50. Who is correct? 


10. A company increased its profits by 33% over the previous year. If the previous year’s profits were 
$5,000,000, what are the profits this year? 


Additional Questions 


(/ Lesson 8.2.4 — Simple Interest 


1. Jacob put $3000 in an account with a simple interest rate of 5% per year. How much was in his 
account after 1 year? 


2. Juan invested $10,000 and received 6.25% simple interest per year. How much did she have after 
5 years? 


3. Sara borrowed $500 at a simple interest rate of 5.5% per year. How much did she owe after 5 years? 


4. A savings account advertises a simple interest rate of 3.5% per year. If Jan puts $5000 in the 
account, how much interest will she have earned after 1 year? 


5. A bank advertises a saving scheme which gives 12% simple interest per year if you keep your money 
in the bank for 8 years with the slogan “double your money”. Is their slogan accurate? 


6. Lisa asks her mom to borrow $20 for new jeans. Her mom says she will charge 3% simple interest 
per month. If Lisa intends to repay her mom in half a month, how much interest will she owe? 


7. Janice has decided to buy a new sofa set on credit. One furniture store offers credit with no interest 
for 6 months and then 18.5% simple interest per year. Another offers 4 months with no interest and then 
18% simple interest per year. Which is the better deal for a $3000 sofa set which Janice has budgeted to 
pay off in 2 years? 
& Lesson 8.2.5 — Compound Interest 
1. If you’re saving money, is it usually better to receive simple or compound interest? 
2. If you’re borrowing money, is it usually better to pay simple or compound interest? 
3. You put $250 into an account with a compound interest rate of 6%, compounded annually. 
What is the account balance after 5 years? 
4. Daniel puts $1500 in a savings account with 6% interest for 8 years compounded quarterly. 
What is the account balance in 8 years? 


5. Cynthia has $1700 to invest for 8 years. She can choose between either an investment with a simple 
interest rate of 15% or one with a compound interest rate of 8%, compounded annually. Which 
investment would leave her better off? 


6. Luis puts $600 into an account with a compound interest rate of 10%, compounded annually. 
Destiny puts $600 into an account with a simple interest rate of 12%. What’s the difference between the 
investments after 5 years? 


&% Lesson 8.3.1 — Rounding 


In Exercises 1—3, round each number to the nearest percent. 


1. 87.5% 2. 45.3% 3. 71 2% 

In Exercises 4—9, round each number to the nearest tenth. 

4. 103.785 5., 3.265 6. 40.23 

7. 75.432 8. 7.9854 9. 41.98 

10. Don’s favourite group sold 549,873 copies of their last song. How many did they sell to the nearest 
hundred thousand? 


11. Ana and Ava were asked to round 7199.99 to the nearest hundred. Ana said the answer was 7100, 
Ava said 7200. Who was correct? 


12. 63,495 fans attended a recent football game, which the newspaper rounded to the nearest 10,000. 
How many did the newspaper report had attended? 


Additional Questions 


& Lesson 8.3.2 — Rounding Reasonably 


1. Nadia needs 233 yards of ribbon to decorate the hall for the prom. If the ribbon comes on spools 10 
yards long how many spools does Nadia need to buy? 


2. Raul is buying a window shade for a window that measures 95.2 cm wide. The store has shades of 
93 cm, 95 cm and 97 cm wide. What width of shade should Raul buy? 


3. The drama club is using its funds to sponsor students acting at the Shakespeare festival by paying 
their $25 entrance fee. If they have $282, how many full entry fees can they pay? 


4. Latoyah is baking bread. She needs 0.4 kg of flour for each loaf she makes. If she has 1.8 kg of 
flour altogether, how many loaves can she bake? 


5. Michael’s restaurant bill came to $47.10. He wants to leave a 20% tip, but he only has dollar bills 
with him. What tip should Michael leave? 


6. Anjali is saving $20 per week towards a new computer. If the computer she wants costs $728.50, 
how many weeks will she need to save for? 


7. Mr Scott is buying new books for the school library. The publishers will sell him each book for $12. 
If he has a budget of $500, what is the maximum number of books he can buy? 


(/ Lesson 8.3.8 — Exact and Approximate Answers 


1. Estimate the area of a circle with a radius of 7 cm, using 3.14 as an approximation of m. What is the 
exact area of the circle? 


2. Kiana is buying presents for her family. She has $85, and wants to spend the same amount on each 
person. If there are 6 people in her family, what is the most that she can spend on each one? 


3. Rico’s kitchen scales measure weights in kilograms to two decimal places. He uses the scales to weigh 
out 1.45 kg of rice. Given that 1.0 kg = 2.2 pounds, what weight of rice does Rico have in pounds? 


4. Find the perimeter of the triangle in the diagram on the right. 
5. Emma has a lawn with the same dimensions as the triangle in the diagram. She wants 2m i 
to put edging round it. If edging comes in 0.4 m strips, how many should Emma buy? 

<—— 


6. I measured the side of a square as being 5.6 cm long to the nearest tenth of a centimeter. om” 
With round-off error, what are the maximum and minimum possible areas of the square? 


&% Lesson 8.3.4 — Reasonableness and Estimation 


1. Tion is shopping at the grocery store, and only has $35 with him. He puts items costing $5.99, $3.98, 
$10.57, and $12.99 in his basket. Use estimation to check whether he has enough money with him to pay. 


2. Rachel puts $102 in a savings account with a yearly rate of 5.2% simple interest. She says that she 
will earn $53 in interest each year. Perform your own estimate, and say whether she is likely to be correct. 


3. Find the product of 73 and 39. Check your product using estimation. 


4. Ms Harris is organising a field trip. 144 students are going on the trip, and the bus hire company can 
provide up to 5 buses that seat 50 students each. How many buses should Ms Harris hire? 


5. James measures the temperature in his kitchen as being 70°F. He converts this to degrees Celsius, 


and says that the temperature in his kitchen is 21.1 °C. Is this a reasonable answer? 


6. Diega is baking scones. Her recipe calls for 0.25 liters of milk. She knows that 1 liter ~ 4.2 cups. 
Diega says that she needs to add about | cup of milk to the mixture. Is this a reasonable answer? 


Additional Questions 


Appendixes 
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Glossary 


Symbols 
<_ isless than # is not equal to 
> is greater than W the whole numbers 
< is less than or equal to Z. the integers 
2 


is greater than or equal to 


absolute value the absolute value of a number, u,, is its distance 
from zero on the number line, and is written |n|. Absolute 
values are always positive, for example |—3.6| = 3.6. 

acute triangle a triangle in which all angles are less than 90° 

altitude the “height” of a triangle, measured at right angles to its 
base 

arc part of acircle's circumference; can be drawn with a 
compass 

associative properties (of addition and multiplication) 
forany a,b,c: a+(b+c)=(at+b)t+c 


a(bc) = (ab)c 


base in the expression b*, the base is b 

bisect divide in half 

box-and-whisker plots a diagram showing the range, median, 
and quartiles of a data set against a number line. 


central angle the angle 
between two radii of 
a circle, for example: 


chord a straight line joining together two points on the 
circumference of a circle 

circumference the distance around the outside of a circle 

coefficient the number that a variable is multiplied by in an 
algebraic term. For example, in 6x, the coefficient of x is 6 

commission money earned by an agent when he or she sells a 
good or service, usually given as a percent of the sale price 

common factor a number or expression that is a factor of two 
or more other numbers or expressions 

common multiple a multiple of two or more different integers 

commutative properties (of addition and multiplication) for 
any a,b: a+b=b+aandab=ba 

cone a three-dimensional figure that 


has a circle or ellipse as its base, Oded 
from which a curved surface ania 


comes to a point, for example: 


conjecture a mathematical statement that is only an informed 
guess. It seems likely to be true, but hasn’t been proved 
congruent exactly the same size and shape 


constant of proportionality a number, k, which always has the 


, F k 
same value in an equation of the form y = kx or y=— 
x 


converse of the Pythagorean theorem if a triangle has sides 
a, b, and c, where c? = a? + b?, then it is a right triangle, and c is 
its hypotenuse 

conversion factor the ratio of one unit to another; used for 
converting between units 

coordinate pair an ordered pair of coordinates representing a 
point on the coordinate plane, for example, (2, —3) 

coordinate plane a flat surface that extends to infinity, on which 
points are plotted using two perpendicular axes (usually x- and 
y-axes) 

coplanar points, lines, or figures are coplanar if they lie in the 
same plane 

correlation a relationship between two variables 

counterexample an example that disproves a conjecture 

cube a three-dimensional figure with six identical square faces 

customary units the system of units that includes: inches, feet, 
yards, miles, ounces, and pounds 

cylinder a three-dimensional figure with two parallel circular or 
elliptical bases and a constant cross-section 


data set acollection of information, often numbers 

decimal a number including a decimal point; digits to the right of 
the decimal point show parts of a whole number 

denominator the bottom expression of a fraction 

diagonal a straight line joining two nonadjacent corners of a 
two-dimensional figure, or two vertices of a three-dimensional 
figure that aren’t on the same face, for example: 


diagonals of 


a pentagon diagonals 


of a cube 


diameter a straight line from one side of a circle to the other, 
passing through the center 

dimensional analysis a method of checking that a formula is 
correct by examining units 

direct variation a relationship between two variables in which 
the ratio between them is always the same 

distributive property (of multiplication over addition) 
for any a,b,c: a(b+c)=ab+ac 

divisor the number by which another number is being divided. 
For example, in 12 + 3, the divisor is 3 


edge ona three-dimensional figure, an edge is where two faces 
meet 

equation a mathematical statement showing that two quantities 
are equal 

equilateral triangle a triangle whose sides are all the same 
length 


Glossary 


Glossary (continued) 
equivalent fractions fractions are equivalent if they have the 
-1.2 2 4 

same value, for example: 274376 

estimate an inexact judgement about the size of a quantity; an 
"educated guess" 

evaluate find the value of an expression by substituting actual 
values for variables 

exponent in the expression b‘, the exponent is x 


expression a collection of numbers, variables, and symbols that 
represents a quantity 


face a flat surface of a three-dimensional figure 

factor a number or expression that can be multiplied to get 
another number or expression — for example, 
2 is a factor of 6, because 2 x 3=6 

factorization a number written as the product of its factors 

formula an equation that relates at least two variables, usually 
used for finding the value of one variable when the other 
values are known. For example, 4 = m7? 


generalization a statement that describes many cases, rather 
than just one 

greatest common factor (GCF) the largest expression that is a 
common factor of two or more other expressions; all other 
common factors will also be factors of the GCF 

grouping symbols symbols that show the order in which 
mathematical operations should be carried out — such as 
parentheses and brackets 


hypotenuse the longest side of a right triangle 


identity properties (of addition and multiplication) 
for any a,a+O=a,andax1=a 

improper fraction a fraction whose numerator is greater than or 
equal to its denominator, for example ; 

integers the numbers 0, +1, +2, +3....; 
the set of all integers is denoted Z 

interest extra money you pay back when you borrow money, or 
that you receive when you invest money 

inverse (additive) a number’s additive inverse is the number that 
can be added to it to give 0 — for any a, the additive inverse is 
(—a) 

inverse (multiplicative) 
a number’s multiplicative inverse is the number that it can be 


multiplied by to give 1 — for any a, this is 


inverse operation an operation that “undoes” another operation 
— addition and subtraction are inverse operations, as are 
multiplication and division 

isosceles triangle a triangle with two sides of equal length 


Glossary 


line of best fit a trend line on a scatterplot — there will be 
roughly the same number of points on each side of the line 

linear equation an equation linking two variables that can be 
written in the form y = mx + b, where m and b are constants 

least common multiple (LCM) the smallest integer that has 
two or more other integers as factors 


mean a measure of central tendency; the sum of a set of 
values, divided by the number of values in the set 

measure of central tendency the value of a "typical" itemina 
data set. Mean, mode and median are measures of central 
tendency 

median the middle value when a set of values is put in order 

metric the system of units that includes: centimeters, meters, 
kilometers, grams, kilograms, and liters 

mixed number a number containing a whole number part and 
a fraction part 

monomial an expression with a single term 


net a two-dimensional pattern that can be folded into a 
three-dimensional figure 

numerator the top expression of a fraction 

numeric expression a number or an expression containing 
only numbers and operations (and therefore no variables) 


obtuse triangle a triangle in which one angle is greater than 
90° 


origin on a number line, the origin is at zero; 
on the coordinate plane, the origin is at the point (0, 0) 


parabola a “u-shaped” curve obtained by graphing an equation 
of the form y = nx? 

parallelogram a four-sided shape with two pairs of parallel 
sides 

PEMDAS ithe order of operations — “Parentheses, Exponents, 
Multiplication and Division, Addition and Subtraction” 

percent value followed by the % sign; corresponds to the 
numerator of a fraction with 100 as the denominator 

perimeter the sum of the side lengths of a polygon 

perpendicular at right angles to 

power an expression of the form b*, made up of a base (b) and 
an exponent (x) 

prime factorization a factorization of a number where each 
factor is a prime number, for example 12 = 2 x 2x 3 

prime number a whole number that has exactly two factors, 
itself and 1 

prism a three-dimensional figure with two identical parallel 
bases and a constant cross-section 

product the result of multiplying numbers or expressions 
together 

proportion an equation showing that two ratios are equivalent 

proper fraction a fraction whose numerator is less than its 
denominator 


pyramid a three-dimensional figure that has a polygon as its base 
and in which all the other faces come to a point, for example: 


hexagonal 
pyramid 


square 
pyramid 


Pythagorean theorem for a right triangle with side lengths a, b, 
and c, a? + b? = c? 

Pythagorean triple three whole numbers a, b, and c, that satisfy 
a+b? =c? 


quadrant a quarter of the coordinate plane, bounded on two sides 
by parts of the x- and y-axes 

quadrilateral a two-dimensional figure with four straight sides 

quartiles split an ordered data set into four equal groups — the 
median splits the data in half, and the upper and lower quartiles 
are the middle values of the upper and lower halves 

quotient the result of dividing two numbers or expressions 


radius the distance between a point on a circle and the center of 
the circle 

range the difference between the lowest and highest values in a 
data set 

rate a kind of ratio that compares quantities with different units 


ratio the amount of one thing compared with the amount of another 


thing 

rational number a number that can be written as a fraction in 
which the numerator and denominator are both integers, and the 
denominator is not equal to zero 

reciprocal the multiplicative inverse of an expression 

regular polygon a two-dimensional figure in which all side-lengths 
are equal, and all angles are equal, for example a square or an 
equilateral triangle 

repeating decimal a decimal number in which a digit, or sequence 
of digits, repeats endlessly, for example, 3.333333333... 

rhombus a two-dimensional figure with four equal-length sides in 
two parallel pairs 

right triangle a triangle with one right (90°) angle 

rounding replacing one number with another number that’s easier 
to work with; used to give an approximation of a solution 


scale drawing a drawing in which the dimensions of all the 
features have been reduced by the same scale factor 

scale factor a ratio comparing the lengths of the sides of two 
similar figures 

scalene triangle a triangle with three unequal sides 

scatterplot a way of displaying ordered data pairs to see if the 
values in the pairs are related, and if so, how they are related 

scientific notation away of writing numbers (usually very large or 
small ones) as a product of two factors, where one factor is 
greater than or equal to 1, but less than 10, and the other is a 
power of 10 — for example, 5.3 x 10° (= 5,300,000) 

sign of anumber whether a number is positive or negative 


similar two figures are similar if all of their corresponding sides 
are in proportion and all of their angles are equal 

simplify to reduce an expression to the least number of terms, 
or to reduce a fraction to its lowest terms 

skew lines nonparallel, nonintersecting lines in three- 
dimensional space 

slope the “steepness” of a straight line on the coordinate plane, 

changein y 

change in x 

solve to manipulate an equation to find out the value of a 
variable 

square root a square root of a number, n, is a number, x, that 
when multiplied by itself, results in n — for example, 3 and —3 
are square roots of 9 

stem-and-leaf plot a way of displaying numeric data, in order, 
so that the common values and spread of the data are easy 
to see 

sum the result of adding numbers or expressions together 

surface area the sum of the areas of all the faces of a three- 
dimensional figure 

system of equations two (or more) equations, with the same 
variables, which can be solved together 


terminating decimal a decimal that does not continue forever, 
for example, 0.378 

terms the parts that are added or subtracted to form an 
expression 

translation a transformation in which a figure moves around 
the coordinate plane (but its orientation and size stay the 
same) 

trapezoid a four-sided shape with exactly one pair of parallel 
sides 


unit rate a comparison of two amounts that have different units, 
where one of the amounts is “1” — for example, 50 miles per 
hour. 


variable a letter that is used to represent an unknown number 

vertex the point on an angle where the two rays meet on a 
two-dimensional figure; the point where three or more faces 
meet on a three-dimensional figure 

volume a measure of the amount of space inside a 
three-dimensional figure 


whole numbers the set of numbers 0, 1, 2, 3,...; 
the set of all whole numbers is denoted W 


given by the ratio 


Glossary 


Formula Sheet 


Order of Operations — PEMDAS 


Perform operations in the following order: 

1. Anything in parentheses or other grouping symbols — working from the innermost grouping symbols to the outermost. 
2. Exponents. 

3. Multiplications and divisions, working from left to right. 

4. Additions and subtractions, again from left to right. 


Fractions 


Adding and subtracting fractions with the same denominator: 


Adding and subtracting fractions with different denominators: 


Multiplying fractions: a 


Dividing fractions: Reciprocals: a is the called reciprocal of - 


a@,c_a 
bod c 


Rules for Multiplying and Dividing 


positive x/+ positive = positive negative x/+ positive = negative 
positive x/+ negative = negative negative x/+ negative = positive 


Axioms of the Real Number System 
For any real numbers a, 4, and c, the following properties hold: 


Property Name Addition Multiplication 
Commutative Property: atb=b+a axb=bxa 
Associative Property: (a+ b)+c=a+t+(b+c) (ab)c = a(bc) 
Distributive Property of 

Multiplication over Addition: a(b+c)=ab+ac and (b+c)a=bat+ca 

Identity Property: at+QOz=a 


Inverse Property: a+ (-a)=0 


Area 
Area of arectangle: A= bh Area of aparallelogram: A= bh 


mol 
~ 2 


1 
bh Area of a trapezoid: Ae 5 hd, + b,) 


Area of a triangle: A 


where 5 is the length of the base (for a trapezoid, b, and 5, are the lengths of the bases) and / is the perpendicular height. 


Formulas 


Formula Sheet (continued) 


Slope of a Line Powers 


For a line passing through yy For any real numbers, Multiplying powers: a™ x a" =a™*”) 
the points (x,, y,) and (x,, y,): slope = aa = a,m, and n: Dividing powers: 


And, for any number, a#0: Zero exponent: 


2 Negative exponent: 
Circles g P 


Diameter: d=e2r 


Circumference: C=m1d ts Pythagorean Theorem 
Area: A=m* 


For any right triangle: whirecis ihe 


hypotenuse. 
C=ae2+P 
Volume of a Prism 


V = Bh where B stands for the base area, and 
at h stands for the height of the prism. 


Units 
Lengths in Customary Units Capacities in Customary Units Weights in Customary Units 


1 foot (ft) = 12 inches (in.) 1 cup = 8 fluid ounces (fl 0z) 1 pound (Ib) = 16 ounces (0z) 
1 yard (yd) = 3 feet 1 pint (pt) = 2 cups 1 ton = 2000 pounds 
1 mile (mi) = 1760 yards = 5280 feet 1 quart (qt) = 2 pints 

1 gallon (gal) = 4 quarts 


Lengths in Metric Units Capacities in Metric Units Weights in Metric Units 


1 centimeter (cm) = 10 millimeters (mm) 1 liter (I) = 1000 milliliters (ml) 1 gram (g) = 1000 milligrams (mg) 
1 meter (m) = 100 centimeters 1 kilogram (kg) = 1000 grams 
1 kilometer (km) = 1000 meters 


Customary-to-Metric / Metric-to-Customary Conversions Converting Between 
Temperatures in 
1 inch = 2.54 centimeters 1 gallon = 3.785 liters 1 kilogram = 2.2 pounds Fahrenheit and Celsius 
1 yard = 0.91 meters 1 liter = 1.057 quarts 


g 5 
1 mile = 1.6 kilometers iis 5 C+ 32 C= 9 (F — 32) 


Applications Formulas 


Speed : 
speed = alsialitee distance = speed x time ae distance 
time “speed 


Simple Interest 
The interest (/) earned in ¢ years when p is invested at a simple interest rate of 7 (as a fraction or decimal) is given by: J = prt 


Compound Interest 

The amount in an account (A) when P is invested at a compound interest rate of ris given by: A = P(1 + rt)” 
where ¢ is the time (in years) between each interest payment, 
and n is the total number of interest payments made. 


Formulas 


index 


Al - converting decimals to fractions 59-61, 99 

- converting decimals to percents 393-394 
absolute value 65-70, 156, 297, 298 - converting fractions to decimals 56-58, 99, 359 
accuracy of data 424 - converting fractions to percents 393-394 
acute triangles 173, 204 - converting mixed numbers to fractions 80 
addition 71-73 - converting repeating decimals to fractions 62-64 
adding fractions 84, 87-92 - converting temperatures 246 
additive identity 13 - converting times 251 


additive inverse 14, 16 - converting units 241-244, 251-253, 383-386 
algebraic expressions 3-11, 21-25 coordinate plane 150-157 
altitude of a triangle 203-204 coordinates 150-155, 176, 179-181, 224-225 
analyzing data 332 coplanar 363 
angle bisectors 204 correlation 339-341, 343 
approximate answers 417, 423 corresponding angles 376-377 
- approximating square roots 127-128 corresponding lengths 182, 375-376 
arcs 196 counterexamples 207 
area 8, 136, 143-144, 156-157, 189, 379 cross-multiplication 242-245, 383-385 
- area and scale factors 190-191, 379-380 cubic units 367 
- area and the Pythagorean theorem 167-168 cubing 113 
- area formulas 112, 120-121, 136-138, 140-141 cuboids 348, 352 
- area models for multiplication 76-79, 96 customary unit system 241, 244, 384-385 
- areas of complex shapes 142-146, 148 cylinders 348, 353 
- surface area of 3-D shapes 356-361 
associative property of addition 17-18 DI 


associative property of multiplication 17-18, 289 


aves 150 decimals 55-60, 96-99, 110, 123-124, 390, 394-395 


- converting decimals to fractions 59-61, 99 
E - converting decimals to mixed numbers 61 
- converting decimals to percents 393-394 
- decimal division 98 
- decimal multiplication 97, 100 


back-to-back stem-and-leaf plots 327-328 
base and exponent form 106-111, 114, 266-274 


bisectors - decimal places, rounding to 418-419 

- angle bisectors 204-205 - raising a decimal to a power 110-111 

- perpendicular bisectors 200-201 denominators 15. 36. 60-61 
box-and-whisker plots 319-324, 330-332 diagonals 350-351 ; 
GI diameters 139-140 

dimensional analysis 42-43, 248-250 

Celsius temperature scale 246 direct variation 238-240 
central angle 198 discounts 401-402 
checking answers 36-37, 39-40, 222, 426-427 distance between two numbers 68, 70 

- checking by dimensional analysis 248-250 - distance of a number from zero 65 
chords 197 distributive property (of multiplication over addition) 8-9, 16, 19 
circles 139-141, 145, 196-197 division 75, 77 
circumference 139-141, 147, 197, 353 - dividing by zero 56 
coefficients 3, 288-291 - dividing decimals 96, 98 
collecting like terms 7-9, 19, 22 - dividing fractions 81-82, 93 
commission 406 - dividing inequalities by negative numbers 259, 261 
common denominators 84-91 - dividing monomials 291-292 
common multiples 86, 88 7 - dividing powers 269, 269-272, 274-275, 278, 291 
commutative property of addition 18-19 drawing diagrams to help solve problems 103 
commutative property of multiplication 18, 289 
comparing data sets 317-318, 322-325, 327, 332 E 
comparing simple and compound interest 414-415 equations 24-40, 216, 220, 223, 240 
complex shapes 142-147, 359-360 equivalent fractions 59, 86, 88 
compound interest 413-414 estimation 426-428 


cones 350-351 - estimating irrational roots 126 


Gong men Maures: 122 12 - estimating percents 390, 404 

ROMIEGIUIGS 200-2082 20 - estimating to check your answers 427 

constant of proportionality 238-239 evaluating expressions 5-7, 11-13, 24-25, 116-118, 267 
CONS TS CNRNS toe 20s evaluating powers 107-111 

converse of the Pythagorean theorem 172 exact numbers 417, 423 


conversions exponents 10, 106-108, 111-112, 116-117, 122, 266, 275-280 
- conversion fractions 251 expressions 3-11, 21-25 


faces of shapes 350, 359 
factors 84-85 
- factor trees 84 
Fahrenheit temperature scale 246 
formulas 27 
- area formulas 136-138, 140, 358 
- checking formulas by dimensional analysis 249-250 
- formula triangles 236 
- interest formulas 411, 414 
- perimeter formulas 135, 139 
- speed, distance, and time formula 235-236 
- temperature conversion formula 246 
- volume formulas 368-370 
fractional exponents 122 
fractions 35-36, 59-64, 78-95, 393-395 
- adding and subtracting fractions 84, 87-91 
- converting fractions to decimals 56-58, 99, 395 
- converting fractions to percents 393-394 
- multiplicative inverses of fractions 15 
- multiplying and dividing fractions 78-83, 100 
- powers of fractions 109 


GCF (greatest common factor) 60 
GEMA rule 10, 12 
general conjectures 206-210 
generalizations 210-212 
graphing 216-218, 225, 240 
- graphing ratios and rates 231 
- graphing volumes 371-373 
- graphs of direct variation 239 
- graphs of y = nx? 302-308 
- graphs of y = nx? 309-312 
- Slope 223-225, 233 
- solving systems of equations by graphing 220-222 
greater than / greater than or equal to 44, 47, 254 
greatest common factor (GCF) 60 


hypotenuse 159, 162-165 


identity property of addition 13 
identity property of multiplication 13, 16 
improper fractions 61 
inequalities 44-52, 254, 257-263 

- inequalities in real-life 48 

- inequality symbols 44, 47, 50, 254 
integers 55 
interest 410-415 

- compound interest 413-415 

- simple interest 410-412 
intersecting lines and planes 362-364 
inverse operations 28-29, 32-33 
inverse property of addition 14, 28 
inverse property of multiplication 14-15, 28 
irrational numbers 56, 121, 123-126, 163, 300, 423 
irregular polygons 134 
isolating variables 28-30, 32-34 


justifying work 13, 16, 19, 207-208 


LCM (least common multiple) 85-86, 88 
legs of atriangle 159, 163, 165 

less than / less than or equal to 44, 47, 254 
limiting cases 206-208 

lines of best fit 343-344 

line segments 197, 199-201 

linear equations 24-26, 216-217, 220 
linear inequalities 44-48, 254-262 

lines in space 362 

long division 57, 77, 124 

long multiplication 76 

lower and upper quartiles 319-321 


markups 402-403 
maximum values in data sets 317, 323 
median 316-320, 323-324, 326 
metric system 241, 244, 384-385 
midpoint of a line segment 200-201 
minimum values in data sets 317, 323 
mixed numbers 61, 80, 83 
monomials 288-292, 294-296, 299 
multi-step expressions 22-23 
multiplication 
- multiplying decimals 96-97 
- multiplying fractions 79-80, 93, 100 
- multiplying inequalities by negative numbers 259, 261 
- multiplying integers 75-76 
- multiplying monomials 289-290 
- multiplying powers 266-268, 272-274, 278, 289 
multiplicative identity 13 
multiplicative inverse 14-16 


negative correlation 339-340 
negative exponents 276-280, 285 
negative slope 224 

nets 352-356 

n instance of a pattern 210-212 
number line 45-46, 65, 71, 75 
numerator 15, 36, 60-61 
numeric expressions 3-4, 21 


obtuse triangle 173, 204 

opposites 65 

order of operations 5, 10-11, 24, 50, 93-95, 116-118 
ordered pairs 216-219 

origin 150 


m 56, 123, 139-140, 423 
parabolas 302, 304-307 
parallel planes 363-364 
parallelogram 133, 135-137, 146 
parentheses 5, 8-11, 23 
patterns 206, 210-211 
PEMDAS rule 5, 10-12, 24, 32, 50, 93-94, 116, 261 
percents 390-396, 399, 401-406, 410-411, 413 
- percent decrease 397-398, 401-402, 409 
- percent increase 396-397, 399, 402-404, 406, 410 
perfect square numbers 120-121, 124, 127-129, 300 


perimeter 135, 147, 156-157, 189 simplifying fractions 60, 79, 92 


- perimeter and scale factor 191 skew lines 363 
- perimeter of complex shapes 147-148 slope 223-226, 233, 240 
perpendiculars 200-202 solving equations 28-38, 40, 216-218, 220 
perpendicular bisectors 200-201 - solving equations using graphs 303, 310 
perpendicular planes 362-364 - solving systems of equations graphically 220-221 
planes 362 solving inequalities 45, 254-263 
plotting points 150-153 specific conjectures 206 
polygons 133-136 speed 235-237, 251-253 
polyhedrons 350 spread of data 317 
positive slope 224 square numbers 128 
positive correlation 339 square roots 121-122, 124, 126-129, 297-300 
powers 106-107, 109-112, 114-115, 266-269, 273-275, 294 squaring 112, 120, 122, 133, 135-136 
- power of a power rule 294-295 stem-and-leaf plots 325-328 
prime factorization 84-85, 88 substituting solutions to check them 36-37 
principal investment 410-414 subtraction 71 
prisms 348-349, 351 - subtracting decimals 71 
profit 407-409 - subtracting fractions 87-92 
proper fractions 61 - subtracting negative numbers 71 
proportions 185, 187, 242-245 surface area 356-361 
pyramids 349-351 - surface area and scale factor 380, 382 
Pythagorean theorem 159-173 systems of equations 220-222 
- Pythagorean triples 171-173 systems of inequalities 255 
quadrants 152-153 terminating decimals 55, 57-59 
quadrilateral 133 terms 3, 7, 288 
quartiles 319-321, 323 tips 404 
quotient 57, 77 tolerance limits 70 
transformations 175, 178-179, 182 
Rl translations 178-181 
radius 139-141, 196, 198 trapezoids 133, 137-138, 146 
range 317, 322, 324, 326 triangles 133, 136 
rate 228-235 triangular pyramids 349 
rational numbers 55-56, 58, 62, 123-124 typical value for a data set 316 
ratios 185, 228, 238, 242 Ul 
real-life problems 38-41, 102, 169, 262-263, 395, 420-421, 
424, 427 undoing operations 30, 32, 34, 256 
reasonable answers 39-40, 420-422, 426-428 unit analysis 42-43 
reciprocals 14-15, 35, 81-83, 98 unit conversion 251-252, 383-385 
rectangles 133, 135-136 unit rate 228-230, 233-234 
rectangular prisms 348 unit systems — customary and metric 241 
rectangular pyramids 349 upper quartiles 319-321 


reflections 175-177, 308 
regular polygons 134 


repeating decimals 56-58, 62-64, 124-125 variables 3-5, 7, 11, 22, 25, 27-28 
revenue 407-408 vertex 305, 307, 350 

rhombus 133-134 volume 367, 385 

right triangles 159-162, 171-172, 204 - converting units of volume 385-386 
round-off errors 425 - volume and scale factor 381-382 
rounding 417-419, 422-425, 427 - volume formulas 113, 367-370 
E - volume graphs 372 

sales tax 405 

sample size 333 word problems 22, 26, 38, 41, 47-48, 51,102, 256 
scale drawings 185-188 

scale factor 182-185, 189-191, 194, 375-382 

scales for axes 337-338 y = m2 303-304, 306-308 


scatterplots 337-339, 341-342, 344 


= nx? 309-312 
scientific notation 114-115, 281-286 ne S003 


sectors of circles 198 ZI 
similar figures 194-195, 375-377 ts 275 
simple interest 410-412, 414 eee eile 


simplifying expressions 7-13, 16-19, 22, 24, 272-274, 278-279  7e"0 Slope 224 


